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INTRODUCTION 

This final report delineates research activities on NASA Grant 
MSG— 2112 from 1976 to 1980. These research activities were also 
supported in part by the AFOSR and the ONR. This research resulted 
in fifteen publications to October 31/ 1980; fijur additional 
publications are planned as a consequence of this research, Ihe 
publications are listed in chronological order in the Appendix. The 
list is annotated to indicate the cited source of funding for the 
research reported upon in the publication. The Appendix also lists 
the talks given by vaTious investigators supported by this grant/ 
as well as the eleven Transonic Fluid Dynamic FReports we have 
issued during the grant period. 


SHOCK-FREE AIRFOIL AND WING DESIGN 

For most of the grant period we had an active research program 
on the direct and indirect design of shock-free airfoils and wings. 
He report on this research here/ noting that while snme minor 
activities continue, the major thrust of this research has been 
completed. We limit the main part of our discussion to results that 
have not yet been published. 


Transonic Airfoils with a Given Pressure Distribution 

Our original c o 1 lab ora t i on with Dr. Helmut Sobiecrky resulted 
from a plan to adopt his rheograph design method tha~ used analog 
computations to a completely digital approach. As a result of this 
col laboration, we have developed a procedure that uses a map of the 
hodograph plane to find transonic airfoils with a given pressure 
distribution. This work complements related studies that provide 
airfoil modifications to achieve shock-free flow. Che method is 
limited to a prescription of the subsonic portion of the pressure 
distribution and to shock-free supersonic flows We have no plans 
to extend this capability further. The procedure we have developed 
is fairly efficient for subcritical flows; we feel that this will 
remain true for supercritical flows, but we have only preliminary 
Tf'sults for this case. 

The procedure we use is the following; We first note that ih 
we use the Prand t 1— Mey er function, v , and the flow deflection 
angle, 6 , as independent variables, then the equations for the 
stream function and velocity potential are not only linear, as they 
would be with the hodograph transf ormation, but they are also in 
canonical form. That is, the second-oT'der derivatives either form 
the Laplacian or the wave operator depending on whether or not the 
flow is subsonic or supersonic. Thus the equations for the subsonic 



flow are invariant in form under a conformal tran s Forma t i on . We 
thus assume that a conformal map from the t(uo—s i eeted Riemann 
surface of the subsonic portion of the v , 0-plane into the unit 
circle. Part of the boundary of the unit circle corresponds to the 
airfoil surface wetted by subsonic flow; the other pa''t corresponds 
to the sonic line. These portions are then chosen and the pressure 

on the subsonic part of the unit circle is prescribed On the sonic 

line segment the pressure takes its critical value. With the 
pressure given on the boundary of the unit circle/ and with the 
subsonic portion of the flow inside the unit cicle/ we take 
advantage o-- the fact that the mapping to this plane is conformal. 
Thus the Prandt 1-Meyer function and the flow deflection angle are 
conjugate harmonics. Because the pressure is given on the unit 
circle we know the Prand 1 1 -Pley er function there. We then solve 
Laplace's eciuation for the Prandtl-Meyer function inside the unit 
circle using Fourier series; this immediately determines the flow 
deflection angle to within a constant. 

On the portion of the airfoil surface that corresponds to 
subsonic flow the stream function is zero. We prescribe a 

distribution for the stream function on the sonic line to complete 
the boundary value problem for the stream function. This boundary 
value problem is then solved using a fast Poisson solver/ 

determining the stream function and thereby the velocity potential/ 
as functions of v and 0 in the subsonic portion of the flow a>id 

on the sonic line. These results are then mapped bark to the 

physical plane to see if the corresponding airfoil is a reasonable 
one If it is not/ then the input must be modified. When a suitable 
airfoil is found/ the data on the sonic line is integrated in the 
V/ 0 -plane to find the zero streamline. This/ then/ determines 

that portion of the airfoil wetted by supersonic flow. This 
calculation may fail due to a singularity in the mapping back to 
the physical plane. This indicates that the sonic line data is not 
consistent with shock-free flow and requires that the input be 
changed. 

There are several minor points that cause great difficulty and 
have required some imagination to circumvent. These include the 
logarithmic singularity in v at q = 0/ a -1/3 power singularity in 
the normal derivative of the stream function at the sonic line in 
the V / 0 -plane/ and the need to choose the circulation of the 
f'sr-field singularity/ which occurs at the origin in the 

V/ 0 -plane/ so that the stagnation streamlines are normal to the 
body. The latter two are especially difficult because they must be 
resolved very accurately in order to achieve satisfactory results. 


F'ictitous Gas Techniques 

The concept of the fictitious gas has been described in 
earlier grant reports. Thus/ we only give a brief synopsis of this 
research hei'e. In two dimensions we have extended our studies to 
include viscous effects. Gut- results are reported in recent AGARD 
paper. As we? suggested in last year's brief proposal/ shock-free 
designs can be found with little c omp uta t i ona 1 effort even when 



(llobally weak and locally strong viscous ~ inviscid interactions 
are included. This is simply a consequence of the fictitious 
pressure gradient in the supersonic domain being close enough to 
the actual pressure gradient for the design process to essentially 
duplicate the boundary layer displacement thickness of the real 
shock -free flow. 

In a col laborati ve effort with Dr. Sobieczky of the DFVLR in 
Gottingen we have examined adaptive airfoils and- wings in order to 
achieve shock-free flow over an extended range of Macn numbers and 
lift coefficients. These results are reported in a recent ICAS 
preprint. 

During the past year we have implemented the fictitous gas 
procedure with the full potential code FLO 22. Parallel work at 
Lockheed by Drs. Miranda and Raj has also been successful. 


CONTROL ALGORITHM FOR ADAPTIVE WALL TUNNELS 

As part of our NASA supported research we have bet^n 
investigating a control algorithm for three-dimensional adaptive 
wall transonic wind tunnels. This research was interrupted last 
year when the student carrying out the investigation# was forced to 
return to Poland because his visa expired. These political problems 
now seem to be resolved and he is back with us. We have developed 
a relatively fast ADI algorithm for the subsonic flow past lifting 
wing— body in a circular or rectangular wind tunnel. The boundary 
conditions on the wind tunnel wall corresponding to variable 
porosity and plenum pressure are modeled by 

(fi^(x,R,9) + a(x,9) <|)^ (x,R,9) = 6(x,9) 

for a cylindrical wind tunnel of radius R. Here a and B are 
directly# but empirically# related to the porosity and plenum 
p r essure. 

A similar algorithm is used to compute the external flow. 
Thus# we may simulate adaptive wall strategies numerically. The 
algorithm is now being extended to the transonic range. When this 
is complete our studies can begin in earnest. The fundamental 
question we wish to address is this: Given a measurement of and 

'i'jj on some surface near, but not at# the wind tunnel walls# what 
strategy is to be invoked to modify “ and 6 so that the errors 
in# say lift and drag# due to the wind tunnel walls are minimized? 
There are# of course# also constraints on the values that a anti 
$ can assume since they model to some degree the ef -ects of wall 
porosity and plenum pressure. 

We are thus faced with an optimal control problem which 
involves a nonlinear partial differential equation. There is not 
much literature on optimal control with partial differential 
equation constraints and we may have to invent our theory for the 
case at h-and. To do so we will begin with the l .near subsonic 
equation. We can set up certain simple model situations and write 
down formulas for analytical solutions using Green's functions. We 



presume that u»e will be able to discern an appropriate strategy for 
determining the changes to be made in a and 6 in order to find 
their optimum values. With this body of theory in hancl» the results 
will be verified by numerical experiments for the prototype linear 
problem. We will next extend these results to the general linear 
problem. When we are convinced that we have a workable strategy for 
subsonic flow we will then attempt to generalize it to transonic 
flow. No doubt change's will be required to account for thtT^ 
possibility that part of the tunnel supersonic flow will extend to 
the wind tunnel wall. It isi of course, not clear that the problem 
we have posed has a unique mathematical solution. Still. if 
adaptive wall wind tunnels are to be developed for truly 
three-dimensional flows, then some practical strategy for control 
is essential. 


UNSTEADY TRANSONIC FLOW 

In the course of refining our time— 1 inear i zed algortihm for 
unsteady transonic flows it became clear that acoustic waves were 
being reflected from the boundary and c ontaminat in g the results 
computed for indicial motions. This would not necessarily be 
noticed in a harmonic. analysis. nor is it especially easy to 
discern in the indicial motion. It is clear, however. that serious 
errors in phase lag occur if the boundary conditions for the 
far-field reflect acoustic waves as the common =0 boundary 
condition does. In order to remedy this situation Dr. K-Y. Fung 
derived the correct unsteady far-field and this is. now implemented 
in our alqo''ithm. The results of this research have been accepted 
for publication in the AIAA Journal. 

Our study of two-dimensional t ime—1 inear i z ed flows is 
essentially complete except for the studies of the unsteady 
behavior of shock-free airfoils to see how their buffet boundaries 
might differ from supercritical airfoils with well daveloped shock 
waves. A paper is being prepared by Dr. Fung that will report the 
conclusions of this study. We note several here; 1) For determining 
flutter boundai'ies a t ime — 1 inear i z ed algorithm that captures shock 
motions of arbitrarily small size is probably more efficient than a 
nonlinear algorithm; for more moderate amplitudes either a 
nonlinear or a time-linearized algorithm will do; for larger 
amplitudes a nonlinear treatment is essential. 2) One must be 
concerned about the accuracy of wind tunnel data for unsteady 
transonic: flows as wall reflections may lead to serious errors in 
the phase lags. Numerical simulations give strong evidence of such 
phase lag errors due to boundary reflections. 3) Shock-free 
airfoils have markedly diffferent phase lags than theii' 
counterparts with well formed shock waves. 



COMPUTATIONAL FACILITIES 


This NASA grant uas< at least in part» responsible for the 
dcv€‘lopment of an advanced remoted job entry capbility in the 

• University of Arizona's Computational Mechanics Laboratory. We now 
have? an Eclipse S/140 computer with 256 kilobytes of core memory^ 
two CRT terminals with local intelligence. four standard CRT 
terminals, and a TI 745 portable terminal. Funds from the College 

• of EIngineering have been used for some of these facilities; they 
have also been used to provide work space for eight graduate 
students. Tnese facilities provide us with remote access to the 
NASA Ames CDC 7600 via a UT 200 interface. The same interface is 
used to go directly to the University's Cyber 175. There is also a 
dirs'ct line to the Interactive Graphics Engineering Laboratory's 
Eclipse S/230, and thereby to its other facilities such as the 
Ramtek color display. 


PAPERS AND TALKS 1980 

We list here the papers and talks for our last grant year as 
they have not previously been reported. As noted earlier, the list 
for the complete grant period is to be found in Appendix A. 


Tijdeman, H. and R. Seebass. "Transonic Flow Past Oscillating 
Airfoils, ’ Annual Review of Fluid Mechanics, Vol. 12, 1980. 

Func, K. — Y. . Sobieczky, H. , and R. Seebass. "Shock— Free Wing 

Design," AIAA U. , Vol. 18, 1980. 

Fung, K. -Y. "Far-Field Boundary Conditions for Unsteady Transonic 
Flows, " (to appear AIAA J. ). 

Fung, K. -Y. "Shock Wave Formation at a Caustic," SIAM J. APPL. 

MATH. , Vol. 39, 1980. 

Nebeck, H. E. , Seebass. A. R. and H. Sobieczky. "Inviscid - Viscous 
Interactions in the Nearly Direct Design of Shock-Free Supercritical 
Airfoils, " (to appear A(»ARD Conference Proceedings) 

Sobieczky, H. and A. R. Seebass. "Adaptive Airfoils and Wings for 
Efficient Transonic Flight." ICAS preprint, October 1980. 

R. Seebass: Unsteady Transonic Flow, NASA Langley, February 1980. 

R. Seebass: Shock-Free Airfoil and Wing Design, Caltech Colloquium 

April 1980. 

R. Seebass: as above. University of Colorado, April 1980. 

R. Seebass: as above. University of Minnesota, April 1980. 

R. Sieebass; DFVLR Seminars on Unsteady Transonic Flows, Shock-Free 
Design, and Nonlinear Waves, May 1980. 

R. Seebass: as above at Haifa Universtiy, Tel Aviv University, 

Mathematics and Fluid Mechanics Departments, May 1980. 

R. Seebass: General Aviation Appplications of Shock-F'ee Design, 
General Aviation Technolgy f est, Wichita, November 1980. 
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APPENDIX 


PAPERS. REPORTS. TAIKS 1977 - 1980 
Papers 

*** 1. Seebass, A. R. and Fung, K. -Y. , "Ihsteady Transonic Flows: Time-Linearized 
Calculations," Numerical and Physical Aspects of Aerodynamic Flows (to 
appear) . 

** 2. Fung, K.-Y. , "Far Field Boundary Conditions for Iftisteacfy Transonic Flews," 
(accepted AIAA J . ) . 

* 3. Fung, K.-Y. , "Shock Wave Formation at a Caustic," SIAM J. Appl. Math . , Vol. 

39, No. 2, pp. 355-371, October 1980. 

4. Fung, K.-Y., Sobieezky, H. and Seebass, R. , "Shock-Free Wing Design," 

AIAA J . . Vol. 18, No. 10, pp. 1153-1158, October 1980. 

5. Sobieezky, H. and Seebass, A. R. , "Adaptive Airfoils and Wings for Efficient 
Transonic Flight," ICAS Preprint, Mmich, October 1980. 

** 6. Nebeck, H. , Seebass, A. R. and Sobieezky, H. , "Inviscid- Viscous Interactions 
in the Nearly Direct Design of Shock-Free Supercritical Airfoils," AGARD 
Fluid Dynamics Panel Symposium, Confutation of Viscous-Inviscid Interactions, 
Colorado Spring, Septenber 1980. 

* 7. Moran, J. , Cole, K. and Wahl, D. , "Analysis of IWo-Dimensional Incompressible 

Flows by a Subsurface Panel kfethod," AIAA J.. Vol. 18. No. 5. pp. 526-533., 
May 1980. 

** 8. Tijdeman, H. and Seebass, R. , "Transonic Flew Past Oscillating Airfoils," 

Ann. Rev. Fluid Mech . . 12, pp. 181-222, 1980. 

**** 9. Cramer, M. S. , "Lifting Three-Dimensional Wings in Transonic Flew," J. Flviid 

Mech .. Vol. 95, Part 2, pp. 223-240, 1979. 

*** 10. Sobieezky, H. , Yu, N. J. , Fung, K.-Y. and Seebass, A. R. , "A New l^thod 

for Designing Shock- Free Transonic Configurations," AIAA J. , Vol. 17, No. 7, 
pp. 722-729, July 1979. 

** 11. S^ieezi^, H. , "Related Analytical Analog and Numerical Ifethods in Transonic 
Airfoil Design," AIAA 12th Fluid & Plasma Dynamics Conference, Paper 79-1556, 
Williamsburg, Virginia, 23-25 July 1979. 


^^NR funded 

jujj^AFOSR and CNR joint funding 

NASA, and ONR joint funding 
vfc***^tAPCSR and NASA joint funding 
NASA funded 



*** 12. Seebass, A. R. , Yu, N. J. and Fung, K.-Y. , "Unsteady Transonic Flow 
Conputations , " AGA^ Conference on Unsteady AerodynaraLcs , CP No. 227, 
pp. 11, 1-17, 1978. 

** 13. Fung, K.-Y., Yu, N. J. and Seebass, R. , "SiihII Ibsteacfy Perturbations in 
Transonic Flows," AIAA J . . Vol. 16, No. 8, pp. 815-822, August 1978. 

** 14. Cr ame r, M. S. and Seebass, A. R. , "Focusing of Weak Shock Waves at an 
Arete," J. Fluid Ifech . , Vol. 88, Part 2, pp. 209-222, 1978. 

**** 15. Yu, N. J. , Seebass, A. R. and Ballhaus, W. F. , "Inplicit Shock-Fitting 

Scheme for Unsteady Transonic Flew Computations," MAA J. , Vol. 16, No. 7, 
pp. 673-378, July 1978. 

Talks 

7tli Annual General Aviation Technologyfest , Wichita, November 1980. (Seebass) 

International Council of the Aeronautical Sciences Meeting, Munich, October 
1980. (Sobieezky) 

AGARD Fluid Dynamics Panel S)mposium on Viscous -Inviscid Interactions, Colorado 
Springs, Septenber 1980. (Seebass) 

University of Haifa Colloquium, May 1980. (Seebass) 

Ihxversity of Tel Aviv Mathematics Seminar and Fliaid Mechanics Colloquium, 

May 1980. (Seebass) 

Israel Aviaticn Industry, Tel Aviv, May 1980. (Seebass) 

DFVLR, Gottingen Colloquia (3) , May 1980. (Seebass) 

Ibiversity of Minnesota Colloquiim, Minneapolis, April 1980. (Seebass) 
liiiversity of Colorado Colloquium, Boulder, April 1980. (Seebass) 

California Institute of Technology Collcxqtiium, Pasadena, April 1980. (Seebass) 
Ikisteacfy Transonic Flow, NASA langley Workshop, February 1980. (Seebass) 
Shcx:k-Pree Flows, NASA Lewis, Novet±>er 1979. (Seebass) 

AIAA 12th Fltiid & Plasma Dynamic Ccnference, Williamsbuig, July 1979. (Fung) 

AIAA 12th Flijid 6e Plasma Dynamic Conference, Williamsburg, July 1979. (Sobieezky) 
Lockheed-Georgia Conpaity Seminar, Jiily 1979. (Seebass) 

AFFDL/APOSR Revise, Dayton, June 1979. (Seebass) 
lT)ckheed-California Cctipany Seminar, April 1979. (Seebass) 



University of Washington Colloquium, Seattle, February 1979. (Seebass) 

Chio State Meeting on Ibsteady Transonic Flow, Colunbus, February 1979. (Seebass) 

University of Southern California Colloquiim, Los Angeles, October 1978. (Seebass) 

AIAA 11th Fluid & Plasma Dynamics Conference, Seattle, July 1978. (Sobiecdcy) 

AGARD Fluid Dynamics Panel Symposixm on Ibsteady Aerodynamics, Ottawa. 

Septenber 1977. (Seebass) 

AIAA 10th Fluid 6e Plasma Dynamic Conference, Albxjqxjerque, June 1977. (Yu) 

AIAA 10th Fluid & Plasma Dynamic Conference, Albuqu^que, June 1977. (Fung) 

University of Arizona Colloquium, Tucson, April 1977. (Fung) 

Ibiversity of Arizona Colloquium, Tucson, Arpil 1977. (Yu) 

Dr. H. Sobiecdcy of the DIVLR in Gottingen was a Visiting Adjunct Professor 
at the University of Arizona in 1977 - 1978 with OMR and APOSR support. 

Dr. Sobieczl^ gave a series of lectures on Transonic Fluid Dynamics at the 
Ibxversity of Arizona. He also gave the seminars listed below. 

California Institute of Technology, Pasadena, January 1978. 

Stanford Ibiversity, Stanford, February 1978. 

Unxversity of California, Berkeley, February 1978. 

Naval Postgraduate School, Monterey, February 1978. 

Unxversity of Southern California, Los Angeles, February 1978. 

NASA Research Center, Hanpton, Panel Menber, Airfoil Conference, March 1978. 

Virginia Polytechnic Institute, Blacksburg, March 1978. 

Ibiversity of California, San Diego, March 1978. 

Ibiversity of California, Los Angeles, May 1978. 

Transonic Fluid Dynamics Reports - Engineering Experiment Srafion 

Report IFD 80-03, Seebass, A. R. and Fung, K.-Y. , "Ibsteady Transonic Flows: 
Time-Linearized Calculations , * ' October 1980 (same as Paper 1) . 

R^ort TFD 80-02, Nebeck, H. , Seebass, A. R. , and Sobiecdcy, H. , "Inviscid- 
Viscous Interactions in the Nearly Direct Design of Shock-Free Sipercritical 
Airfoils," October 1980 (same as Paper 6). 


Report TFD 80-01, Sdbieczky, H. , "Ccraputational Algorithms for Wing 
Geometry Generation, Transonic Analysis and Design," July 1980. 

Report TFD 79-02, Sdbieczl^, H. and Seebass, A. R. , "Shock-Free Supercritical 
Aerocfynamic Structure and Method for Designing Same," August 1979. 

Report TFD 79-01, Fung, K.-Y. , Sobieczl^, H. and Seebass, A. R. , "Numerical 
Aspects of the Design of Shock-Free Wings," July 1979 (same as Paper 4), 

Report TFD 78-05, Ballhaus, W. F. , Cramer, M. S., Yu, N. J. , Fung, K.-Y., 
and Se^ass, A. R. , ^"Unsteacfy^ Transonic Flow Stu(^es," [Focusing of Weak 
Shock Wave at an Arete (same as Paper 14) ; ttisteacfy Transonic Flow Canputa- 
tions (same as Paper 12) ; Snail Unsteady Perturbations in Transonic Flow 
(same as Paper 13) ; Inplicit Shock-Fitting Scheme for Unsteady Transonic 
Flow Conputations (same as Paper 15)^ . 

Report TFD 78-04, Sobieczky, H. , Fung, K.-Y. , Seebass, A. R. and Yu, N. J. , 

A New Method for Designing Shock-Free Transonic Configurations," Julv 1978 
(same as Paper 10). 

Report TTO 78-03, Sobieczky, H. , "A Conputational Algorithm for Enbedded 
Si^personic Flew Domains," July 1978. 

Report TFD 78-02, Sobieczky, H. and Seebass, A. R. , "Adaptive Airfoils and 
Wings for Shock-Free Sipercritical Flight," May 1978. 

Report TFD 78-01, Sdbieczky, H. , "A Ccnputer Program for Analysis of Transonic 
Flow Past a Wall Ranp," January 1978. 

Report TFD 77-01, Sobieczky, H. , "Transonic Fluid Dvnamics Lecture Notes," 
October 1977. 

Patent Application 

"Adaptive Shock- Free Supercritical AerocfynamLc Structures and Method for 
Designing Sams," Serial No. 06/049,846 (witdi Sdbieczky), 1979. 



UNSTEADY TRANSONIC FLOWS: TIME-LINEARIZED CALCULATIONS 


A. Richard Seebass and K.-Y. Fung 

Aerospace and Mechanical Engineering, University of Arizona, Tucson, Arizona 


An accurate and efficient method of computing unsteady transonic flow is 
described. The flow is linearized about an experimentally measured or numeric- 
ally calculated steady state, as represented by a given pressure distribution. 

For a given mode of motion, the amplitudes and phase lags of the lift and 
moment coefficients at a given reduced frequency are found by superposition 
from an indiclal response. The computational effort is redtic.ed by treating shock 
waves as discontinuities, and by applying the correct linear far-fleld behavior. 

A novel method of modeling the indicial response provides an analytical formulas 
for the dependence of the amplitude and phase lag on the reduced frequency. 


INTRODUCTION 

A combination of technical advances should 
improve the fuel efficiency of transport aircraft 
by fifty percent in the next decade. Analogous 
improvements in the transonic performance of mili- 
tary aircraft should also be realized. These large 
gains will come from a combination of improvements 
in engine, structural, and aerodynamic efficiency. 
More than half will come from improvements in the 
aerodynamic efficiency, including active control, 
and the use of composite materials in the primary 
structure. Part of the improvement in aerodynamic 
efficiency will result from flight at supercritical 
Mach numbers with subcritical levels of lift to 
drag ratio and high lift coefficients at near sonic 
flight conditions. 

This improved transonic performance mandates 
an accurate prediction of aeroelastic behavior at 
transonic Mach numbers. Of special concern are 
flutter boundaries. In 1976 Farmer and Hanson (1) 
reported that the flutter boundaries of two dynam- 
ically identical wings were markedly different at 
transonic Mach numbers due to very minor differ- 
ences in wing profile thickness. The results of 
their measurements are shown in Figure 1, indica- 
ting the reduced flutter boundary for the wing with 
a "supercritical" profile. 

Today we understand well the qualitative 
behavior of invlscid steady and unsteady transonic 
flows, and we have rudimentary understanding of 
viscous effects. For flight regimes that involve 
unseparated flows the main ingredient in the calcu- 
lation of flutter boundaries is an accurate deter- 
mination of the steady pressure field. This may be 
determined either by experiment or by calculation. 
But once it is known, the response of the wing to 
pitching, plunging or aileron motion may be found 
by numerical means. The most essential ingredient 
in predicting this response is an accurate predic- 
tion of the motion of any shock waves present in 
the flow (see, e.g,, ( 2 )), Numerical algorithms 
that capture shock waves must use relatively fine 
grid spacing near the shock wave if they are to 
predict its motion due to the small changes of 
interest in flutter studies. But this shock 
motion may be predicted accurately by a time-linear- 
ized algorithm using a relatively coarse grid if 
the calculations are done correctly. This has not 
generally been the case, with other investigators 
ignoring this essential effect (3,4,5). 


We report here on our two-dimensional, time- 
linearized computations, which not only properly 
account for shock wave motion, but are able to 
resolve them even though the grid used to calculate 
the flow is relatively coarse. In order to avoid 
the reflection of Che unsteady disturbances from the 
grid system, only a moderate amount of grid stretch- 
ing is employed away from the airfoil. To avoid 
unnecessarily large computational domains, the 
linearized far- field for an unsteady vortex with a 
circulation determined by the airfoil's lift is used 
to evaluate the potential there (6). The airfoil's 
response to a given mode of motion is determined by 
superposition from that for an indicial motion. In 
many cases this indicial response can be modeled in 
a simple way, providing an analytic result for the 
dependence of the lift and moment coefficient's 
amplitudes and phase lags on reduced frequency. A 
novel feature of this modeling is that of a sequence 
of harmonic oscillators, each of which improves the 
previous simulation of the indicial response. This 
provides an analytical formula for the dependence 
of the amplitudes and phase lags on the reduced 
frequency (7), 

The computational efficiency of the time- 
linearized calculation of the amplitudes and phase 
lags for a range of reduced frequencies is compared 
with nonlinear and frequency domain computations. 

The time-linearized calculation of an indicial 
response can result in a factor of ten or more 
reduction in computational effort; this is especially 
significant in three dimensions. The modeling of 
the indicial response by a sequence of two harmonic 
oscillators can also reduce computational effort. 

GOVERNING EQUATIONS 

As noted above, time-linearization about a 
known steady state is an effective mechanism for 
determining the unsteady response to a given mode of 
motion. For flows that are unseparated, and not at 
incipient separation, an inviscid treatment of the 
unsteady flow should be adequate for flutter studies. 
It is Important, however, that the nonlinear and 
viscous aspects of the underlying steady state be 
determined accurately. This may either be done by 
experiment, or by a reliable computational algorithm 
such 33 Grumfoil (8). In any case, we assume that 
an accurate steady state pressure distribution has 
been used to provide the input fcr the inverse cal- 
culation of the airfoil shape that will provide this 
pressure distribution when the steady state flow is 
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computed using the small perturbation approximation. 

As Lin et al. (9) observed more than thirty 
years ago, within the context of the small perturba- 
** cion approximation the basic equation governing the 
unsteady motions is linear unless the reduced 
frequency, k., is 0(5^), Here 6^ is the measure of 

Che perturbation potential and k - u)c/U, where u) is 
the frequency, c the chord and U the frees tream 
speed. Thus, if we write the velocity potential,, 
as 

- Uc{x + <5 

0 


-1 /(t’“ + 2xc -v'^) - t' . 

- tan -p I » 

and 

t’ . t(i - . y’ ■ y/Ca - 

Here H is the Heaviside unit step function. 

In addition to Eq. (1) and the boundary condi- 
tions (2)-{4), a shock jump condition needs to be 
Imposed if the shock wave is to be treated as a 
discontinuity rather than "captured” by the numeri- 
cal calculations. Because the former is the intent 
here, we need to note that 


where ? is the perturbation potential and 5^ is 

some measure of the disturbance, Che governing 
equation is 

- (2k/6 + {(1 - nf)/4„ - (y + U) 

0 * X t 0 X XX 


2 

where terms 0(k have been 

neglected because k * 0(5^). (Here the time has 

been nondimensionalized by the circular frequency 
and the spatial coordinates by the airfoil chord, 
and the y coordinate is scaled by The 

second is of little consequence. Neglecting the 
first is equivalent to disregarding one of the 
characteristics and assuming disturbances propagate 
downstream at infinite speed, and has important 
computational advantages. The boundary condition 
at the body Is 

6 (x,o,t) - oY'(x) + 5Y (x,t) + k6Y (x,c) (2) 

0 y x t 

where Che body is given by 

y - 6Y(x) + 5Y(x,t). 

Across the airfoil wake the jump in the pressure 
coefficient must vanish. Thus, 

([ ’-j C (x,o,t)]I = - |[(|| (x,o,t) 

P * 

k(^.^(x,o,c)][ * 0, 

where [£(** )]1 indicates the jump across the wake. 
This implies chat in the wake 


A 4 >(x,o,c) * r(x - kt)/Uc 6 . ( 3 ) 

0 


In both these boundary conditions we have retained 
terms of 0(k) , which is not consistent with the 
approximation made In Eq. (1). But as Refs. (10) 
and (11) demonstrate, this gives good agreement 
^ with the results of linear theory for values of k. 
up to, and even above, 1.0. This term is, of 
course, also retained in the evaluation of the 
pressure coefficients. As noted in Ref. (2),^che 
appropriate measure of 5 is max(6^/^,53/2 ^ (k6)3/2 ^ 
3/2 ^ 

and normally 5 , Far from Che airfoil (see (6)), 


4>(x,y;cM 

where 


f(x.y|t- 


dt' 

0 o 


(A) 


f(x,yjt’) • H(t' + X - /(x^ * y' 
■ tan'^ f 2xf -y’^) t’ 

y' 


2 


))x 


- (2kMf/«^)I[*J^(dx/dc)g 

- Cl - !!♦ - 0 ,( 5 a) 


on 


(dy/dx)^ - - D:<>J/[[*y]I (5b) 

where ( * • * )]I and ( * * * ) indicate the jump in and 
average of (•••) across the shock wave. Equation (5a) 
insures the conservation of mass. The conservation 
of momentum is replaced by the irrotat ionaiity con- 
dition Eq. (5b) or its equivalent, [E't'J * 0* 

Time-linearization 


We use the ADI technique introduced by BaBhaus 
and Steger (12) to compute the steady state solution 

of Eq. (1), (p (x,y), subject to the steady boundary 

o 

conditions implied by Eqs. (l)-(4), using the 
coordinate stretching of Ref. (13). Aside from the 
far-field condition (4) and the inclusion of terms 
of 0(k) relative to 0(1) in (2) and (3), this is 
equivalent to NASA Ames computer code LTRAN2 of 
Ballhaus and Goorjian (14). We next linearize about 
this steady state by assuming that 

t(x,y,t) * 4>^(x,y) + (6/5^' )<J(x,y,t) o(«5/<5^ ), 

1/2 

where 6/6 * o(l). This gives, with 6 » 5 , 

0 o 

- (V + *yy ■ 0* 

with 

<p (x,o,t) - Y (x,t)+ kY (x,t) 
y X c 

and 

jT^^(x,o,t) + k4»^(x,o, t)]{ * 0. 

With the linearization of the solution about a 
steady state at time t ** 0, we use (4) for the 
potential far from the airfoil as the circulation 
departs from its steady state value. 

As noted earlier, the proper account shock 
motions are of prime importance in unsteady transo- 
nic flow. We thus use the procedure of Ref. (13) 
to account for shock motions. Because the shock 
waves are nearly normal to the freestream we assume 
that this is the case and satisfy 

[[<$»]}= 0 


( 6 a) 

( 6 b) 

(6c) 


2 





on the normal shock approximation to Eq. (5), viz.* 
dt 2k (y + 1)M^ X 


Again we linearize about the steady state* writing 
in this approximation 

c 3 / 2 . 


X (t) 

s 




which gives 

dx(t) , Y 1 .0.0 (7) 

dt 2k * ® 

as the equation that keeps track of the shock wave 

S osition. Scraijght forward linearization of 

^ * Q gives the expression that 

“0 0 

determines i behind the shock from its value ahead 
of the shock (13): 

[[♦(x,, t ,y)]I - 


y ^ I 
2k 


I[4>^ (x* y)]l /S(x' ,o,t)dt. 
ox s o s 


( 8 ) 


This must be integrated in conjunction with (6a). 
The AJ)I procedure is again adopted as outlined in 
Ref. (13), to effect a solution of Eq. (6) in 
conjunction with Eq. (8), subject to the time- 
linearized boundary conditions at Eqs. (6a) and (6b). 

INDICIAL RESPONSE 


As a consequence, any boundary condition imposed on 
a |y| * constant boundary that is less chan 150 
chord lengths away can contaminate the indicia! 
response through a reflection from a boundary. Our 
experience has been that an erroneous boundary 
condition such as (t) « 0 has to be imposed at lyj 
greater than 80 chord lengths in order to avoid 
errors in the phase lag determined from an Indicial 
response. The same must be true for the computadon 
of a harmonic motion, although it would be more 
difficult to determine that the phase lag was in 
error in such a computation. This same observation 
should also be applied to unsteady wind tunnel 
tests. If there are significant acoustic reflect- 
ions from the wind tunnel walls, the observed phase 
lags may be in error. This experimental difficulty 
warrants further investigation, especially in two- 
dimensional studies. 

On the other hand, we know that with the 
appropriate steady state value of the potential 
applied at about twenty chord lengths, the steady 
state solution is perfectly adequate. With the 
imposition of the unsteady boundary condition (4), 
or its time-linearized analog, we find that once 
again 20 chord lengths will suffice. For low to 
moderate reduced frequencies, viz., k * 0.1 to 1.0, 
the acoustic wavelengths associated with the motion 
are about 1.0 to 10 chords. The grid spacing 
employed may be stretched, but grid spacing compar- 
able CO or larger than the acoustic wavelength will 
result in acoustic reflections from the grid itself. 
Thus, while a grid stretching is employed in the 
calculations, the largest grid spacing used remains 
a fraction of a chord length. 


One of the major advantages of time-lineariz- 
ation is chat, for a given mode of motion, the 
amplitude and phase lag of the lift or moment 
coefficient for a given reduced frequency may be 
computed by a linear superposition of the results 
obtained for a step change. For example, if the 
change in lift coefficient as a function of time 
for a step change in angle of attack, , is chat 

a 

sketched in Fig, 2, then the lift coefficient for 
an angle of attack variation, a(t), is 

(t) > Cj (t)a(o) + (t)— 

01 Cl ct 

Thus, for a periodic motion a(t) * a + ae^^^, 

0 

C^(t)» - iu)/”Ic^ (T)Je‘^"'''dTl (9t^ 

a a a 

+ C. («»)a . 
i ^ ' o 

X 

Tlia low frequency approximation made in Eq. 

(1) , viz., that was negligible, is, of course, 

not valid for the high-frequency components of the 
indicial response calculation. It is, however, 
perfectly satisfactory for the computation of the 
indicial response, provided this response is only 
used to compute motions for which k » o(l). In 
order to calculate the response for low reduced 
frequencies, however, we must accurately resolve 
the indicial response as the motion approaches its 
asymptotic state. Typically, this requires the 
computation of the indicial response for 300 chord 
lengths of airfoil motion. In this time the un- 
steady perturbations have travelled a little more 
than 300 chord lengths normal to the freestream. 


Harmonic Oscillator Modeling 

Typically, the indicial response of the lift 
coefficient to a step change in angle of attack, 
flap angle, or Imposition of plunging velocity, is 
like that as shown in Fig. 2. The same is also 
approximately true for the moment coefficient taken 
about the airfoil's leading edge (Fig. 3) .Tliis suggests 
chat, to a first approximation, the response is 
nearly exponential and governed by a simple first- 
order differential equation. And, further, that to 
a second approximation, the difference between this 
response and an exponential function can be modeled 
by a damped harmonic oscillator. Thus, if we let 
u(t) be a normalized indicial response such chat 
u(0) * -1, u(®) » 0, we should write 

u(t) “ 1 + u (t) + u. (t) + ••• (10) 

0 1 

where 

= u +Xu *0 
0 0 o 0 

and, in general, 

Vi = ^ 

The constants determined to best 

model the indicial response. That is , the solutions 
CO these equations, viz., 

(12a) 

0 

and 

Ui(t) =* u^(o)e ^^^sin(ftt)/*l, (12b) 


3 



where 


n -/(q^ 


Pi 




sine^ - (k'^ - - 1) * 

(|1 + (k' + nrHIl + (k* - (19b) 


are combined to best approximate the indicial 
response. To be specific, if we let * u(t) - 

u (t), then we choose X such chat 
o 

I (X) - /"[I 0^*^= 
o o*-o cH 

is minimum. Setting 3 1^/3 X » 0, we find 

x"^ - 2/“{l - u(t))^dt. (U) 

0 

In an analogous manner we let » u(t) - 1 - 
-u^(t) and choose p^ and so that 

I^(Pl.qi) - (15) 


and. ft' * ft/X . 

We see immediately from Eq. (18) that in the 
first approximation Che amplitude of the harmonic 
response is 

Cl ^ 

as indicated in Fig. 4, which behaves like k ^ for 
large k, and that the phase lag is 

sin'^((k/X)/{l + (k/X)^}^^^ 

which grows linearly with kA for small kA , and 
thereafter is nearly independent of kA » as can be 
seen from Fig. (5). 


is minimized. This gives 


Pi 


(u(o) - l. )i and 

2/*(u - (i ) dt 
o o 


- (16) 
/”(u - U )dt 
0 o 


The extent to which the simple first approxi- 
mation is justified for selected examples is shown 
in Figs. (4) and (5). In many instances an accept- 
able determination of the phase lag requires the 
second approximation. This will be discussed more 
cully in (7). The constant X and the of the 

first approximation can be determined immediately 
from Eqs. (13) and (14) as the indicial response is 
being calculated. If I is not sufficiently small, 
Chen the constants and q^ can be calculated 

from Eqs. (16). If the second approximation is not 
judged sufficiently accurate because is not 

acceptably small, the modeling is abandoned as the 
computational expense of computing and is 

comparnble co that required for three reduced 
frequencies . 

SotQe time ago it was noted by Tijdeman (15) and 
the authors (13) that the amplitude of a harmonic 
response decays like with increasing k. A 
somewhat more general result is implied by Eqs. (12). 
If F(t) is a harmonic response, e.g., (t), then 

a 

with 


We limit our discussion to the simple variation 
of the amplitude aid phase lag of the lift and moment 
coefficients for an NACA 64A006 in pitch with 
reduced frequency. Earlier, more detailed results 
depicting the shock motion, etc., are to be found 
in Refs. (13) and (16). Because we have linearized 
about a steady, small perturbation solution, we 
draw no practical conclusions from our study. 
Tijdeman (personal communication) reports that the 
application of LTRAN2 to determine the response 
about an experimental steady state for the F29 air- 
foil at varying Incidence, in conjunction with strip 
theory and the results of panel methods for subcri- 
tical flow to account for three-dimensional effects, 
was successful in predicting the flutter boundary 
of the F29 wing. 

Figures 4 and 5 give the amplitudes and phase 
lags of the lift and moment coefficients for an 
NACA 64A006 airfoil oscillating in pitch at selected 
reduced frequencies with » 0.86 and 0.88. Indi- 
vidual results are shown by symbols with the reduced 
frequency noted below them. Generally, they are 
well described by the first approximation of the 
harmonic oscillater model. For ■ 0.86 the lift 
and mid-chord moment results are indistinquishable , 
but their phase lags are not correctly captured by 
the modeling of the first approximation. In this 
case, the initial part of the indicial response is 
not correctly captured. This is easily dealt with 
in the model without going to the second approxi- 
mation (7). 


F(t) « F (t) + F.(t) + “•, (17) 

o 1 

we find chat the first approximation gives 

r /A * (1 i- k'^)“ sin(kt - 9 ) (18a) 

0 o 

where 

sin8 * k'/(l + (18b) 

0 

Here A is the amplitude of the indicial response to 
a unit change and k’ * kA . The second approxima- 
tion gives 

?^/A - u^(o)k'ft'sin(kt - 6^) ^ 

"(1 + (k’ + + (k' - r.')’}]^'^' (19a) 

where 


COMPUTATIONAL EFFORT 

As noted earlier, a time-linearized calculation 
requires substantially less computational effort 
than a nonlinear one. We delineate those differ- 
ences here, noting that the larger grid spacing that 
may be used with our shock-fitting procedure 
implies a computational saving in addition to the 
considerations discussed here. 

If we let T represent the number of time steps 
required to calculate a time periodic solution in 
an LxMxN spacial domain, then the total computa- 
tional effort for a flutter study using either a 
nonlinear or time- linearized algorithm is propor- 
tional to the product TLMN. If we do not time- 
linearize, this must be done at K reduced frequen- 
cies to give a total computational effort that is 
proportional co KTLMN. If a time-linearized 
procedure is used to compute a single indicial 


u 



response, the effort is TLMN. This can be used to 
generate the mode response for any reduced frequen- 
cy in about additional steps, giving a total 
computational effort proportional to TLMN + 
(const)-T^K. Typically, T is 500 and L,M,N are 
about 50, 25, 25, respectively. Thus, a nonlinear 
analysis at ten reduced frequencies has a computa- 
tional effort of about 

10* 500- 50* 25*25 = 10®. 

On the other hand, a time- linearized computation 
requires a computational effort of 

500*50.25-25 + 

(const) (500)“10 = 10 + (const)-lO 

providing a factor of K reduction over the nonlinear 
analysis. The constant of proportionality, and the 
less refined L grid spacing required, also favor 
the time-linearized algorithm, contributing roughly 
another factor of ten reduction over the nonlinear 
procedure. 

In two dimensions, the two computational compo- 
nents of the time- Linearized calculation, viz,, the 
indicial response and its linear superposition for 
each reduced frequency, are comparable and an 
efficient integration algorithm must be used for 
Eq. (9b). 

CONCLUSION 

The amplitudes and phase lags of the lift and 
moment coefficients, at selected reduced frequendea, 
can be computed accurately and efficiently by time- 
linearization about a measured or computed pressure 
field. For three-dimensional studies the linear 
superposition of the results of a single indicial 
response substantially reduces the computational 
effort. Further reductions are achieved by using 
the linearized far-field for the unsteady flow, and 
by treating the shock wave as a discontinuity in 
the computations. In many cases, the indicial 
response can be modeled by a simple harmonic oscil- 
lator, and this provides an analytical result for 
the dependence of the lift and moment coefficients 
on reduced frequency, further reducing the compu- 
tational effort. 
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Figure 1. Flutter boundary for tvo dynamically 

identical TF-8A wings (Reference (1)). 



Figure 2. Lift coefficient as a function of time for a step 
change in angle of attack; NACA 64AC06, M ■ 0.38 
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Figure 3. Moment coefficient as a function of time for a 

step change in angle of attack; NACA 64A006. M » 0.88. 



Figure 4. Lift and moment amplitudes normalized by their quasi-steady value as a 
function reduced frequency for an NACA 64A006 airfoil. 
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Analytical results are given for the far field of the unsteady transonic flow due to an instantaneous change in 
lift at the origin. These results may be superimposed lo provide boundary conditions for numerical com- 
pulatlotial of unsteady transonic flows. A typical numerical experiment using these results shows substantial 
reductions in the size of the computational domain are possible. In two dimensions this procedure is at least as 
effective as the nonreflecting conditions suggested by the local characteristic relations. It is also much easier to 
implement in three dimensions than the nonreflecting conditions. 


Introduction 

T he computation of unsteady transonic flow is of fun- 
damental importance in determining aeroelastic response 
and flutter boundaries.* At supercritical Mach numbers the 
flow past airfoils and wings usually includes embedded shock 
waves; the motion of such shock waves plays an important 
role in determining the airfoil or wing’s response to a given 
mode of motion. Indeed, there is experimental evidence,^ and 
supporting theoretical work,^ suggesting that serious decrease 
in the flutter speed with increasing Mach number can occur 
for some wing designs because of this shock wave motion. 

An efficient time-accurate algorithm for solving the 
transonic unsteady small perturbation equation has been 
developed by Ballhaus and Goorjian^ for the important case 
of low reduced frequencies. Unsteady flows, in one sense, arc 
easier to compute without having the results affected by 
approximations in the boundary conditions. One can, for 
example, simply insist that the boundary be far enough away 
that none of the waves reflected from it have sufficient time to 
return to the airfoil or wing and contaminate the results. For 
indicial and periodic motions the computational domain must 
be large enough that the asymptotic state is achieved before 
the reflected waves return to their source. This, un- 
fortunately, turns out to be a rather large domain (typically 
100 airfoil chord lengths in two dimensions). Magnus,^ as 
well as other investigators, have discussed the effects of the 
boundary conditions on the result of their calculations, with 
the general conclusion being that they cause serious errors. To 
remedy this difficulty one may use one of several techniques. 
The one frequently used for steady flows, viz., grid stretching, 
may not improve the results, even for low reduced frequencies 
where the disturbance wavelength of interest is, at most, no 
more than 10 chord lengths. Any grid spacing larger than a 
few chord lengths will effectively reflect the incident waves. 
Another remedy, used, e.g., by Enquist and Majda,^ is to use 
boundary conditions that reduce the reflection of incident 
waves. Such boundary conditions arc a local statement that 
outward going waves should be transmitted through the 
boundary. Our experience with these boundary conditions 
indicates that this local approximation is much too crude to 
allow computational domains of size satisfactory for steady 
flow calculations. A better procedure is to use the global 
unsteady far field for the linearized equation, first attempted 
by Kruppand Cole.’ 
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If we assume the far field is governed by a linear equation 
then the far field for an indicial response can be used to 
construct that for any response. Additionally, we note that an 
effective way to proceed with flutter studies is to linearize the 
steady state about some experimentally or numerically 
determined steady state.® This must be done in a way that 
accounts for shock motions, as they represent the 
predominant effect in supercritical flows.’ 

Equation of Flow 

For simplicity, we consider the nonlinear flow to be 
governed by the small perturbation for small reduced 
frequencies, viz., 

— 2k<t>xt + { 'f- (7 + ^)0r + + (0 

Here the spatial coordinates, the time, and the velocity 
potential have been nondimensionalized by the chord, the 
freestream Mach number times the reciprocal of the angular 
frequency, and the freestream velocity times the chord, 
respectively; k is the usual transonic similarity parameter, and 
k is the reduced frequency, viz., k — o)C/U, i.e., the angular 
frequency multiplied by the time it takes the airfoil to move 
one chord length. The appropriate boundary conditions are 
then 

^y{x,0,z,t) =f [ Yx^kY,], on wing 
and 

lk4>f{x,0,z,t) -0» on wake 

where we have included terms of 0{k) as suggested by 
Houwink and van der Vooren,*® TY{x,y,zj) is the body 
shape and f ] means the jump in the argument. 


Unsteady Far Field 

We now derive the unsteady far field boundary conditions 
for Eq. (1). Far from the body the unsteady disturbances will 
satisfy a linear equation. Considering the whole flowfield to 
be a small unsteady disturbance superimposed on the steady 
solution to Eq. (1 ), we let 

<P{x,y,z,t) =(i>^(x,y,z) ‘^S\Hx,y,z,t) +o(6) 
and 

y=: Y^ -f (6 /t) Y" 

to find 
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with 

ypy{x,0,zj) = (FJ+AtY"), on wing 

where 6 characterizes the size of the unsteady disturbance 
compared to the basic steady disturbance. While this is now 
the framework for a time-linearized analysis, we note that the 
linearized version of Eq. (1) always applies in the far field. As 
indicated in other studies, c.g., Klunkcr, the nonlinear term, 
here correspondingly, [{y + l)<t>x^x] has a doublet like con- 
tribution to the steady far field. We will show later that such a 
term contributes equivalently to the unsteady far field and 
hence we can neglect it. Only changes in lift contribute to the 
lowest order; thus, we need only derive the far field for an 
incremental change in incidence. This we do by solving the 
following boundary value problem for the upper half-space 
0 '> 0 ) 

with 

^{xAzJ)^y2AT{z,to)^0-h)f^M 

Here, the dependent and independent variables arc properly 
scaled. The solution we seek is, of course, antisymmetric in^. 
The boundary condition in Eq. (3) models a vortex sheet that 
originates at jc = 0, producing a jump in potential, Ar(z), 
instantaneously at time r= 

Far Field Solutions 

We employ the standard techniques of Fourier and Laplace 
transforms to solve Eq. (3) subject to the boundary condition 
for a change in the circulation, Ar(z,/o), at time for both 
two-dimensional and three-dimensional flow. We outline the 
steps briefly here. 

Three Dimensions 

To solve Eq. (3), we let be the Laplace trans- 

form of $ 

^zz ““ ^ (^) 

with 

iixAz^s) = Y2AT(z) U/s)H{x) 

The substitution ^ = reduces Eq. (4) to the standard 
Helmholtz equation, viz., 

(5) 

with 

i(xAz,5) = /:Ar(z) (e-“/s)H(x) 

We let ^(i,y,z,s) denote the Fourier transform of ^ with 
respect to x and the Fourier transform of ^ with 

respect to z. Applying such transforms to Eq. (5), we find 

with 

which has the solution 

After performing the inverse transforms to Eq. (6) with 
respect to f,f,5 correspondingly, we have, then, in three-space 


dimension, that 

y r b/2 

♦ = 7“ I AT(z.lo>i(x.y,z-V-lo)dl (7) 

47T J -0/2 

where b is the wing span and 
g{x,y,zj) =//(/ + jr- (x^ ^ ) 

X [/+jr(Ar^ +y+z^) 

Because the derivation is for an incremental change AfCz./o) 
at /= to, a more suitable form of Eq. (7) for 4> would be 

V 

^»(x,Y,z,0= 7“ U \ AT{z,io)g{x,y,z-z,t-to)^z (8) 
ruo) ^ 

Equation (7) is essentially the steady-state result modified by 
the Heaviside function which switches on the value given by 
Eq. (8) when 

-X 

This implies the far field phase lag is simply 
{x^ ^y^ ■{’Z^ ) —X. Such simple behavior is found only in 
one- and three-dimensional wave propagation (see, e.g., 
LighthilP^). Equation (8) simply retards the value of the 
potential ^ so that it is the potential produced by the cir- 
culation at an earlier time corresponding to the time for a 
wave front to travel from the origin, to the location where 4> is 
being evaluated. Thus, by letting 

y 0 b/2 

d*r{x.y,z.to)= \ Ar(z.ffl) [ / +jf(Ar^ +>’^ 

4x J - b/2 

+ (z-f)^)-*^ny + (z-z)^] -'df 
Equation (8) becomes 

♦ H(t-t„+x-'Jx^ +y^ -\-Z^)d^r 

d^r=*r +x] 

0 

Two Dimensions 

In two dimensions we have 

- 2*^, + ♦„ + = 0 (9) 

with 

^{xAn = lATUo)/2]H{x)HU-to) 
instead of Eq. (3). 

Following the same procedure used in three dimensions, we 
have the result in two dimensions that 

^^[AT{to)/27r]f{x.y,t-to) 00) 

where 

r yJi2 ^2x( -y^ + ( 

/(jr.j',/) =//(/-!- j^tan ^ 

■¥2xt~y^ 

+ tan”' 

y J 

This result is more complex with the time appearing not only 
in the unit step function, but also in the argument of the 
arctangent function. In the limit, as we approach steady state. 
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Eq. (10) becomes 


f(x,y,o>) = ^ \ +tan-' - 
\y\ 2 y 


which is the steady result of Klunker." For an arbitrary 
circulation change AFf/), we must superimpose the results 
Eq. (10) to find the general two-dimensional far field 


*(x,y,t)=^ \ nx.y.t- to) ~^dlo 

jr JO 

In the case of harmonic motion, e.g., 


dr(0 

dt 


=r„ 


we simply change the lower limit in Eq. (I I) to find 

p OD 

= — /(Ar,y.T)e-'“'dT 

2w JO 


( 11 ) 


(12) 


which gives the phase lag at each location of the far field 
boundary. The condition given by Krupp and Cole’ may be 
viewed as an attempt to approximate the result given by Ea 
( 12 ). 

We may also use Eq. (10) to examine other far field 
boundary conditions. For example, the one given in Ref. 6 
states that for large;^ 


(13) 

while analytically we see that 





50 ion 150 2 on 


Fig. 1 Indicial pitch response for an NACA 64A006 at = O.M. 
or 


F(AT,a,ij,/) = I 


x—x' 






+ (x-x')^)dx' 


Since both and decay as (jt' + , we may further 

approximate F(x,a,r;,/) by 


F{x,a,rjJ) 


X 



{X\ri,(-^X-X' 


-Vo^+ {x-x')^)dx' 


(15) 


(x^+y ) (/^+2xr~>^^) 


{x^ 


which shows that Eq. (13), while asymptotically correct, is not 
a suitable replacement for Eq. (10). 


Nonlinear Effect 

We examine here, following one reviewer’s suggestion, the 
nonlinear effect on the far field by adding to the right-hand 
side of Eq. (9) a term proportional to (0?4>^)jr (see Eq. (2)). 
Denoting the solution of Eq. (10) as we may write an 
integral equation for the solution ^ that 


-t a> 

*{x,y,n =♦* - F{x,y + ri,r,,t)dT, 

£ F{x.r}-y,ri,t)dr] (14) 

where 


J-o. J-» V[/' + (at— a:' ) ] ^ - (a^ + (AT-jf')^] 
d 

^ bx" ix'.v.‘-i')]di'dx' 

We only need to examine Eq. (14) for y>0, since 
♦ (Af,0,/) (Af,0,/). For large x, or large a, we may ap- 

proximate F(Ar,a,»>,f) by evaluating the time integral near its 
singular point, i.e., /' = - (x-x' )+^/a^ + (x-x' p . Thus 

! » Q 

[x-x' )^— {X'.1,,l + X 

ox 

-x' + {x-x*)^)dx' 


We recognize Eq. (15) as a doublet with strength in proportion 
to the compressibility effect. At large distances from the 
airfoil this term is negligible compared to the term we retain in 
Eq, (10). Thus 0(x,>',r) approaches asymptotically. 

Example 

We illustrate the effectiveness of our results by applying 
them to the time development of the lift on an airfoil sub- 
jected to a step change in angle of attack. The time-Iinearizcd 
small perturbation algorithm of Ref. 9 is used as the test bed 
for the comparison. 

Figure 1 compares the lift response of an NACA 64A006 
airfoil at Af«=0.88, computed using different boundary 
conditions. Results obtained in a stretched grid with the outer 
boundary at a>»„,a* about 1(X) chord lengths away from the 
airfoil is compared with results obtained in a grid with a 
of about 13 chord lengths. 

For the large grid we find no significant difference between 
solutions using different boundary conditions for the times 
indicated in Fig. 1. In the case of the small grid, we compare 
solutions obtained by setting =0at>^= by using the 

nonreflecting boundary condition ±\py=0ony=^ ^ym»% * 
and by using the result of Eq. (II) on y-±y„,^,. The 
solutions are rather insensitive to upstream boundary con- 
ditions and are subject to the same downstream conditions, 
viz., The nonreflecting boundary condition of Ref. 6 

achieves about 9\Vo of the steady-state lift and gives a sub- 
stantial improvement over the conventional calculation. 
Results from the time-accurate boundary condition we have 
derived here are in very good agreement with those found 
using the large grid; these are uncontaminated by reflections 
from the boundary for /< 200. 

Conclusion 

We have derived the far field unsteady solutions for a step 
change in the lift of an airfoil and a wing. These results can be 
used to reduce the size of the computational domain required // 
for either time accurate or frequency domain calculations. We 



FEBRUARY 1981 


BOUNDARY CONDITIONS FOR UNSTEADY TRANSONIC FLOWS 


183 


have illustrated their application with a time-linearized 
computation of a step change in the angle of attack of a two- 
dimensional airfoil. 
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SHOCK WAVE FORMATION AT A CAUSTIC* 

K -Y. FUNG+ 

Abstract. The behavior of a weak acoustic compression near a caustic surface has been determined for a 
special class of specified incoming signals. This problem arises in various contexts, including the propagation 
of sonic booms generated by supersonic aircraft. The solution derives from a mapping of hodograph-like 
solutions to the physical plane. The maximum amplification for this class of signals of fixed amplitude depends 
on the width of the incoming signal. The solutions contain reflected shock waves that satisfy the appropriate 
shock jump conditions, provided the width of the incoming signal is greater than a certain critical value. 


1. Introduction. There are many sources of weak shock waves. These include the 
commonly experienced phenomena of thunder and the sonic boom of supersonic 
aircraft. At supersonic speeds, aircraft generate a nearly conical wave pattern. These 
wave fronts propagate along their normals at the local sound speed, i.e., along acoustic 
rays. Variations in the sound speed (due to temperature changes), aircraft maneuvers, 
and winds can lead to ray crossing and a focusing of the wavefront. In the case of the 
sonic boom this results in a so-called • superbpom" if the rays form an envelope, or a 
“super -superboom” if they meet at a point. In the case of a sonic boom, the pressure 
signature is, nominally, an N-shaped wave. More specifically, a weak shock wave 
provides an essentially instantaneous rise in pressure; subsequently the pressure falls 
linearly (in space or time) and is returned to nearly the ambient pressure through a 
second weak shock wave. The focusing of this weak shock wave is examined here. For 
simplicity, we phrase the problem in the context of the behavior of a weak shock wave 
generated by an aircraft in slightly supersonic flight in a flow with a Mach number 
gradient. Such gradients occur naturally in the troposphere where the ambient 
temperature decreases nearly linearly with altitude. 

Sonic booms as well as weak shock waves from other sources are, under normal 
circumstances, adequately described by a nonlinear adaptation of geometric acoustics 
[1]. [2], [3]. In geometric acoustics, as in geometric optics, a ray is the path of a signal 
point on a wave. Neighboring rays form an infinitesimal ray tube. The area of a ray tube 
will, in some situations, vanish at a point in space-time, which we shall call a focal point. 
Such focal points may form a hyper-surface in space and time that, in most cases, is an 
envelope of the rays in physical space. Such a hypersurface is an acoustic caustic, and 
will be referred to hereafter as a caustic or caustic surface. 

The nonlinear adaptation of geometric acoustics needed for signals of finite (but 
small) strength corrects the phase of a given acoustic signal by an amount proportional 
to the amplitude of the local signal strength. Except near surfaces, lines, or points of 
focusing, such as a caustic, this is the only nonlinear correction needed for small but 
finite amplitude signals. 

In the absence of winds, the theory of geometric acoustics states that the Rayleigh 
acoustic energy, p’^A/(pa), is constant along a ray tube. Here p' is the perturbation 
pressure, A is the differential ray tube area and pa, the acoustic impedance, is the 

* product of the local density and sound speed. 

This, and the more general conservation law of Blokhintsev [4] applicable in the 
presence of winds, require that the perturbed quantities such as p’ become infinite when 
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the differential ray tube area A becomes zero. In these cases, geometric acoustics fails to 
describe the behavior of a signal and a local treatment is required. 

Guiraud [5] and Hayes [6] have given the equation that describes the behavior of 
the pressure signature near a caustic. Guiraud's derivation is quite lengthy; Hayes' is 
intuitive and short. Recently, Pechuzal and Kevorkian [7] obtained the same equation 
as a limiting result of an inner expansion governing the behavior near the caustic. In a 
coordinate system that is fixed with a wave front, the local behavior at a caustic is not 
difficult to delineate, and the nonlinear effect needed to provide the correct equation is 
easily deduced for normal situations. Cramer and Seebass [8] have derived the equation 
for a focus point, i.e., an arete. 

Despite a fairly large number of experimental, numerical and analytical investiga- 
tions, there has not yet been any truly adequate description of the local behavior of a 
nonlinear acoustic signal at a caustic. Because the nonlinear behavior at a caustic is a 
very local one, experimental measurements have proved difficult. Numerical cal- 
culations are not very reliable because some of the local details, such as the Guderley 
patch, if one occurs, are difficult if not impossible to resolve [9]. Analytical studies are 
difficult because of the inherent nonlinearity of the problem. Perhaps the most 
informative results are the measurements from the French flight tests discussed by 
Wanner et al. [10]. Laboratory investigations have used spark generated N-waves [1 1], 
[12] artificially stratified steady and unsteady flows [13], [14] and, more recently, weak 
shock waves generated in shock tubes [15], but have failed to resolve the local details of 
the flow. 

The results presented here derive from a hodograph technique first used by 
Seebass [16] and later extended by Gill [17]. Their analysis resulted in functions which 
satisfied the governing partial differential equation and one of the shock jump condi- 
tions exactly; but the other jump condition was not satisfied. This paper extends this 
earlier work by considering a broader class of incoming signals. This provides solutions 
for compressions of sufficient breadth that the reflected shock wave is never so strong 
that the flow behind it becomes subsonic. 

In this case we are able to satisfy both the partial differential equation and the 
shock jump relations. More severe incoming compressions are not dealt with as this 
would require a double-valued hodograph plane, a situation not considered here. 


2. Governing equations and boundary conditions. For simplicity we consider the 
model situation of slightly supersonic flight in an idealized stratified atmosphere with an 
adiabatic lapse rate and hydrostatic equilibrium, as sketched in Fig. 1. The governing 
equation is 


( 1 ) 


^yy ^ oo^xx ; . ,2 ^ (t I <x>4^x^x 


where 

Ml=Ml[l-(y-l)S{y/l)Y' and 


Here 4> is the usual perturbation velocity potential, f is a small parameter that 
characterizes the perturbations produced by an aircraft of characteristic length /, S is the 
small parameter characterizing the ratio of this length to that determined by the 
temperature statification, and Ma is the operating Mach number of the aircraft and Moc 
is the local Mach number at infinity. The first two terms of (1) are the usual ones for 
steady supersonic flow. The third term arises because of the gravitational force and 
should be retained in a consistent approximation. The last term is the iowest-order 
nonlinear term and must be retained in transonic flows. 
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At y = 0 we give boundary data that is representative of an incoming signal, say 
<f>y =/(jc) for 0<jc < /, with undisturbed upstream parallel flow. We require that the 
solution vanish in the subsonic domain as y -oo. Waves will be reflected from the 
intervening caustic surface where Mx = 1 and they must be allowed to pass through 
y = 0 w'thout reflection. This may be thought of as a radiation condition. 



Fig. 1. Sketch of model problem depicting the linear wave fronts. Our interest is in the local nonlinear 
behavior in the caustic region. 


Because of the thermal stratification a caustic occurs when = 0, i.e., at 


^ (Ml-l). 


(y-l)8 

In order to eliminate the <t>y term in (1) we make the transformation 

(Y-2)/(Y-n 




under which (1) becomes 

(2) ^ - (1 + -(1 + + = 0. 

Note that at y = 0, y = 0 but that at y = -oo, y = -1 (for 1 < y < 2). Thus, the domain of 
interest is finite in y. Except in the subsonic far field where y -♦ -1, y is small. Using a 
Taylor's Series for small y, we may reduce (2) to the simple form 

^ _ j (A/2 _ 1) + ^ _ l)y- + f + 1 

= 0(Af ^ - D" + 0{f) + 0(Ml - l)y ) + • • • , 


(3) 
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valid away from y - -1. The caustic now occurs at 

r -1 

and yc is 0(M l-l) which is taken to be small. Hence, the representation of (2) by (3) is 
valid in the caustic region. 

A simple scaling of y, x and <j> reduces (3) to the form 

^ ri Sx^Sxx 

where 

, (Ml-m-y) 

*' .r- 1 ) ”■ 

e(-)' + l)A/a(y - 1)5 

The boundary condition at 77 - 0 becomes 
- (y-UM^F 

(4a) OgXSA, 

{■M a 1 ) 

where F(X) gives the shape of the incoming signal. The other boundary conditions, 
which are homogeneous, were discussed earlier. 

With the vertical coordinate shifted to 1 77 = T and, for simplicity, replacing <p by 

4>y (4) can be reduced to the canonical form 

(5) (Y ^<f>x)</>XX -<t>YY = 0. 

The boundary condition is now prescribed at T = 1, corresponding to 17 = 0 or y = 0. 
Equation (5) was derived by Guiraud [5] and also given intuitively by Hayes [ 6 ]. It is 
invariant under the transformation X -► aXy Y Thus the transonic 

parameter (y- l)A/;f/(Ma - 1 )^ ‘ in (4a) can be absorbed by the scaling a- 

A general solution of (5) then has the form 

4> = <t>{Xy V;F), 

where F characterizes the incoming signal shape, and must have on the 

characteristic X = Y^^^ if, as T = -► 00 , the behavior is to be consistent with the linear 

solution [ 6 ] where the ray tube arc is proportional to Y^^^ and, with <t>x^p\ 
<t>x^y according to the theory of geometrical acoustics. 

Pechuzal and Kevorkian [7] have derived (5) from ( 1 ) using matched asymptotic 
expansions with e as the small parameter. The inner equation, that is, the equation that 
applies for = 0 (f), reduces to (5). They give a particular solution applicable to the 
case where the signal is totally reflected from the sonic line, that is, when the surface 
Mac = 1 is replaced by a solid surface. 

Equation (5) is a nonlinear partial differential equation of the mixed type. It admits 
discontinuous solutions that satisfy the jump relation corresponding to continuity of 
the velocity component tangential to the discontinuity surface 


( 6 a) 

I<^xf(T + «^x) = I<^yI' 

along 


( 6 b) 
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where J ' J means the jump across the discontinuity and the average value of a function 

evaluated on each side of the discontinuity. 

A general approach for solving this equation with general boundary data has not 
yet. been discovered. This equation can be linearized because there are variables in 
which its characteristics are fixed. Unfortunately, the appropriate boundary conditions 
in the new coordinates are nonlinear. We digress here to determine the analog of the 
physical boundary data to (5) in the coordinates in which (5) becomes linear. 

3. Hodograph equations. The solution of the nonlinear Tricomi equation (5) that 
is of main interest is that for an incoming step wave. This signal must be terminated in 
some appropriate manner, e.g., an N-wave signal, in order for the solution to be finite. 
The local behavior of the step wave front at the caustic will be insensitive to the overall 
signal shape. This problem remains to be solved. Gill and Seebass [17] examined a 
simpler problem, viz., that of an incoming step wave in the hodograph plane, which of 
course, follows the linear characteristics. Because the image of the characteristic is a 
simple wave, the incoming signal in the physical plane is a continuous compression. This 
compression steepens as it approaches the sonic line and finally terminates in a shock 
wave formed by coalescing compressions that originate on the distorted sonic line. The 
“solution” they give which satisfies the partial differential equation, but only one of the 
two shock jump conditions, no doubt gives the general character of this process 
correctly, but fails to be strictly correct locally. The shock wave that occurs has a 
subsonic zone behind it and, presumably, they need to consider a double-sheeted 
Riemann surface to augment their functions to satisfy both shock jump relations. 
Using a transformation suggested by the characteristics of (5), we write 

+ 5 = x+v, 

where 

U -(f>x and V = <t>Y’ 

Then (5) can be replaced by the linear equations 

(7) TUs - Vt = 0 and Vs~Ut^ 0. 

Equations (7) have the solutions (see § 4) of the form 


( 8 ) 


where 


u{S, = 

k 

V(S, = 


^=9sV4^^ 


Referring to the scaled physical coordinates, we prescribe a signal F(X ) at V = 1, say 
F(X) = V'olA’, 1) on a set of incoming characteristics. Equation (8) can be used to relate 
F(X) to Ffc(^) and G*(f) to determine the coefficients m*. provided that F{X) has a 
simple analytical expression. 

To demonstrate this, suppose U is negligible compared to one, then with T = Y 
(8) has the form 

4>x(X, 1)= Uo(X) = I = I l^kFkiX + V(X)), 

<f,x(X, 1)^ Vq(X) = -I =-lMrA(A'+ V(X», 


/7 


(9) 
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where 

F,(9SV4) = A(A' + V(A'n and Gk^9S~ V(X )). 
The relation Vo(X)= V(X + V'olA’)) holds on the boundary Y = 1. Suppose 


Vo(AT) 


- 1 ?: 


x<o, 

X>0, 


then we have the following table: 

X VoiX) S\=x + V) ViS) 

X<0 0X0 

X>0 1 l*x 1 


The function V'(S) is undefined in the interval 0< 5 < 1. Alternatively, if Vo(X) = 0 for 
X<0 and -1 for X>0, then the function V(5) would be multivalued in the interval 
-K5<0. 

These two examples illustrate that if we prescribe simple boundary data in the 
S,r-plane, the boundary data in the physical plane may not have any physical meaning 
or a special interpretation is needed there. Signals at different values of Y are different 
in the S,T-plane because of the nonlinearity in X = 5 - V; therefore, there is no analog 
of the asymptotic boundary condition in the 5,7'-plane. Boundary data must be 
prescribed at a finite distance. This means that the asymptotic prescription given in [1], 
[2], [5] is inadequate ; Pechuzal and Kevorkian [7] pointed this out and have shown how 
the asymptotic behavior of the solution in the caustic region is to be matched with the 
incoming signal by means of corrections to the linear characteristics. 

If we suppose that Vq(X) is smooth enough so that at T = 1 , V'(5) is sinele-valued, 
e.g., 

r 0, x<o, 

Vo(X) = |-X, OSXgl, then V{S) = 

[-1, KX, 

and V(S), while discontinuous, is defined for all S. It is obvious then, that if Vo.x < ~ T 
K(S) will be multivalued. While this multivalued behavior may be used to find the 
solution for an incoming wave that is discontinuous in the physical plane, a more 
difficult problem, we limit our attention to the class of solutions with single-valued 
incoming signals in the S,T-plane. 

We will consider incoming signals of the shape sketched in Fig. 2, characterized by 
their overall length A, and the gradient Vo.x = ~1 + both evaluated at some Y= Vo. 
Thus our general solution, as discussed in the previous section, has the form 

d)=MX, V;A;/>), 

where the signal shape F has been replaced by the two parameters A and h. As we will 
see, with the relatively simple form of the solutions considered here, viz., continuous 
solutions in the 5,T-plane, valid results are obtained only for h's greater than some 
critical value, be- The parameter A is not an important one in our study because, for large 
values of A, the behavior of the front of the signal becomes independent of A and our 
primary interest is in the behavior of the compression. 


|0, 5<0, 
ll, S>0, 
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4. Similar solutions. In this section we delineate the properties of a particular set of 
solutions, Uk and that satisfy the equations (7) or the equivalent second-order 
equations: 

(10) TUss-Ujt^Q and Vss-{VrlT)r = 0^ 

Although a unique determination of the cannot be given without prescribing 
boundary data and, more importantly, without delineating the complete set of functions 
for (7), we can study the corresponding solutions for each Uky as well as some simple 
combinations of these functions, to see what physical behavior these solutions imply. 

If we let f/* = and V* = where { = 9S^/{4T\ then equa- 

tions (10) become 

^(l-^)F^ + {l/2-[(-fe) + (l/3-*) + l]^}Fi-(-lt)(l/3-Jt)F*=0 

-(l/2-;t)(-l/6-*)Gk=0. 
Equations (11) are in the form of the hypergeometric equation 
^(1 - i)F'' + {c - [a + f> + l]i}F'-abF = 0 
with the general solution 

(12) F = A 2F,ia,b;c;^) + B^'-\Fr(a-c + l,b-c + l-2-c-,a 


(11a) 

and 

(lib) 


with A and B arbitrary constants. The function iFi{a,b\c\^) is the usual hyper- 
geometric series [18]. Comparing the corresponding parameters u, by c, of (11) and 
(12) we find that the restriction on k in order that the series 2^1 converge is 
k> - ^ {—\<c — a - b). Another bound on k comes from specifying the asymptotic 
behavior of Uk as T tends to infinity. For the caustic problem, k = -u gives the 
required decay (4>x ^ and k < an allowable more rapid decay; terms 
with ^ = ‘“12 are included to match the outer solution. If boundary conditions are 
prescribed at a finite distance, then the second bound for k is relaxed, but the vanishing 
far-field condition in the subsonic domain is still essential. 

To determine the coefficients A and B in (12), we need to study the behavior of the 
hypergeometric series near the regular singular points ^ = 0, 1, 00. After putting the 
appropriate values of a, b, c in (12) we have 

F,=A2Fd-k,l-lc-,k-,e + 2Fiih-kA-k;i, ^). 


The behavior at the three singular points is given by an arbitrary linear combination of 
the two functions listed in the following table: 


f = 0 
^•*00 


1 

2^1 (3 “fe, — k ', 6 ~ 2 k ‘,\~^) 

1 

2F.(|-*,|-/tJ;l/f) 

0 


0 

(l-^)*'‘*“2Fj(| + )tJ+/t:|+2/t;l-^) 

0(l_^)l/6*2«= 
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We see that, within the range of k allowed, the only singularity occurs at ^ = 1 ti.e., 
S = The singular behavior of Fk there is (1-^)' ^ for ~u<k <-ri and 

In (1 for k = -i 2(T>0). There are two loci in the S,T-plane where £ = 1, namely 
5 = corresponding to the incoming and the outgoing characteristics. By setting 

B_ -He) r(fl -c -t- i)r(f>-c-^ 1) 

A'nalHi)' n 2 -c) 

we can remove the singularity on the positive side of the incoming characteristics 
(i||< 1). Using this result, we write (12) in the form 

F = H*[G[a,b-.c\£) + 4''"G{a-c + l,b-c + l\2-c;()], 


where 


G(a, b:c ',£) = 


r(a)nf>) 

r(c) 


2F\{a, b \ 


c: 




and n* is a complex constant. 

Because ^ = 1 is a singular point, in order to evaluate ^F\ for arguments greater 
than one we need the analytical continuation of the function F throughout the complex 
^-plane, insisting on smooth behavior in the elliptic domain, viz., F < 0 (Re ^ < 0). We 
introduce a cut in the ^-plane from ^ = 1 to infinity on the real axis and choose the 
branch that makes F continuous everywhere except on the branch line. By this means 
we can extend our solution to 1^|> 1. By setting 


/X* = /Lt[l +/ tan (27r(fl +/>))!, 


we can eliminate the other singularity on the negative side of the incoming characteristic 

Thus solutions of equations (10), with a behavior that we anticipate will prove 
acceptable in the physical plane, take the form 


(13) 

where 

and 


L/ = j U,dk=Re[\ntT^'‘F,dk'\, 

V = | Ufc = Re ^ — I ’ "Gicdfcj, 

Fk = G(-kri-k-A-,£) + £''~G(i-kA-k\h£) 


Gk=G(i-k, -i-kA\4) + £^^~G{\-kA-k;h£)- 


Representations of Uk, Vk appropriate to different domains of the 5,T-plane are 
tabulated in [19]. 

5. Construction of solutions. Were we able to do so, we would now proceed to 
determine the appropriate equations needed to determine the values of in ( 13 ) that 
would satisfy certain prescribed boundary conditions, although it is unlikely we could 
solve them analytically. This formidable task is not resolved here. Alternatively, we 
may try to combine the Fk's and Gk s in such a way that they represent a meaningful 
solution in the physical plane that corresponds to physically interesting boundary data 
and satisfies the jump conditions (6) for any discontinuity that may arise. The results are 
instructive in that their physical interpretation is believed to be more meaningful than 
any numerical results might be. Furthermore, they provide the basis for further 
analytical advances. 
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The function Uk, discussed in § 3, has a jump in S across the incoming 
characteristic and a singularity of (1 or In (1 -^) on the reflected charac- 

teristic. The jump behaves like the Heaviside unit function multiplied by a decay factor 
; the function Vk has similar properties with a decay factor ^ 

Suppose we know the shape and the leading power by which the incoming signal 
amplifies, then k is determined and signal shapes can be constructed as described below. 
With only the range of k specified, we can examine a finite set of k's and try to find 
useful combinations of the functions Uk and Vk- 

If, for example, we have an incoming step wave at To with k specified, 

ro, 5 -I- So < 0, 
i7(S, ro) = jl, 0<S + So<A. 

[o, A < S + So, 


where So = 2 Tq^/3 then the function (S, T) of { 1 3 ) gives an increase in U from 0 to 1 
at So, To for To sufficiently large, while -UkiS-X, T) provides a decrease in U from 1 
to 0. Thus we can construct the solution for a step wave of length A from the simple 
combination 


(14) 


L/(S,r) = t/,(S,D-t;,(S-A,r). 


The larger To, the closer t/(S, T) is to a step function. For the case k - -n. this is the 
solution Seebass [16] found using a Fourier transform with the asymptotic boundary 
condition of an incoming step wave; this solution was examined in some detail by Gill 
[17]. While the image of the initial part of the wave is obviously a simple wave, as it is the 
image of a characteristic, the image of the terminal part of the wave is multiple-valued 
and needs special interpretation. To avoid this difficulty we may construct the solution 
for an “AT-wave.’’ It can be verified that the behavior of the initial rise of these two 
signals is effectively the same if A is not small. The *W-wave’' behavior of arises 
naturally in many nonlinear acoustic problems, such as in the sonic boom, and has 


f/(5, To) = 


0 , 

1-2 


5 + So 


[ 0 , 


S + 5o 0, 

0 < 5* + So A, 
A <S + So. 


As before Uk{Sy T) gives the jump; the integral of Uk with respect to X 

U,(X,T)dX 

A J$-A 

gives the linear variation from So to So + A ; and finally, Uk (S - A, T) returns the value of 
the function to zero at So + A. Thus 

2 

(15) t/{S, T)=Uk(S. T)~- Uk{X,T)dX + Uk(S~k, T) 

A h-K 

represents an incoming TV-wave. 

The solution of primary interest here is a step or N-wave with a finite step 
thickness B corresponding to the incoming signals V^o.x = -1 Because the first of 
these is simpler, and the local behavior of the compression is the same if A is not small, 
we limit our discussion to it. Locally the two solutions differ by only a constant. 
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Proceeding as above, we find the solution 


(16) = f UdX,T)dX-^\ UkiX T) dX, 

B Js B 

which we will discuss in some detail. Notice that 


lim t/(S, T;B)=Uk(S, D-[4(5-A, D. 

B-O 


which is (14). 

Solutions to UkiS, T) and V*(5, T) corresponding to (16) with A =1, B = 0, 
fi =0.1 have been evaluated numerically for many values of k. The main differences 
between these solutions lie in their behavior near the origin and in different jump 
behavior. In general the jumps in the values of U and V across the incoming 
characteristic satisfy 

WkV\Vkl = a{k)IT^'^, 

where a is a constant (which can be negative) that depends on k. 

The relationships between Uk, V*, their derivatives and their integrals are found in 
[19]. Only the values of Uk and V* have to be calculated to determine any of these 
functions, as their integrals and derivatives can be expressed in terms of Uk and Vk. For 
example, (15) and (16) can be reduced to combinations of Uk and V*. 

6. Finite width compression. Here we examine an incoming signal for which the 
flow behind the shock wave that forms may remain supersonic. In this case we are able 
to satisfy both shock jump relations. We first construct, by linear superposition, the 
solution for an incoming signal in the hodograph plane that increases from 0 to 1 
linearly in S for fixed T as S varies from So~ B to So. remains 1 until S = So + A, and 
then decreases, again linearly, to 0 where S = So+A +B. The physical plane image of 
this signal was discussed in § 3, and the behavior sketched in Fig. 2. We then examine 
the structure of this solution as a function of the signal breadth B (for Gill and Seebass 

tmB=o). .... 

For values of B larger than some critical values, Be, the resulting shock wave is 
embedded in a supersonic flow. In this case we are able to satisfy the partial differential 


-V 



Fig. 2. Sketch of incoming signal. 
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equation and both shock conditions. For B 's smaller than a subsonic zone appears 
behind the shock wave and we can satisfy only one of the two shock jump conditions. 
Either jump condition may be chosen as the one to be satisfied, giving, of course, slightly 
different shock wave shapes. Obviously, for B\<B, we do not find a solution to 
physical problems posed. 

As pointed out in § 2, the boundary data in the hodograph plane that correspond to 
meaningful physical signals might be multivalued or undefined near discontinuities. If 
the incoming wave is discontinuous, it must be represented by a multi-valued function 
in the physical plane. This gives rise to a boundary value problem we do not yet know 
how to solve in the S,T-plane. Rather than starting with prescribed data in the physical 
plane, we examine here, in some detail, a continuous solution in the hodograph plane 
and describe the corresponding behavior in the physical plane. 

Consider the finite width step signal of signal length A in the hodograph plane. For 
To sufficiently large 


(17) 


where 


0, S’<5o“^i 

•^(5 + B~5o), So-B<S<So, 

Jo 


F(S,To)~{ 


1 , 


--(S-So-A-B), 


0 , 


Sq < S < So + A , 

5o + A <5<So + A 
So + A + 5 < 5, 


C 2t-3/2 

~ 3^ 0 • 

For k = it can be shown by Fourier transforms that the solution 
Ub^U(S,T;B) 

1 « S-*-B -t m S — \ 

Jt> Js O Js-k-B 

= ^5^j^{[§(5 + B)C/*(5+B, T)-\SU^(S, r) + 7V*(5 + fl, T)-TVt(S, D] 

-tl(S-A)[/*(S-A, T)-l(S-A-B)UAS-X-B,T) 

+ TVk(S-A, T)-TVu(S-\ -B, D]} 

satisfies (17) asymptotically. 

We note that Ub is continuous and finite everywhere in the S.T-plane when 
k > - 2 - This follows because Ub is an integral of Uk and B ^0. Examining t/*(5, T) at 
its singular points for k = -u, the case of interest here, 

^-\/i2~“S for S 0, 7" = 0, 


4^ 


£7-1/12 ~ In ^1 forS-»|^^'^ r>0. 
'll 


and 
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Therefore the behavior of {7 b is given by 


if U-undX~B'^^\ S^O, r = 0 

B Js 

and 

5.|r-r>o, 

Thus Ub is finite and continuous everywhere, with first derivatives that are dis- 


• * o 2'T’3/2 

continuous at 5 = “ 3 ^ 


Y 







For small B, U{S, T\ B) and lima^o U(S, T\B) are not significantly different in 
the S,r-plane except where limB-o Ub is singular and where it has a jump. Here, 
changes in B significantly alter the behavior of the solutions U and V in the physical 
plane. These are regions where shock waves form. The transformation from the 
solutions C/(S, T) and V{S, T) to the physical plane requires a high degree of familiarity 
with these functions. The transformation that gives U(X, Y) and V(X, Y) for fixed 
values of Y and at specified intervals of X, is accomplished by a digital computer, 
primarily through Newton’s method. Thus we solve the implicit relations 

Y = T-UiS,T), 

X = S-V(S,T) 

numerically and to a high degree of accuracy; it is important that we can evaluate U and 
V to any desired degree of accuracy throughout the 5,T-plane. 

Notice that U and V have discontinuities in their first derivatives because Uk and 
Vk are discontinuous. It is essential to know in advance from which region of the 

iLf 
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S,r-plane a point X, V derives; otherwise Newton s method will fail to converge to the 
correct values, if it converges at all. Constant Y(S, T) contours in the S,7-plane are 
particularly helpful in designing the numerical code to effect this evaluation. For the 
results we discuss later, equations [ 1 8 ).are satisfied to one part in 10 ** ; this limit is set by 
the accuracy we specify in evaluating the functions. 

Above a certain value of Y, U[X, Y) and V(X, Y ) become multivalued, indicating 
the formation of a shock wave. The solution is then made single-valued by introducing a 
discontinuity so that both the integrals 

(19a, b) j U(t, Y)di, J V(t, Y)dt 

are continuous and single -valued. As noted by Seebass [16], this implies that the jump 
relations (6) are satisfied if the position of the shock jumps calculated from both 
integrals coincide. The shock determined by (19a) implies conservation of momentum 
while that determined by (19b) implies conservation of mass. We carried the integra- 
tions in ( 1 9 ) using a pointwise trapezoidal rule with varying intervals. The values of ff t/J 
and IVj were determined by linear interpolation. We have calculated the shock 
position by both methods and the difference between the two shock positions becomes 
negligible for values of B greater than a critical value, Bey when no subsonic zone can be 


Table I 

Input signal at Y I 
Signal width AX - .29480 
Signal strength AC/ = - .10870 


S = 0.1 
A -20 
4 - 0.1 


Y 

A'. 



R/L 

0.14 

-.2046231 

-.321434x 10'“ 

.314971x 10'’ 

.998263 


-.2046225 

-.321199x10^^ 

.314570x10 ’ 

.998468 

0.17 

-.200442 

-.011451 

.196838 X 10"“ 

997718 

-.200436 

-.011442 

.196547 X 10 “ 

.998058 

0.20 

-.194564 

-.018516 

.402860x10“^ 

.997680 

-.194551 

-.018501 

.402236x10"“ 

.998071 

0.30 

-.167396 

-.037737 

.011986 

.997954 

-.167352 

-.037704 

.011968 

.998294 

0.425 

-.122108 

-.056853 

.022892 

.998227 

-.122019 

-.056791 

.022855 

.998549 

0.5 

-.089789 

-.062301 

.029384 

.999673 

-.089691 

-.062219 

.029344 

1.00020 

0.6 

-.037158 

-.062501 

.036056 

.999902 

-.037069 

-.062421 

.036010 

1.00015 

0.8 

.095230 

-.061519 

.045499 

.999982 

.095302 

-.061463 

.045458 

1.00008 

l.O 

.256577 

-.060413 

.052557 

1.00001 

.256643 

-.060364 

.052515 

1.00006 

1.5 

.759148 

-.057630 

.065034 

1.00001 

.759198 

-.057601 

.065001 

1.00003 


5 I indicates the jump across the shock wave. 

R/L IS the ratio of the right to left-hand side of equation (6a). 
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found behind the shock wave. We conjecture that the solution is an exact one. We know 
it satisfies the partial differential equations, and, to the accuracy with which we can 
check them, the shock jump relations. We have not tried to establish the value of Be, 
precisely; we do know however that B, «0.10. With B = 0.06 the maximum error in 
satisfying the shock jump relations, as measured by the ratio of the right-hand to the 

left-handsideof (6a),is6%;withB = 0.10itis0.3%. 

Detailed numerical calculations have been carried out for five values of B : u.ui, 
0.025, 0.04, 0.06 and 0.10. The other parameters, m and A, were taken to be 0.1 and 20, 
respectively, for the convenience of comparing our results with those of G'll and 
Seebass [17]. Shock locations, and the extent of the subsonic zone based on (19a), called 
tZ-based or (19b), called V-based, are depicted in Fig. 3. Note that as the extent of 
the subsonic region behind the shock wave diminishes the two shock locations become 
more nearly one curve. This, as was noted earlier, is to be expected because we don t 
expect our single -valued solution (in the S, T- plane) to be valid if the flow behind the 
shock is subsonic. 



Fig, 4. An incoming step wave of finite width terminated by the reflected shock wave using the area 
balance rule in the multivalued region B = .06. 

U 
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Table 1 delineates the shock positions and shock jumps U and \\ determined using 
equations (19a) and (19b) for selected values of Y when B = =0.1 and A = 20. Also 

tabulated are the ratios of the right- to left-hand side, R/L, of equation (6a) obtained 
using (19a) and (19b). The general agreement between the results for the shock position 
computed both ways and the fact that R/L is 1.0, to the accuracy w'ith which we can 
calculate the shock jumps using (19a) and (19b), supports the claim that the solution 
satisfies both shock jump relations. 

Figure 4 depicts the value of U as a function of X for fixed values of Y for 
B = 0.06. We see that the distortion of the sonic line gives rise to weak compressions 
which become much stronger as they meet the incoming compression and then 
propagate away from the interaction, slowly decreasing in strength. 

We now anticipate, but did not do so originally, that if a shock wave arises, and if it 
has a subsonic portion as sketched in Fig. 5, then a saddle point in speed (or Mach 
number) will occur. Such behavior occurs on the physical plane when the solution in the 
hodograph plane is multivalued. Because we have limited our solutions to single-valued 
functions of 5 and T we can only expect to find solutions for large enough 5, that is, for 
waves thick enough that the shock wave remains embedded in the supersonic flow. 

Y 



Fig. 5. Reflected shock wave, sonic line, characteristics. 

A shock will always occur even for large B; it will form further above the sonic line 
and decrease in strength with increasing B. This follows because the value of V is not 
zero at the sonic line ( T = 0), and its maximum values increase in the supersonic domain 
as Y^'* along the outgoing characteristics. The location of a given U and V in the 
physical plane is always stretched by V. i.e, ^(^ = 5- V, K), U{X = S- V, Y). The 
larger the Y. the more they are stretched. Nevertheless, they weaken because the region 
of stretching is confined to a thinner and thinner strip, which eventually corresponds to 
the immediate neighborhood of the singular characteristic. 

Starting from the lowest point where the solution becomes multiple-valued, the 
reflected shock strength increases almost linearly with V' (this behavior is most distinct 


<^7 
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Fig . 6. Maximum reflected shock sirertgth, divided by the incoming wave strength otY-\.0,asa function 
ofYforB = 0.l. 


for large B) to its maximum value at a y of about 0.4. The shock strength then 
decreases with T increasing, as shown in Fig. 6 for B = 0.10. This case was used for 
Table 1. 

7. Conclusion. The role of nonlinear effects in the amplification of certain weak 
acoustic signals at a caustic has been studied through a hodograph-hkeyansformation. 
Nonlinear distortion of the boundary data plays an important role in determining e 
appropriate boundary data in the hodograph plane. We have reformulated the equatio^n 
governing the nonlinear behavior of an acoustic signal at a caustic in a way that avoids 
supplying asymptotic boundary data. In the new coordinates, the solutions for the inner 
caustic region are represented by similar solutions whose behavior ^ 

single parameter k. Boundary conditions in the hodograph plane are then ''elat^ 
physically prescribed data. Unfortunately the relation is nonlinear We have not 
resolved the problem of determining the corresponding boundary data in the hodo- 

grapMane h ^ ^ ^ ^ ^ange of step 

width, we have shown that small changes in asymptotic boundary data near dis- 
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continuities in derivatives in the hodograph plane have a substantial influence on the 
solution’s behavior in the physical plane. 

The maximum strength of the reflected shock wave decreases monotonically with 
increasing signal width. When the width is larger than a given critical value, the shock 
that forms satisfies the jump conditions with a high degree of accuracy. Solutions for 
other values of k, discussed to some extent here, should prove useful in obtaining 
acceptable results for more general incoming signals. It seems unlikely, however, that 
the parameterization in k provides a complete set of solutions. Still, solutions for other 
incoming signals should be possible. But a single-sheeted Riemann sheet in the 
hodograph plane won’t suffice for these more interesting signals. 

For signals whose widths are larger than some critical value, solutions with a 
discontinuity representing a reflected shock are obtained that are essentially exact. 
These results represent an advance over previous results and should prove valuable in 
testing numerical methods designed to solve mixed nonlinear equations. 
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and counsel during the course of this investigation and to Dr. Helmut Sobieczky for 
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A si«|»le numerical method for generating wing shapes that will be shock free at a specified supercriUcal Mach 
number is described. The method involves using a flctiiious gas law for the supersonic domain to make the 
governing equations elliptic. Requirements on this gas law are detailed aad a method for computing the raal How 
in the supersonic domain, given milial data on the embedded sonk surface. Is described. The failure of the 
method to yield a shock-free flow when a limit surface occurs in the supersonic Row, and the difneahies that 
arise because the initial-value problem for the supersonic domain is ill-posed, are delineated. Finally, a small 
perturbation algorithm is used to illustrate the procedure and results are given for a simple baseline wing. 


Introduction 

I NCREASED fuel efficiency, and in the case of commercial 
aircraft, productivity, can be achieved by operating aircraft 
at supercritical Mach numbers, provided that shock waves can 
be avoided or made acceptably weak. Two-dimensional 
procedures for prescribing airfoil sections that are shock free 
have already provided improvements in aircraft efficiency by 
employing these airfoils on swept wings. Three-dimensional 
effects have compromised such designs to some extent, and 
extensive wind tunnel development tests have been required to 
recapture the benefits of these ** supercritical airfoils." 

Sobieezky et alJ demonstrated a method of modifying 
baseline configurations so that they would be shock free at a 
prescribea Mach number and lift coefficient. This procedure 
provides a special opportunity for improving aircraft per- 
formance through a careful selection of the baseline con- 
figuration in order to provide wings and wing-body com- 
binations hat are shock free at supercritical Mach numbers, 
and that lave acceptable off-design performance. Yu^ and 
Yu and R»;bbeft^ have also document^ that this procedure is 
possible atid demonstrated its application. 

As first described by Sobieezky,^ a numerical 
algorithr. is used to solve a fictitious set of equations for the 
flow pa.- L the baseline configuration. These equations are 
identical *o the correct equations for subsonic portions of the 
flow, but .hey are modified when the flow becomes super- 
sonic, so t.iat even though the flow speed is larger than the 
local speed of sound the equations themselves remain elliptic. 
This procedure generates a numerical solution that satisfies 
the appropriate equations where the flow is subsonic, and the 
appropriate boundary conditions on the configuration outside 
of the supersonic zone. The results of this calculation provide 
the flowfi rid at the sonic surface. This surface and flowfield 
define an ill-posed initial value problem for the supersonic 
domain tfat is to be solved using the correct equations. 
Because ti is problem is ill-posed in three dimensions any 
numerical method must, in principle, be unstable. This in- 
stability, however, is of no consequence for moderate to high 
aspect ratios. However, if the detailed definition of the 
spanwise modifications required to make the wing shock free 


Present' i as Paper 79-1557 at the AIAA 12th Fluid and Plasma 
Dynamic, conference, Williamsburg, Va.. July 23-25. 1979; sub- 
mitted A Ua 13. 1979; revision received March 25, 1980. Copyright © 
African lastitute of Aeronautics and Astronautics, Inc., 1979. All 
rights reserved. 

^* *^*^*^* Aerodynamics; Transonic Flow; Configuration 

•Research Assistant Professor. Member AIAA. 

tAdjuaci'Profcssor. also Research Scientist. DFVLR. G6iiingen. 
West Germany. Member AIAA. 

I Professor. Associate Fellow AIAA. 


St 


are comparable to those for the streamwise direction, as they 
will be for low aspect ratios, then the instability may com- 
promise the calculations. 

Fictitious Equations 

The flows we seek arc to be shock free. As a consequence, 
they will be irrotational and the governing equation will be the 
conservation of mass, viz., 

0 ) 

where 

or 

(3) 

where 

+ (4) 

Here ( )« refers to the critical flow conditions where q^a. 
While the conservative formulation, Eq. (1), is to be preferred 
over its nonconservative analog. Eq. (3), numerical com- 
putations using Eq. (3) should be satisfactory provided ihat 
the flow being computed has no shock waves. 

In order to generate smooth data on embedded sonic 
surfaces that arc potentially consistent with shock-f-«» flow, 
we elect to modify the gas laws (2) and (4) so that Eq>. (I ) and 
(3) remain elliptic when Thus we require 

>0 if q>a. <5») 

p/og 

or 

af>q if q>a, (Sb) 

where and are a fictitious density and a fictitiou; sound 
speed and the partial derivative in Eq. (5a) is taken along a 
streamline. If we restrict p/ and Of to be functions of q alone, 
then 



The choice of the fictitious equation or gas law is a tool or 
technique available to produce a range of designs that are 
shock free; the initial data found with one gas law may lead lo 


1153 


1154 


FUNG. SOBIECZrV, AND SEEBASS 


AIAA JOURNAL 


a limit surface above the wing, while that with another ^as law 
will not. The main consideration in choosing the rictitious 
equations is that the equation must imply a conservation law 
and that the conserved quantity must be identical to the mass 
flux at sonic flow conditions. This insures that the initial dau 
for the supersonic domain is consistent with the conservation 
of mass in the subsonic flow. 

Examples of fictitious gas laws which lead to an elliptic 
equation include; 

or P<J 

or aj^q{q/a.)^*^,L>0 

M>0 

These gac laws are all of the simple form p-p(9). It may 
sometimwS be of value to consider an equation that has an 
explicit spatial dependence in order to alter the shape of the 
sonic domain. If this is done, care must be taken to insure that 
a conservation law is implied. Thus we may use P/^Pf{x,y,z) 
and be sure a mass flux is conserved but not, in general, 

Supersonic Domain 

Given a suitable numerical algorithm for solving Eqs. (1) or 
(3), with the fictitious density or sound speed used for 
supercritical speeds, we may then locate the embedded surface 
where q=tf, and evaluate the velocity components there. 
Those may be the physical components, viz., u, v, w in the 
Cartesian coordinates or. y, z or the components £/, K W, in 
some mapped space X, Y, Z, Because the equations arc 
hyperbolic we choose to work with a first-order system 

{a^ - ) w, -2uwWj^ 
—2uWjf^2vwVf =0 ( 6 ) 

with one of the three irrotationality conditions being 
redundant. 

We must then set up a suitable numerical algorithm for the 
computation of the supersonic flow, marching inward in some 
fashion toward higher Mach numbers until the stream surface 
upon which the supersonic surface rests can be continued. In 
the process two difficulties may arise. The first is that the 
computation may indicate that the solution has become 
multivalued because a limit surface intervenes between the 
sonic surface and the body; then no physically acceptable 
solution is possible with the initial data supplied. The second 
is that the inherent instability of the algorithm may become 
manifest, providing an unacceptable solution. We discuss this 
problem further shortly. 

A nonsubstantive difficulty that may arise with an ap- 
proach using rectangular coordinates is due to the topology of 
the supersonic domain. We can expect the supesonic region to 
wrap around, or more picturesquely, “grab,” the wing 
leading edge, as shown in Fig. la. When this occurs, one of 
the derivatives in the two equations selected from Eqs. (7) 
may vanish, leading to a singular system of equations. This is 
most easily avoided by mapping the solution domain to a 
coordinate system in which this does not occur, as discussed in 
Ref. 5. The coordinate systems of the computational 
algorithms to be used may provide the essentials of the 
mapping. Thus the coordinate systems used in the com- 
putational algorithms of Jameson and Caughey* and 
Caughey and Jameson^ provide natural coordinate systems 





for the computation of the supersonic domain. In the first of 
these the wing surface is mapped to the plane Z' =0, and we 
may envision the sonic surface to be as depicted in Fig. lb. 

A subsequent mapping 

z*zvz;(A.r) 

where Zi (X, Y) is the sonic surface, then leads to a com- 
putational domain like that sketched in Fig. Ic. 

In this domain, with U, V and W the X, Y and Z com- 
ponents of the velocity derived from some appropriate 
potential, we have a system of equations of the form 

AUjf^BUy^CUz^O 

which wc use to advance the solution from one Z level k to the 
next: 

Here we use the subscript Y: to indicate a suitably iterated 
average value of the subscripted quantity and AZ is the 
decrement in the Z coordinate. At each Z station the X and Y 
derivatives of t/arc calculated using thrcc-dimcnrional cubic 
splines to specify U. Presumably the spline used should be one 
that avoids introducing, or perhaps even filters out, 
oscillations in the numerical results. 
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Fig. 3 Sonic surface with a limit surface embedded in the supersonic 
region. 



Fig. 2 Change in the flow inclination on the original wing surface 
that is used to define the new wing surface. 


The calculation of U proceeds from one Z level to the next 
until the original wing surface, in this example Z=0, is 
reached. A new stream surface is then extrapolated from the 
values of U there, or the computation may be pushed further, 
to negative Z, and the new stream surface interpolated from 
the additional values so calculated. If we simply wish to 
extrapolate the new body surface we may do so in the original 
physical coordinates x, y, z, or in the mapped coordinates X, 

In the original coordinates we may use the new velocity 
field on the original body w^) to define the slope in 

the stream direction. 


tan^^ = 


As sketched in Fig. 2, the local stream direction is then 
determined in order to integrate the angular difference A^(a) 
along the arc length a from A to B, The new body surface may 
be constructed by marching in the downstream (or upstream) 
direction and using a cubic spline in the spanwise coordinate 
to define the body at the computational nodes. 

This procedure assumes small surface deviations so that the 
velocity field *s initial surface is also that of the new surface. 
Extrapolation of the results on the initial surface, and an 
iterative correction of the new surface found, may be carried 
out if higher accuracy is required. 

Limit Surfaces 

Shock- free designs are not always possible for a given 
baseline configuration, Mach number, and lift coefficient. 
The initial data generated by given fictitious equations may 
imply a multivalued solution before the body stream surface 
intervenes. When this occurs a limit surface will be found in 
the flowfield. The first occurrence of a limit surface is along a 
line where W^ -qd\ the algorithm used to compute 

the supersonic domain should be constructed so that it can 
recognize when this occurs, otherwise results may be obtained 
that have no meaning. Such a surface might look like that 



Fig. 4 Sketch of Mach conoids for a two-dimensional flow. 


Initial Value Problem 

As we mentioned earlier, the initial value problem for the 
supersonic domain is ill-posed in three dimensions. That is, 
small changes in the initial data will cause large changes in the 
solution in the domain of the problem. If we return to the 
well-posed two-dimensional problem and consider it to be a 
three-dimensional problem with no variations in the third 
direction, then we may sketch the Mach conoids, as shown in 
Fig. 4. The fore and aft Mach conoids define the influence 
and dependence domains of P, Because we find shock-free 
solutions the flow is reversible and we may consider the time- 
like direction to be in either the ±q direction. When we 
calculate the solution at P using data from the sonic surface 
we are effectively replacing the data along AA ' by that along 
BB\ Alternatively, in two dimensions, the normal to the 
streamline may also be considered time-like and we calculate 
the solution at P using the data on CB, In three dimensions 
this alternative approach fails because the solution at P now 
depends upon the infinite domain CC'B'B. 

An informative simple example is that of the linear wave 
equation 




with data given on the z = 0 plane as sketched in Fig. 5 ; viz. , 
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Wc can construct the solution by Fourier superposition of the 
modal solutions 


<i>^txx>V(kjXA‘k2y-^k^z)] 
in the x and y directions. But then 

±^k]-kl 

leads to exponential growth in the z direction when the 
wavenumber in the y direction, is larger than that in the x 
direction. In this simple model, then, we may expect the ill- 
posed nature of the problem to manifest itself when the y 
variation of the initial data is comparable to or larger than the 
X variation. Translating this to practical terms, we can expect 
the inherent instability to cause difficulty for small aspect 
ratio wings. Payne*® has used energy arguments to show that 
exponential growth in the z direction must eventually occur 
for a large class of functions f and g. We demonstrate this 
instability in a subsequent section. 


Small Disturbance Equations: An Illustration 

We illustrate the procedure for computing the supersonic 
domain, as well as the difficulties that may arise, with the 
small disturbance equations. The small disturbance ap- 
proximation introduces difficulties unique to this ap- 
proximation; these we do not discuss. We first compute the 
elliptic flowfield using fictitious equations in supersonic 
regions to maintain elliptic behavior. While we use the 
Ballhaus-Bailey-Frick line relaxation algorithm as im- 
plemented by Mason et al.® for our computations, we use a 
simpler equation in this discussion, viz,, 

( 8 ) 

When {K-<t>j,)<0 we make a change in the difference 
algorithm that corresponds to changing the first term to 

[\<i>,-K\^/P],. P>1 ( 9 ) 

The sonic surface on an rectangular wing 

corresponding to P = 2 is shown in Fig. 6, Figure 7 shows the 
corresponding vertical velocity component of the redesigned 
airfoil for selected spanwise stations. We note that the more 
elliptic we make the fictitious gas (i.e., smaller P) the broader 



Fig. 6 Sonic surfaces for a rectangular wing with .41 = 6, P = 2, 
M«=0.87. 



that the body will be thinner; this is reflected in the vertical 
velocity component. For the original parabolic arc section the 
body slope, and hence the vertical velocity, decrease linearly 
with X. 

The numerical solution then provides values of <>, and 
hence its derivatives, on an embedded sonic surface, 
z = (x,>^), as sketched in Fig. 6. The hyperbolic problem for 

the supersonic domain is solved using the simplified system of 
equations corresponding to Eq. (8). 

Wy-v. = 0, (Uy-v^ = 0) 

We may define a new variable ^x,y) to replace the coor- 
dinate z, and facilitate the computations, e.g., 

^{x,y) -z/z^(x,y) 

In this variable the equations become 






{K-U)iy 


0 

0 (K-u)i, 


u 


X 




kx ^X^y 

iy ]+{K-U)ii 


n -I f 


( 10 ) 
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where u has the components u, v, w and D=l+{^-l-(A'- 
Our choice of the irrotationality conditions was dic- 
tated by the requirement that the determinant of the system D 
be nonsingular. Any other choice of equations gives D' =iyD 
and the system is singular when which always 

occurs. Limit surfaces occur only if D changes sign. For the 
system considered here this occurs when (/T-w)^^(<0) 
becomes larger in magnitude than But D may also 

vanish because the coordinate system used for the set of 
equations chosen is not the appropriate one. This failure can 
be remedied by another choice for the coordinate system and 
must not be confused with that which occurs when a true limit 
line is present. 

As discussed earlier, the initial value problem we solve is ill- 
posed. The implied numerical instability becomes more 
serious when the spanwise gradients are large. Indeed, as we 
can see from Eq. (10), 

U(=D-'{(K-u)i^u,+ U + i^^)w,+^^Vy-i,i^w^] (II) 
- + - ±± 

Consider the sign of the individual terms on the right-hand 
side for an unswept rectangular wing with a profile sym- 
metrical about the midchord and midspan lines. (The up- 
per/lower sign corresponds to ahead of /behind the midchord 
line.) Then, because we are solving an elliptic boundary-value 
problem where the terms have the indicated signs, all of the 
terms in Eq. (11) except give i/j<0. The smaller the 
aspect ratio the larger the local values of A similar 
conclusion holds for t;, with a ^yVy term providing a change in 
that increases u and Vy, With a spanwise instability present 
in the numerics we can anticipate that as it grows in amplitude 




Fig. 8 Effect of numerical instability on the streamwise velocity 
component for: a) = =0.88; b) A = 2, =0.89. There is 

•»«. —.I..... _ A 


Vy will grow and affect the magnitude, and eventually the 
sign, of «£. Figure 8 depicts the surface values u(x,y,0) 
computed for the supersonic region on rectangular wings of 
aspect ratios 3 and 2. For an aspect ratio 2 wing numerical 
instabilities obviously override the generally smooth nature of 
the flow. Inspection of the other velocity components strongly 
suggests that the instability has a wavelength four times that 
of the spanwise grid spacing and amplifies v more rapidly 
than u or w. The initial data for the two cases are similar, 
except for the larger y gradients w hen = 2. 

Wing Design 

The art of aircraft wing design involves many variables and 
requires knowledge and expertise beyond that of the authors. 
We believe, however, that by using fictitious equations with 
suitable baseline configurations various design goals can be 
met and the wings will be shock free at reasonable flight Mach 
numbers and lift coefficients. To aid the aircraft designer in 
understanding this technology we briefly describe the shock- 
free design process for a simple wing. 

The approach outlined in the previous sections results in 
wings and airfoils with upper surface curvatures that are less 
than those of the baseline configurations. Additionally, the 
more acute the intersection of the sonic surface with the body 
surface, the less the likelihood of a limit surface intervening 
between the sonic line and the body. For this reason, baseline 
configurations should have reasonable upper surface cur- 
vatures and more thickness than required by the final designs. 
Designs that are close to the limit of what can be achieved, in 
terms of Mach number and lift coefficient, will have limit 
surfaces that nearly penetrate the wing surface. This may 
occur near the leading edge of the wing or near the aft end of 
the supersonic region, or in both locations simultaneously. 

We will illustrate some of these points with a simple tutorial 
example. We take a well known airfoil, the 64A4xx, and use it 
for the wing sections. The planform is chosen to have straight 



Fig. 9 Intersection of the sonic surface with the wing and pressure 
^ coefficients for; the wing designed to be shock free — ; the baseline 
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Fig. 10 Sonic surface on the supercritical wing of the AFTl 111 using 
fictitious equation in the supersonic region. 


leading and trailing edges with sweep angles of 30 and 15 deg, 
respectively. We take the aspect ratio based on wing area to be 
8, and the thickness distribution to be elliptical and lO^o thick 
at the wing root. The twist is varied from 4 deg at the root 
section to 0 deg at midspan, and the angle of attack is 0.4 deg. 
With a freestream Mach number of 0.80 these conditions will 
lead [at least for the fictitious equations with P=2 in Eq. (9)] 
to sonic surface data for the system Eq. (10) that are con- 
sistent with shock-free flow; that is, no limit surface in- 
tervenes before the wing surface is found. Figure 9 shows the 
intersection of the sonic surface found with the wing, and the 
center sections of both the baseline configuration and the 
shock-free design. The design wing is 0.7^o of the chord 
thinner than the baseline wing at the center section. Also 
shown is a comparison of the pressure coefficient at selected 
span stations. Both wings have a lift coefficient of 0.50. The 
small modifications to the baseline wing, over the portion of 
the upper surface wetted by supersonic flow in the solution of 
the fictitious equations, results in a wing, that when analyzed 
numerically, has the shock-free pressure distribution shown. 
The pressure coefficient on the baseline configuration is also 
shown for comparison. The inviscid drag evaluation for the 
original wing gave 96 counts; that for the design wing 86 
counts, reflecting the changes in the pressure coefficient. 
Presumably a viscous calculation that correctly modeled the 
shock-wave boundary-layer interaction would reflect further 
improvements. 

The selection of a baseline configuration is important to the 
success of this method. Wings that employ traditional 


supercritical airfoils will lead to sonic surface data that result 
in a limit surface. Figure 10 shows the intersection of the sonic 
surface with the wing for the AFTI 1 1 1 wing; again we have 
used the fictitious equations with P = 2. The complex nature 
of this surface, and the occurrence of a limit surface when 
redesign is attempted, is due to the supercritical design of the 
AFTI 1 1 1 wing. Modifications to the baseline configuration, 
such as this one, are essential ingredients of any attempt at 
shock-free design. This is illustrated further in Ref. 9, where 
analytical functions are used to modify supercritical airfoils. 

Conclusion 

A procedure for designing wings that are shock free has 
been described in general terms and illustrated by using the 
small perturbation equations to modify a simple baseline 
configuration so that it is shock free. In using this procedure 
the designer must select the baseline configuration to be 
modified and the fictitious equations to be used. These 
determine the flowfield on the sonic surface of the ultimate 
design. A good choice will allow high Mach numbers and lift 
coefficients to be obtained. A poor choice will result in a limit 
surface in the supersonic domain at the design Mach number 
and lift coefficient. Instabilities in the numerical calculation 
of the supersonic flow that provides the wing design occur 
whenever the spanwise gradients are large. These can be 
suppressed by smoothing both the chordwise and spanwise 
data at each successive step of the calculation. 
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SUMMARY 

A simpia dssign method for tuc- and th r ee-d imen s i o n a 1 
snock-frae configurations is used far systematic airfoil 
modification to maintain shock-free flou at varying ope- 
rating conditions. A mechanical realization is propcsaP 
since only minor and local changes of the contour are re- 
quired. 


INTRCDUCTICN 


High soeed aircraft design has become one of the most 
challenging fields of the aeronautical sciences. With 
availability of large computers new tools for design anc 
analysis of aircraft components became available uithin the 
last decade, which encouraged the introduction of neu aero- 
dynamic concepts to increase fuel efficiency which is prc- 
portional to the ratio of lift over drag, multiplied by the 
flight Macn number. Rapidly increasing fuel -costs within 
the last years underlined the urgent call for techniques 


2 


tc ir^prove efficisncy nf *hB next generatian transport air- 

C . ~ I k. * 

- ir-nssici lity fcr incrsasinQ Efficien;:v crag reduction 

ir to 3\/oia the occurrence cf shock weves unich recuires 
a corr.clicated iterative process of aerodyneTT, ic shaping 
carrier cut using engineering experience, ccrTiputational 
facilities and uiind tunnels. The resulting uing shapes for 
tne flight regirrie just belou the speed of sound have be- 
ccne knoun as "supercritical uings" , they are designee to 
te completely or nearly free of recomoress i on shocks at 
certain ooerating conditions, uinile uings with conventional 
sEctiens have strong shocks and, tnerefore, additional drag. 
"I'Ecretically isolatad uithin flou fielos containing snooks 
if the ODErating conditions bte slightly changed ^ , suen 

sncck-free flous have been considered cf not muen practical 
\'aiue fcr some years, but pioneering expEriments also 

ccimulated the develoDmsnt of comout at ional methoostoob- 
coin practically interestinQ shock-free airfoil shapes ^ • 

■"::Ese design methods are restricted to tuo-dimsnsional flou, 
cney uerk in the hoaegraph plane and are, therefore, rela- 
tively ccmolicated. A similar methoo ^ allowed an extension 
nr the aperoaen into physical space ^ . Tne ability to solve 

transonic design problems was then coupled to the develop- 
ment cf reliable flow analysis algorithms by this approach. 
It lee to efficient Design methods which became known as 
"Elliptic Continuation" or "Fictitious Gas" methods. They 
form cemputat ional tools for the aerodynamic concept of 
adEotive aircraft geometry for adjusting contours to obtain 
optimal efficiency even at variable operating conditions. 
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DESIGN PROCEDURE FDR SHOCK-FREE ELGLIS 


The purpose or this paper is to illustrate some recent 
results ohtsinsci uith a systematic ccmputational procedure 
for supercritical airfoils and uings 'ajhicn are shock-free 
at prescribed ocerating conditions. Since the design method 
may be oeveioped by extension of any reliable analysis alco 
rithm, ue give a short description of the concept wirh a 
physical interpretation in order to allou for an imolemen- 
tation of the idea into neuj and more sophisticated analysis 
methods becoming operational now and in future. 

A local supersonic domain embedded into a suosonic flow 
field is enclosed in general by a surface consisting of the 
sonic isotach and a recomprassion shock. If the flow is 
shock-free the sonic surface forms a smooth convex bubble 
situated on the body surface. In this latter case the struc 
ture of the flow is qualitatively similar to a subsonic 
flow: isotachs of velocity higher than velocity ac infinit'; 

form also bubbles with smooth transition of the flow pro- 
perties. This relationship of subsonic and shock-free 
transonic flows gave rise to the following idea to calcu- 
late examples of shock-free flow (see Fig. 1); 

In a first step we solve a partly fictitious problam by 
altering the governing isentropic density - velocity, 

relation in the domain of supersonic velocities. 

An artificial compressibility relation ffCa) > a*/q where 
q>a (a the speed of sound) defines a fictitious suoer- 
sonic flow with subsonic flow quality. The basic different! 
equation of the complete flow is now of elliptic type, 
locally describing physically realistic subsonic flows and 
fictitious supersonic flow. Such a flow will have nc ra- 
compression shock, the sonic line will qualitatively re- 
semble one of a physically realistic shock-free transonic 
flow. Examples of such flows may be obtained witn use of 
numerical elliptic solver routines, we observe that only 
the local supersonic domain is physically not real, the 

HC 
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SL'rrcunding flou fislri is a locsllv correct solution. 

Lie ask now for a possibility to use the subsonic part 
tc construct a complete real shock-free flow. 

The second step of the procedure consists of an integration 
of the reel supersonic differential equations, with restored 
oansity Initial conditions of this hyperbolic type 

proolem are prescribed along the given sonic surface with 
velocity directions resulting from the previous solution 
of the fictitious problem. This ensures a smooth connection 
between the two physically real parts of the solution, 
rviumerical marching procedures based on the method of charac- 
teristics allow an integration of the potential equation, 
starting at the sonic surface and proceeding toward the 
body surface. The latter was part of the first step ellip- 
tic boundary value oroblem but the resulting tiody stream 
surface from the hyperbolic initial value problem (initial 
values at the sonic surface) will be different from the 
given body where wetted by supersonic flow. The body will 
be flattened providing more space for the real flow than 
fcr the fictitious flow to pass because of 

7 8 

The analytical background ' as well as the numerical 
sepects ' of this method are described elsewhere, this 
paper is intended to present some illustrative results in 
t n e lignt of an application to advanced technology compu- 
tational aircraft design tools. 
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SELECTIOfJ OF ATiALYSIS ALGORITHMS, FICTITICU5 GA5 MODELS 
Pr'j'D gp.SELIME CDrJFIGURATIOrJS 

Dur Design procedure requires in its first step a reliedle 
analysis algorithm for elliptic partial differential equa- 
tions to solve the suosonic oart of the flou and provide 
floy properties along the sonic surface. Many cornputational 
codes are coerational for inviscid flcu past airtoils. !de 
prefer salvers for the basic eouations in conservation 
form. A finite difference relaxation code was extended 
to be a design tool''. A boundary layer method and - for the 

analysis version - a method to treat shock - boundary layer 

13 13 

interaction uas added . Another computer code based on 
the same analysis algorithm treats viscous interaction be- 
tuisen boundary layer and uake . Results obtained ujith these 
computer programs uill be illustrated in the falloujing. 

Lding design codes based on the outlined method have been 
developed, too, but an implementation of 3D viscous effects 
still needs to be done. Both non-conservative finite diffe- 
rence and fully conservative finite volume codes have been 

15 16 

extended to be shock-free uing design orograms ' . With 

rapid progress in numerical methods more efficient codes 
uill become ooerational, examples given her are intended 
to stimulate the engineer to introduce the idea into neui 
computer programs for transonic flou problems. 

Given an analysis algorithm for transonic flow ue have to 
introduce the design option by providing an alternate 
formula for the isentropic flou density 

?V?' = Uf • n/2 - (y - 1)/2 ■ (q/a'f) 

elliptic partial differential equations. The 

Hi- 


ensuring 
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formula 

= c^-(q/a* * c ~ 1)'^ 

allous a 2-p3rametric variation of fictitious gas proper- 
risE end elliptic equations if p -c. T, c ^ p. A continuous 
Elope at sonic conditions q = a^ , luhere is switched 

to , is oPtained if c = p, but useful results with smooth 
bccy surface modifications may also be obtained for c i p. 
The value c = 1 gives 




(q/a*)~^ ^ 


results of this ges model have been studied extensively* 

Ges properties are defined by p and a result is illustrat- 
ed in Fig. 2 for different values of p to demonstrate the 
influence cf this parameter cn the resulting neu surface 
shape. A conventional I\!ACA 0G12 airfcil is flattened by 
the design procedure, ue observe that a long flat sonic 
Dubbie on the airfoil is obtained by lou values of p, 
here □ = 0, which describes an incompressible fictitious 
□as* Surface changes between 2 and 47 percent chord are 
required, the maximum deviation of the new contour is 
C.DD54 percent chord. 

For higher values of p the surface deformations are smaller 
and more local, but surface curvature changes become sub- 
stantial if p > 1, This example illustrates the fact 

that shock-free modification of a given (initial-) confi- 
guration for prescribed lift coefficient and flight Mach 
number does not result in a unique new shape. A variety 
of shape cnangss within certain limits is possible and 
the criterion of choice of the fictitious gas model is 
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the dssired rasulting pressure distribution cn the sirfcil. 

All types betiiieen "oeekv’* and roof-top” c -distributions 

P 

are possible and selection is at the designer’s disocsal. 
Off-design properties of an airfoil or uing are damrnated 
by the occurrence of shock-uaves and complicated by viscous 
interaction, but the design pressure distribution is crucial 
for prediction of these effects. This leads us to the selec- 
tion of baseline configurations. Extensive experimental 
work ucs performed to arrive at the ujidely used and well 
documented (MACA airfoils. One of the first results of this 
method was a series of shock-free modifications of a 
rjACA 64A4'10 airfoil. The results are illustrated in Fig. 3, 
in a Mach-Cj^-d i 3 □ ram . liie see the amount of thickness reduc- 
tion and the limits for shock-free redesign of this airfoil 
and chosen gas parameter (p = 0). 

A thickness reouction usually tends to shift the occurrence 
of shock-waves and drag rise toward higher Mach numbers. 

So a shock -free modification requiring thickness reduction 
seems not very surprising. A shcck-fres modification without 
reduction of the maximum thickness seems important for prac- 
tical design requirements. Fig. 4 illustrates another re- 
sulr, the verification of a known shock-free inviscid flow 
(HORPJ airfoil 75-DS-12) with our method. A local surface 
thickness bump had to be added to the upper surface, a care- 
ful variation of its shape and the gas parameter p finally 
resulted in equal thickness addition and subsequent design 
thickness reduction so that the original KQRiM airfoil and 
its pressure distribution was verified. 

These inviscid test results illustrated above lead us to 
the conclusion that we have computational tools to 

modify conventional configurations to be shock-free 
at transonic operating conditions, 

specify the type of shock-free flow by a selection of 
fictitious gas model and initial configuration geometry 
changes, uj 
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cbtsin 2 ujhale series of neichboring shock-free flou 
soiLitions for variable ooerating conditions. 

It is this third ceoacity of the method ue mill investigate 
in the f ollominc . 


SHDCh-FREE AIRFOIL SERIES : 

Rjr.'CEFT CF ADAFTIUE CD WF I G UR AT I DIN! 


Aerodynamic efficiency of a ming is defined by the ratio 
of lift over drag, multiplied by the flight Kach number. 


Jith drag rising sharply if the Kach number approaches 
unity, efficiency drops and it is therefere a principal 
coal of high subsonic speed aircraft design to delay drag- 
rise to higher Hacn numbers for prescribed lift. This is 
usually achieved by deleying the occurrence of shock waves 
OP nigner Mach numbers through a careful variation of wing 
s napes, many analysis computations and very costly uind 
tunnel experiments. 


Our design method seems to be a useful tool to obtain 
bsoter airfoils and wings for transonic flight. Moreover, 
Ohs computational definition of surface modif ications for 
varying free stream conditions gives an idea about possible 
mecnanical adjustments of the configuration in order to 
maintain efficient Doeration evan at different flight 
conditions. 


Ule choose a design example for illustration of the required 
surface modifications at varying flight Mach number at 
constant lift coefficient. Fig. 5. A given airfoil A is 
designed to be shock-free at Mach = 0.73, c^^ = 0.53. Ue 
ask for its performance at Mach = 0.75 and = 0.6. Analysis 
including viscous interaction gives a result with a recom- 



9 


prsssicn shock. A bump, added to the upper surface gave 
an initial configuration 0.3 percent thicker than airfoil A, 
original thickness uas obtainad from the subsequent design 
CDiTiputaticn. The neu airfoil B is investigated by the ana- 
lysis version of the code to confirm the design result. 

Fig. 5 shous off design analysis results, ua see that an 
increase of G.GT of the drag rise Mach number has been 
achieved. 

Geometry modifications uhicn led from airfcil A to 3 are 
□eoicted in Fig. 7. Addition of a bump (a) which extends 
from 0 to 85 percent chord and subtraction of a design 
bump (b) within the supersonic region from 2 to 63 percent 
chord leaves two small bumps to be added tc the original 
airfoil. These bumps are only 0.0021 and 0.0013 percent 
chord high. At this point we might think about a technical 
realization of such a bump addition in order to have both 
airfoils available for operation. Experiments with a possible 
use of elastic or pneumatic devices should be carried out. 
Another concept is a controlled distribution of suction 
and blowing as already investigated for laminar flow con- 
trol and similar efforts tc influence flow quality. Boun- 
oaiy j.ayer cispiaceiTitrit ur tne rlcw pasr axifoxl 6 at uesign 
conditions is drawn in Fig. 7 (curve c) for comparison with 
the required surface modifications. 

Another examole to investigate sensivity of the calculated 
shock-free design is shown in Fig. 3. TJACA C012 airfoil 
was modified tc be shock-free using incompressible ficti- 
tious gas (p = 0). Ue are interested now in an approximate 
representation of the calculated surface modifications by 
a smooth analytical curve. For simplicity we choose a spline 
function with few supports which is the mathematical model 
cf an elastic beam deformed by single loads. Analysis 
results are compared with design pressure distribution 
and to our pleasant surprise we find that this airfoil 
with an elastic section is practically shock-free, too. 
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Evsn though the pressure distribution and sonic line are 
different from the original design. The reason for this 
is oDvicusly related to the muiticlicity of possible shock- 
free designs ujith different fictitious gas parameters, 

Fig. 2. 


Having proved that desirable flow quality could be achiev- 
ed oy shape changes generated by mechanical devices u>e gc 
one step further and propose a system for automatically 
controlling the flouj quality, Fig. 5. In the system shown, 
a flow qualitiy sensor F determines the operating condi- 
tions and surface pressure at selected stations and is 
interrogated by a microcomputer M that determines the 
proper changes of the effective contour necessary for shock- 
L'avB reduction. Our experience with the presented design 
metnod enables us to set up the programming of the micro- 
comouter which energizes a servo system 5 which appropriate- 
ly alters the effective shape. This is accomplished by 
servo motors for mechanically adjusting sections of the 
wing surface, and other mechanical devices on the structure 
fcr the opening or closing of apertures on the wing surface 
to bleed (or add) various amounts of air from (to) the 
upper surface of the wing. Any combination of the above 
may slso be used. As seen from the illustrated examples, 
the surface area tbat needs to be changed is limited and 
the amount cf change required is small. 


-DAPTIUE SUPERCRITICAL UIWGS 


Ue have outlined a concept of transonic design and illus- 
trated some cases of airfoil flow. At this stage experiments 
neeo to be performed to prove both new design results and 
some realization, of adsotive airfoil technology in the wind 
tunnel. 
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Parsllel to experimental uerificaticn an imolefnentatiDn 
of the idea into neu and reliaPle 30 uing and ujing - bocy 
configuration analysis codes is necessary. Cur exoerience 
ujith uing design is limited to date, also because of a 
lack of 3D boundary layer and viscous interaction methoos. 
Design studies of inviscid shcck-free uings are presently 
carried out to refine the 30 marching procedure and deter- 
mine the structure of 30 local supersonic shock-free flouj 
fields. Fig. 10 shous a result obtained by extension of a 
finite difference analysis code ** to a design tool. A 
simple wing based on NACA SAAAIQ section is modified to 
be shock-free. 

Viscous effects may be accounted for by adding estimated 

displacement thickness to the initial configuration. Result 

1 8 

of a finite volume analysis code design extension for a 
shock-free supercritical uing uith added displacement thick 
ness is shoun in Fig. 11. Extent of the supersonic domain 
on this "flying uing" without body defines the area of 
possible adaptive surface changes. A thick span loader 
flying uing seems to be a suitable test bed for experiments 
uith 30 adaptive devices. 


CCWCLUSIGh 


UJe have applied the elliptic continuation shock-free flow 
design method to some illustrative test examples to farm 
a thaoratical base for the concept cf adaptive uing geo- 
metry at variable operating conditions. A system for auto- 
matic shape variations of uings based on experience uith 
systematic computational design is proposed. Both special 
designs and tha adaptive shape control system need to be 
tested experimentally, possibly in combination uith neu 
aerodynamic concepts for higher efficiency of transonic 
aircraft lika variable geometry and boundary layer control 
investigations. 
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FICTITICUS COMPRESSIBILITY Q,(q>-a*), 
ELLIPTIC EQUATION’S FOR Q, >- q"’ . 

ECUN'DARY VALUES, ELLIPTIC SOLVER . 



ISEN'TROPIC COMPRESSIBILITY Q,5(q>a*). 
HYPERBOLIC EQUATIONS FOR q >a* . 

INITIAL VALUES, MARCHING PROCEDURE. 


Fic. 1 Elliptic continuation shock-free design. 

a) First step: Fictitious gas flow analysis 

b) Second step: Supersonic domain integration 
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3 Inviscid design example: Shock-free flow modifications 
of NACA 64A410 airfoil. 






REDESIGN KORN 1 flIRPOIL 
INVISCID FLOW* rinCH r Q.7S0. RLPHR = 0*000EG 

CL = 0.625. CO r O.COO* CM = -0.146 


Design verification of an inviscid shock-free flow 
Korn 1 (75-06-12) airfoil. 
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Shock-free redesign with constant thickness for 
prescribed Mach nun±>er and lift coefficient, including 
viscous effects. 
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0 Shock-free redesign of a rectangular wing with 
N’ACA 64A410 section. 




Shock-free design of a swept wing 
Viscous diolacement model added. 
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INVISCID-VISCOUS INTERACTIONS IN THE 
NEARLY DIRECT DESIGN OF SHOCK -FREE SUPERCRITICAL AIRFOILS 

by 

H. E. Nebeck and A. R. Seebass 
University of Arizona 
Tucson, Arizona 85721 
and 

H. Sobieczky 
DFVLR 

Gottingen, West Germany 


SUMMARY 

An especially simple procedure for finding airfoil shapes chat have desirable aero- 
dynamic characteristics and that will be shock free at Mach numbers close to the highest 
values possible is described. The procedure accounts for overall inviscid-viscous 
interactions that are weak and includes the locally strong interaction at the trailing 
edge as incorporated in the Grumfoil algorithm, 

INTRODUCTION 

In the last decade substantial progress has been made in the computation of aerody- 
namic flow fields in which the global inviscid-viscous interaction is weak. For two- 
dimensional transonic flows the fundamental interactions, carefully delineated nearly a 
decade ago by Green (1), are now adequately modeled by computational analysis, provided 
chat the global interaction is weak and chat the boundary layer suffers at most mild 
separations. This is accomplished by coupling a numerical analysis of the inviscid flow, 
which assumes the main body of the flow is irrocacional , hence derivable from a single 
scalar potential, with a numerical solution of an integral formulation of the boundary 
layer equations. Much more sophisticated computational cools, such as large eddy simula- 
tion, are becoming available but they are not yet efficient enough for their application 
to design problems. 

TJie application of these analysis tools in design can take many forms. Perhaps the 
most basic* is chat of prescribing a pressure distribution and determining the airfoil 
that will generate this pressure field. This inverse problem is not well-posed and 
extensive computations are usually required in order to obtain useful results. A variant 
of this procedure is to prescribe desired changes to an already existing pressure field 
that is generated by a given airfoil. Here the inverse problem may be linearized about 
an existing flow and the resulting problem is more amenable to analysis. Another proce- 
dure is to use numerical optimization to find which of a family of possible airfoils will 
provide the best airfoil performance. Here the main limitations are the family of air- 
foils considered and the computational expense of exploring incremental changes for 
improvements in performance that are only marginally Larger than the errors in the compu- 
ted performance parameters. A third, but more limited, possibility also exists, namely, 
determining the changes required in a baseline airfoil to make the flow past it shock 
free at a prescribed lift coefficient and Mach number. This presumes that an airfoil 
baseline which meets performance goals for subcritical Mach numbers is known. One then 
invokes the “fictitious gas" procedure of Sobieczky (2) to find a new shape for the upper 
surface of the airfoil that will produce shock-free flow at the prescribed conditions. 

This shape is not unique, nor is it possible to find such shapes for all flow conditions. 
For a prescribed lift coefficient and airfoil thickness, there is a frees cream Mach number 
above which a shock-free shape is not possible. While Che feasibility of this procedure 
has been amply demonstrated for inviscid flows, indeed, even for three-dimensional flows 
(3,4), its success for flows with inviscid-viscous interaction has not previously been 
docximenced. 

The goal of this paper is to demonstrate the ability of the ficticious gas procedure 
to design advanced shock- free airfoils at little computational expense even when inviscid- 
viscous interactions are taken into account. 

ANALYSIS ALGORITHMS 

A number of numerical algorithms have been developed to calculate the transonic flow 
past an airfoil in the presence of weak inviscid-viscous interactions. One of the early 
successes was the algorithm of Bauer ec al. (5), which we will call BGKJ. It employs a 
nonconservative formulation of the potential equation, coupled with che integral boundary 
layer code^of Nash and MacDonald (6) and a constant thickness wake model. The nonconser- 
vacive difference scheme fails to conserve mass and underpredicts the irrocational shock 
strength. As a consequence, the inviscid version of this algorithm gave results that 
agreed well with experimental results for the pressure coefficient when compared at the 
same Mach number and lift coefficient. Collyer and Lock (7) modified che inviscid 
analysis oortion of this program to include a combination of conservative and nonconser- 
vacive differencing in order to better caoture che correct shock pressure rise, and 
coupled it with Greens lag- entrainment method (3) for computing che* turbulent boundary 
layer. They included the modification of the inviscid flow due to wake curvature but did 
not model the strong interaction that occurs at che trailing edge. Nandanan, Scanewsky, 
and Inger (9) have used Jameson’s conservative version (10) of che BGKJ algorithm toge- 
ther with Rotta's integral dissipation method (11) and Inger 's model of shock-boundary 
layer interaction (12)'*to compute flows with weak embedded shock waves. Perhaps the most 



^vanced algorithm of this type in the U.S. is that due to Melnik. Chow and Mead (U'l 
They coupled Jameson s_inviscid algorithm with Green's lag- entrainment method 'or the 
boundary laver. The erfects of the strong interaction near the trailing edge are also 

pnS^rhnu *'='=o°'-Plished by incorporating the results^of Melnik 

and Chow (14) for the multi- lavered turbulent boundary layer at a cusped trailing ed« 
This coupled calculation provides a self-consistent result for the invisc’"d flow thf 
boundary layer, and the wake. It also removes the singularity in the inviscid o^essur® 
associated with the trailing edge of the airfoil. Wake curvature effects are included 

significant effect on the results. This algoritL his Seen 
'"w Grumfoil by its authors, and we will use the same aopellation here WhUe no 

shock- boundary layer interaction model is included, the algorithm seems to be acculatl 
tor shock strengths for which the irrotacional approximation is itself satisfactory. 

SHOCK-FREE DESIGN 

Inviscid analysis algorithms such as those discussed above have amply demonstrated 
tne generality of Morawetz’s (15) result of the mid-1950s, namely, that sLck-free fllws 

®"°ther. Despite this isolation they have plaved 
n important role in providing moderate increments in aircraft performance. Wind tunnel 
research by Pearcey at the National Physical Laboratory (16) and Whitcomb (17) at NASA 
Langley Research Center tirst demonstrated that such flows could be realized and would 
have important applications. Subsequently. Garabedian and Korn (18). Niexwland (19) 
...oerstoel (20), and Sobieezky (21) developed analytical tools for the prescription of 
s noc<c- tree air i.oil snapes. These tools relied on the hodograph transformation, and 

r® accounted for to the extent that the boundary laver could 
be computed independently of the inviscid flow. The extension of this capability to the 
rnysical plane by the introduction of a ficticious gas for a preliminarv calculation of 
portion or the flow field makes it possible to design shock-free airfoils 
^ch a Pi^oper accounting or the coupled nature of the inviscid and viscous flow fields 
-his capability requires one crucial approximation chat has now been justified bv 
ni^erical e.xperiment. namely, chat the boundary layer displacement thickness is not 
alcered in any consequential way by Che difference between the pressure field of Che 

llvir di-nlfll^^nr essential differences in the boundary 

layer diaplacemenc thickness in the supersonic domain due to the difference between t‘'e 

-ho riccicious pressures there nor any due to the minor change in airfoil thickness 

then the inviscid and viscous flow fields must be correct and correctly coupLd. 

We begin the design process with the selection of a baseline airfoil Normally this 
would be an airroil that meets subcritical design goals and Chat hll areasSle Lount 

“e have used a supercritical section, both for conve- 
j® ®®" improve its performance somewhat. Our goal here however is 

irflfs?Ml ficciciou! gas delign plolldurl 

coupled inviscid-viscous interactions. We then modify 
K ^ algorithm to incorporate a ficticious density-flow speed relation when the 
Mach number exceeds one. Both the baseline airfoil and the fictitious dellilv rellciol- 
sn p are at the investigator's disposal and they interact in a way that allows the 
generation of a limted family of candidate airLils. Because oir collein i^wSh demon- 
rellciSn feasibility of the proposed procedure we limit our attention to Che simple 


p/p* - (a*/q)' 


( 1 ) 


^ ®^® density and real flow speed and p* and q* are their real 

V I.... The exponent P is a parameter chat varies the gas law (1) For values of 

P less cnan one relation (1) insures chat the governing equation namely" 


div(p£) » 0, 


( 2 ) 


vnere o - 7p, and p is the velocity potential, remai.ns elliptic. For such relations the 

c^s.S'^personic domain is greater than it would be for a real gas 
CO chis ficticious ^low problem is used to provide values for the flow * 
®®®®dded sonic line. To insure the accuracy of this data we generally 
insist on convergence to a maximum residual of 10*6 on a 160 by 32 grid ^This data on ^ 

compute Che velocity potential and scream^f unction there. A 

'h^screaraiin'^^^*^^'^® routine is then used to march down from the sonic line to find 
(^il function values at Che sonic line airfoil juncture. 

-- consistent with the mass flow added to the flow by 

®“®cc.) This defines the new body streamline if the 
. racceriscics calculacion succeeds. Ic may noc, buc may racher signal the in c erven 

j.-r- j this ever.c che baseline airtoil and ficticious density law can be 

?°inlll thln^rsrb®“^"-“ fsilnre- Tne new airfoil sulflle^wlu bl 

alr^lLf"•'^f“■ fixed mass flow enterJnrche Ionic lile.fhe lell gls liquid es 

added CO the^LI??^' ® vertical coordinate is thereby reduced can be 

ness is%lclinlrf '^j® ?’^®o®ss repeated until che baseline airfoil chick- 

ness IS retained in che shocK-free design. Chances in che choice of the latj 

one^ '^rir-her^Droff-at^ effect on airfoil thickness , ^albeit ' a small 

berween the LHlfnl ^®®t?^ requires an understanding of che relationship 

cuesliSn firchll hl^e riccicious gas law chosen. We do noc explore chL 


The designed airfoil muse now be analyzed by the original algorithm to see how well 
it performs. The boundary layer calculation used in the design process was based upon 
the pressure gradient of the fictitious gas calculation. The designed airfoil will have 
a somewhat different pressure gradient. If the displacement thickness were correct, then 
only the pressure field in the supersonic domain is altered. However, this change in 
the pressure field alters the boundary layer displacement thickness and, to some degree, 
the extent of the supersonic domain. We "find in practice, however, that the error in 
the displacement thickness is so small that we need not correct for it. 

RESULTS 

We selected the VFW airfoil Va2 for our baseline as characteristic of the wing 
sections that will be used on future commercial transport aircraft. This airfoil, which 
is 12.5% thick, has a design Mach number. M« . of 0.73 and a design lift coefficient. 
of 0.525. Our coordinates are slightly different from those for the Va2 and we have 
used our own designation, 47070M, for this baseline airfoil. As this airfoil is already 
an advanced design we only examined a modest increment in design conditions, namely, =« 
0.75 and » 0.550 at a flight Reynolds number of 35 million. Figure 1 depicts the 
pressure distribution and sonic line - shock wave shape for the baseline airfoil at the 
new flight conditions. It has a drag of 67 counts, ^^en we repeat this calculation 
using the fictitious density law (I) with P * 0.9, we find results like those depicted 
in Figure 2. Because we are solving an elliptic equation we obtain a smooth pressure 
distribution and well behaved sonic line. Although it has no physical meaning we note 
the drag is now 61 counts. None of this can be wave drag because we solved an. elliptic 
equation and we must attribute it to viscous effects. The undulations in the upper 
surface pressure near the leading edge are due to irregularities in the airfoil shape 
and the boundary layer's transition to turbulent flow. 

We now use the flow speed and deflection angle on the sonic line to calculate the 
flow in the supersonic domain in the manner described above. This defines the new body 
surface. Since it is thinner than the original body, we choose to repeat the process 
with a' baseline airfoil shape that is the original airfoil plus a multiple of the differ* 
ence between the original and the shape calculated using the design procedure outlined 
above. The pressure distribution and sonic line for the fictitious flow past this air- 
foil are depicted in Figure 2. Performing the design process on this new baseline 
results in an airfoil that has essentially the same thickness as the original baseline 
airfoil. We now compute the flow past this new airfoil (47073) to see if we have indeed 
found improved performance. 

The results of this final calculation are shown in Figure 3. Shock- free flow has 
been achieved. The calculation was done with the lift coefficient set to 0.550. The 

drag coefficient, not too surprisingly, is the same as that calculated using the 

fictitious gas. Figure 4 compares the redesigned airfoil and the original baseline air- 
foil with the vertical scale magnified five times so that the small differences between 
the two airfoils can be observed. The improvement in lift to drag ratio over the base- 
line at Mo. = 0.75 is 107.. The entire design process required about 500 CPU seconds on a 
CDC 7600. It could be repeated to recover the very small loss in airfoil thickness. 

The success of the design procedure depends on the boundary layer displacement 
thickness for the fictitious gas analysis being essentially the same as chat for the 
real gas analysis of the new airfoil. Figure 5 compares the displacement thickness for 
the original airfoil, 47070M, that for the fictitious gas flow past a thickened airfoil 

470703, and that of the final design, 47073. There are very minor differences 

between the displacement thickness for the 47070B and the 47073 airfoils at about 627. of 

the chord. This is more readily noticed in Figure 6, which compares the skin friction 

coefficiencs for the three airfoils. This small difference in the displacement thickness 
manifests itself in a small difference in the subsonic portion of the pressure distribu- 
tions of Figures 2 and 3 just downstream of the sonic line airfoil juncture. The differ- 
ence is so small chat it can really only be discerned when the two pressure distributions 

are overlayed. The supersonic pressure is, of course, always different. 

If we compare the off-design performance of the two airfoils we discover that Che 
improvement in the drag divergence Mach number is not even 0.01. Figures 7 and 8 comoare 
Che pressure distributions and the sonic line shapes for the two airfoils at M« * 0.74 
and 0.76. From these results it is easy to see how the new design achieves the modest 
improvement in drag at - 0.75. The variation in the drag coefficient with Mach 
number at the design lift coefficient and with the lift coefficient at the design Mach 
number for the two airfoils is depicted in Figures 9 and 10. If we repeat the design 
process at a higher Mach number, and with a somewhat thicker baseline airfoil, we find 
another new airfoil, 47081, which achieves a 0.015 increment in the drag rise Mach 
number. The drag coefficient as a function of Mach number for the 47081 is also shown 

deoicts the pressure distribution and sonic line shape for the 
^^/081 airroil ana Figure 12 compares this airfoil with the 47070M baseline airfoil. 

While the improvement in drag rise Mach number is very small, there can be no doubt chat, 
otner things being equal, such small improvements are of major importance in the design 
or a commercial transjort. There is a limit to the Mach number at which shock-free 
designs can oe found tor a fixed lift and airfoil thickness. With the 47070M as a base- 
line this would seen to be about M. • 0.77 for - 0.550 and 12.57. thickness. 

CONCLUSION 

We have described a computationally efficient method for finding airfoil shapes 
with desirable aerod-znamic properties that are also shock- free at supercritical Mach 
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numbers . The process of making Chen shock free can be successfully carried out even in 
the presence of coupled inviscid-viscous interactions. The shock-free design process is 
as reliable as the analysis algorithm used to compute the flow field. A wide range of 
airfoil shapes can be found, depending on modifications to a selected baseline and on 
Che choice of Che gas Law. There is a limit to Che maximum drag divergence >!ach number 
chat can be achieved for a prescribed airfoil thickness and lift coefficient. Our exoe- 
^ rience with this process in inviscid flow gives us confidence that these limits can be 

achieved with an artful selection of baseline airfoils and ficticious gas lavs. 
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Analysis of Two-Dimensional Incompressible Flows by a 

Subsurface Panel Method 

Jack Moran,* Kevin Cole,t and David WahlJ 
University of Minnesota, Minneapolis, Minn. 


A new approach lo panel melhods is explored for iwo-dimensional steady incompressible flows. The method 
uses linear distributions of sources and vortices on straight-line panels, hut satisfies boundary conditions on the 
actual body surface, at nodes that are also end points of the panels. The result is continuity in body-surface 
velocity distribution, without recourse to numerical quadrature for the velocity influence coefficients. The 
method is unusually sensitive to the distribution of the nodes. For example, it almost always fails to give ac- 
ceptable results when the nodes are distributed randomly. However, the continuity of the velocity distribution 
makes possible a unique node redistribution scheme, which may be iterated to give accurate results reliably. 


Background 

P ANEL methods are now widely used for calculating 
linear potential flows past aerodynamic bodies. The steps 
involved in setting up a panel method are as follows: 

I) Represent the perturbation potential by a distribution of 
sources, doublets, and/or vortices of unknown strength over 
the body surface and its wake. 

2) Approximate the body and wake surfaces by the union 
of panels of relatively simple geometry. 

3) Parameterize the singularity strength on the panels; e.g., 
represent it by a polynomial of degree two or Ic.ss. 

4) For each unknown parameter in the representation of 
the singularity strength, demand that the potential and/or 
velocity field satisfy an appropriate boundary condition at 
some control point. 

5) Solve the resulting system of linear algebraic equations 
for the parameters underlying the singularity strength. 

Once these steps are completed, the velocity and potential 
may be evaluated anywhere in the flow by summing con- 
tributions from the individual panels. 

Almost invariably, approximations made in the for- 
mulation of panel methods lead to singularities at the panel 
boundaries, and so restrict the usable output of the methods 
to points near the panel center. This is certainly the case if the 

panels are plane or piecewise plane. However, even when 
curved panels are used, spurious singularities sometimes 
result. The integrals which give the potential and velocity 
fields due to the singularity distributions on the panels cannot 
be evaluated in closed form unless they are approximated 
through series expansion by integrals over plane or piecewise- 
plane surfaces. In effect, the source, doublet, or vortex 
distribution over a curved surface is replaced by a series of 
multipole distributions over a plane surface. At the panel 
edges, each term of the expansion is even more singular than 
the one preceding. 
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A related problem of existing panel methods, at least in 
three-dimensional situations, is the rather complicated way in 
which they approximate the body surface. Since panel edges 
arc not available as control points, there is generally just one 
control point per panel, and thus (approximately) one 
unknown per panel as well. Quadrilateral panels arc therefore 
preferred to triangles, since the latter would double the 
number of unknowns for a given number of poinis at which 
data on the body shape are specified. However, to avoid 
numerical quadrature, the surfaces on which the singularities 
are distributed should be plane, and a curved three- 
dimensional surface cannot be approximated by a continuous 
system of plane quadrilaterals. Some methods simply allow 
gaps between neighboring panel edges; others use a pieceu ise- 
planar quadrilateral (four triangles surrounding a planar 
parallelogram whose corners are the midpoints of the sides of 
the quadrilateral). 

The use of (roughly) one control point per panel also 
complicates the parameterization of the singularity strength. 
Recent methods arc based on quadratic doublet distributions. 
In order to specify the ten coefficients of the quadratics 
without creating discontinuities at panel or subpancl boun- 
daries, one method uses a singularity spline based on a least - 
squares fit of the quadratic in one panel to the doublet 
strength in twenty surrounding panels. 

A more local support for the singularity splines is desirable 
for a number of reasons. First, the more local the spline, the 
easier it is to match the singularity strength at boundaries 
between distinct networks of singularity distributions (c.g., at 
wing-body junctions). Also, a wide support suggests that the 
effective mesh size is much larger than the distance between 
nodes. Finally, a more local spline would probably .simplify 
and, hence, expedite the analysis. 

The objective of the present research, therefore, is to 
develop a panel method with the following characteristics; 1) 
the velocity distribution on the body surface should be 
continuous, even at panel edges; 2) integrals giving the 
velocity field should be evaluated in closed form; and 3) both 
the body surface and the singularity strength should bo 
specified by splines of local support. Thus far we have suc- 
ceeded in implementing a two-dimensional version of a 
method which promises to meet all three objectives. This 
paper reports our progress. 

Analysis 

We want to determine the aerodynamics of an airfoil of 
specified geometry immersed in a uniform steady in- 
compressible inviscid flow. A general representation of the 
perturbation velocity potential may be constructed by 
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distributing sources and vortices over a surface S: 

^P = ^ Is- (I) 

Here P is a typical field point, Q a point on S, and 
polar coordinates of P relative to Q. The quantities and 7 ^, 
are the strengths per unit length of the source and vortex 
distributions, respectively, at Q. 

For any given source and vortex distributions, Eq. (!) 
satisfies the conditions of continuity and irroiaiionaliiy and 
also the boundary condition at infinity. To make Eq. (1) the 
solution of a particular fiow problem, it is only necessary that 
it also meet the flow-tangency condition on the airfoil surface 
and the circulation condition. 

Before we can proceed further, we must specify the surface 
5 — the ‘‘panels” of the method— on which the sources and 
vortices are distributed. Equation (1) is essentially equivalent 
to Green’s third identity, according to which the potential 
outside 5 is representable by a source distribution of strength 
d<t>/dn and a doublet distribution of strength 0 on S. The 
restrictions on the validity of Eq. (I) are therefore the same as 
those on Green’s third identity; namely, that <^> is a continuous 
single-valued solution of Laplace’s equation outside the 
surface 5 on which the sources and vortices are distributed. A 
safe choice for the panel surface, therefore, is the surface of 
the body under study. 

However, it is difficult to evaluate the requisite integrals if 
the panel surface is curved. In the subsurface panel method, 
therefore, we distribute the sources and vortices on straight- 
line panels, whose endpoints are nodes on the body surface, as 
shown in Fig. 1, but coiUintie to satisfy the flow-iangcncy 
condition on the actual body surface. This di.stinction between 
the panel and body surfaces is consistent with the limits on the 
validity of Green’s identity, provided the flow has an analytic 
continuation across the body surface to the panels it, as is 
usually the case, the panels lie within the body. Since the panel 
surface can be made to approximate the body surlace as 
closely as desired simply by increasing the panel density, this 
condition is not expected to be overly restrictive. However, it 
does necessitate the special treatment of (if not exclude from 
consideration) flows that are truly singular; in particular, 
flows past bodies with convex corners or sharp edges (aside 
from edges at which a Kutta condition removes the 
singularity). 

Even with the panel surface Sof Eq. (1) specified, the flow 
tangency and circulation conditions do not determine the 
source and vortex strengths uniquely. It is possible to specify 
one of them almost arbitrarily and then to determine the other 
so that Eq. (I) meets all the conditions it should. A convenient 
way to supply a closure condition is to specify a fictitious 
velocity field inside the surface S. In our w'ork, this fictitious 
field has zero velocity. Then o and 7 are, respectively, the 
normal and tangential components of the total (not per- 
turbation) velocity on the outside of the panel surface. 

In order to discretize the problem, we approximate the 
source and vortex distributions as linear over each panel. Such 
distributions may be parameterized in terms of the source and 
vortex strengths at the vertices of the panels, which in turn 
equal the velocity components normal and tangential to the 
panels at their vertices. Since the vertices are also nodes on the 



body surface, these are components of the total fluid velocity 
on the body surface. 

Specifically, let the jih panel be the straight line between the 
yth and (./> l)th nodes, its length, and ^ the distance from 
the yth node, as shown in Fig. 2. Then we take 

o{^)=Oo+ (?/f,). 7(?) =7f)+ (7f-7o) ) (-) 

in which, because the singularity strengths at ^ = 0 and i) arc 
components of the total fluid velocity at the yth and (/> Dth 
nodes, respectively, 

I'"'") 

Here V„ and V, arc the velocity components normal and 
tangential to thc^ body surface at the yth node, 0^ the in- 
clination of the body surface at the same point, /3, the in- 
clination of the yth panel, and |/f| a rotation matrix: 

„ , r cosd sinS ■] , 

This parameterization allows us to achieve our first major 
objective, continuity of the body-surtacc velocity. The 
velocity field due to any one panel docs blow up at the ends of 
that panel. However, with our parameterization, the 
singularities due to neighboring panels cancel exactly, as is 
shown ill the Appendix. 

Note, on the other hand, that the source and vortex 
strengths themselves arc not continuous from one panel to the 
next. The singularity strengths are, as previously pointed out, 
velocity components normal or tangential to the panel. At a 
node, the source and vortex strengths on the panels which 
meet there arc components of the same velocity, the local 
body-surface velocity. But, because panels generally meet at 
an angle, the components of that velocity normal and 
tangential to the panels differ, and so, then, do the local 
source and vortex strengths. 

Since V„ is known at each node from the flow-tangency 
condition," our unknowns are the nodal tangential velocity 
components. These we determine by satisfying an integral 
equation for F, at each node, 

V,. = £ ((Tp/, • V iUq. - YpL • V ,^o/]d.? -I- (5) 

which is derived by differeniiatitrg Eq. (1). Contributions to 
Eq. (5) from the panels adjacent to the /th node must be 
subjected to a limiting process, in which the field point ap- 
proaches the /th node from the outside S; see the Appendix for 
some of the details. 



Fig, 2 Nomenclature used in formulas for source and vortex 
strengths. 
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Circulation Condition 

For sharp-tailed airfoils, the circulation is fixed bv the 
Kutta condition, that the velocity be finite at the trailing edge 
Unless the trailing edge is cusped, this implies that the trailing 
edge IS a stagnation point. Although we can show that, in 
principle, our solution yields finite velocities at sharp-bm-not- 
cusped trai ing edges if, and only if, the flow stacnates there 
simply replacing Eq. (.5) at the trailing-edge nodes by the 
Stagnation condition ^ 

at irailing-cdge stagnation points (6) 

yielded obviously incorrect results, including pressures higher 
on the leeward side of the trailing edge than on the windward 
Similarly poor results were obtained when we attempted a 
variety of alternative circulation conditions, including 
equation of the tangential vclodtics at the irailing-edge nodes 
and requiring the trailing-edge bisector to be a streamline 
with such conditions u.scd in place of Eq. (5) at one or both 
trailing-edge nodes. What such formulations seem to ignore is 
that the circulation condition is a requirement that the 
solution must satisfy over and above the integral equation 
approximated by Eq. (5). In any case, we obtain good results 
only by solving an overdetermined system comprised of an 
equation like Lq. (5) for each node and a circulation con- 
dition For bodies with trailing-edge stagnation points, wc use 
tq. (6) in place of Eq. (5) at the trailing-edge nodes 
l-or bodies win, sharp trailing edges, the circulation con- 
dition used IS that the velocity component normal to the 
rai mg edge bisector vanishes at a point very close to the 
railing edge; .specifically, at a distance from the trailing edge 
of about 10- times the average length of the two panels 
adjacent to the trailing edge. For the pre.scnt case of steady 
iwo-dimensional Bow. it makes little difference whether this 
point is inside or outside the airfoil. 

The rationale for this form of the circulation condition was 
the suppression of the trailing-edge singularitv which would 
follow from failure to satisfy the Kutta condition. However 
the singuLyity is only logarithmic, and, as we diseoverd by 

if we simply delete the 
logarithmically near-singular terms in calculating the velocity 
ai the control point near the trailing edge. On the other hand, 
no logical alternative circulation condition suggested itself. In 

die tangential velocities at 

the two trailing^dge nodes to be equal and opposite. This is 

fwo noder""’’’ 

displacement effects are 
taken into account-do not have sharp trailing edges A 

con-mn.'^""® V ^y hypothesising a 

constant_pressure wake to emanate from the edge. Thus we 

ofThJ^ '^T velocities at the nodes on either side 

opposite. The trailing edge is 

solely by requiring the velocity to be continuous at its two 

Thnf'.h " ‘^"Sential to the main airfoil surfaces. 

Thus the traihng-cdge panel supports a fairly strong source 
distr.bunon Equation (5) is imposed at the trailing-edge 
nodes, which implies that the internal velocity tangential To 
he mam airfoil surface vanishes at those nodes (as well as all 
me others). 

The various forms of circulation condition for sharp 
cusped, and cutoff trailing edges are sumniari/ed in Fig. 3, in 





H«. 3 .Siiniinur> ctf l>oun()ur\ conditions imposed ;it lr;iiliny cdjjo o| 
various types: a) cusped, b) sharp hut not cusped. and c» ciiurn. 


which the A"rf arrows indicate velociiv componenis thai are 
set to zero. 

As noted above, adding the circulation condition to the 
-system which governs the nodal tangential velocities over- 

ctermines those unknowns. To .solve the resultant svstem wc 
generality follow Bristow-’ in introducing .an extra unknmvn 
for each extra equation, namely, a constant error term in all 
equations like Eq. (5), the constant varying from one element 
10 another in multielement problems. We also provide, in our 
program, the option of using a least-squares technique. 
Generally, the two methods give quite comparable results 
Bri.slow s IS much cheaper, and .so is preferred, but the least- 
squares method is occasionally more reliable in the node 
redi.siribution process to be described below. 

Inpul Requirement.s 

It should be noted that, to obtain a solution for the source 
and vortex strengths, the only data which must be known 
about the body shape are its coordinates and slope at the 
nodes. No assumption or approximation is made concerning 
the body shape between nodes. Thus, the onlv approximation 
made in the analysis is that the source and vortex strengths are 
assumed to vary linearly with distance along the panels. By 
invoking the momentum and momcni-of-momentum 
theorems, we reduce force and moment calculations to in- 
tegrals over the panels rather than over the body surface, so 
that that pan of the calculations, too, is independent of 'thc 
lorm of the body surface between nodes. Further, the 
assumed linearity of the velocity distribution on the panels 
makes it possible to evaluate in closed form the integrals over 
the panels required for the force and moment 
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Hr. 4 History of ruol-ror*n-squ*red 
tm»r rtitriof* node rfdislribulion process 
fnr rlUpsc of ness raiio 0.125. Nodes 
tniitallt disiribufed by cosine formula Elq. 
(U). Circles. 16 panels; triangles, 32 
panels; squares, f» * panels. 



Error Estimation 

A unique feature of our method, made possible by the 
continuity of its results for the velocity distribution, is a 
capacity for ch-cking its own accuracy a posteriori. As noi^ 
above, the only approximation made in the analysis is the 
assumption thit the velocity distribution is linear on the 
panels Once t^e nodal tangential velocities y,. are calculated, 
Eq. (5) can he idapted to calculate the velocity induced by the 
and the onset How at the middle of the fth panel, y,. 
Then the non.inearity of the velocity distribution on the rth 
panel is measured by 


(7) 

in which arc the (now known) velocities at the end 

points of the ;th panel. . 

Now the contribution of any panel to any quantity of in- 
terest (the potential or velocity, for example) at any field point 
is calculated 3y integrating over the panel the products of the 
source and vortex strengths with appropriate kernel func- 
tions, or, what is the same thing, the dot product of the 
velocity distribution on the panel with some vector kernel K. 
The error inc urred in this calculation due to the nonlinearity 
of the velocit y distribution on the panel is, therefore, 

[ AK-#fd5-f/Af'z (8) 

J Ah panel 

whcic fj is the length of the rth panel. This product, f, A is 
called the panel error function. Again, note that it can be 
calculated for each panel a posteriori, once the have been 
determined, whether or not the exact solution is known. 

From calculations of flows past ellipses, Joukowski air- 
foils, and Karman-Trefftz airfoils, using various numbers and 
distributions of nodes, we found the root-mcan-squared erroV 
in the pressure cocfncicnts at the nodes to correlate fairly well 
with the maximum value of the panel error functions. This 
suggested a node redistribution algorithm, in which a solution 
is obtained with a given set of nodes, which are then relocated 
so as to even out variations of the panel error function and so 
to reduce the maximum panel error. Since the nonlinearity of 
the velocity distribution on the /ih panel is of order ff, 

• fz^r^z=0(f;) w 

Thus we stretch the panels so that iheir new lengths f/ arc 
given by 

r,=ct,/»^Jt;iy, CO) 


in which c is chosen so as to Ox the locations of the 
and ending points of the group of nodes being redistributed. § 
Results obtained with this node redistribution algorithm for 
symmetric Oow past an ellipse of thickness ratio •/• arc shown 
in Fig. 4. For three different numbers of panels (16, 32, and 
64) the nodes were initially distributed according to a cosine 
law 


jr. = cos“ 


y(f"/) 

N-J 


for 


(ID 


The root-mcan-squared errors in C, at the nodes observed in 
successive redistributions of the nodes arc shown connected 

by solid lines. , 

In every case shown in Fig. 4, the redistribution algorithm 
reduced the maximum panel error; i.e.. the history of the 
algorithm goes from right to left in Fig. 4. Usually it also 
reduced the rms error in the nodal although, given the 
ordcr-of-magniiudc basis of the algorithm, it would be too 
much to expect such a reduction every time. Indeed, the milia 
result in the 16-panel case was somewhat better than the Hnai 
results, at least according to the measure of rms error in C,, at 
the nodes. However, with higher numbers of nodes, the 
algorithm improved the nodal by factors of 3-5. (At least 
pan of the worsening of the rms error with redistribution of 
16 nodes is due to the fact that the initial distribution did not 
concentrate so many j)oinis near the stagnation points, where 

C- is more rapidly varying.) . 

Because the algorithm cannot be guaranteed to opiimizc me 
node distribution, its efficient utilization required some 
experimentalion. Since the objeclive is lo reduce he 
maximum panel error by smoothing out variations m the 
panel error from one panel to another, the redistribution 
process is generally terminated when the ratio of the 
maximum panel error to the minimum is less than some fixea 
number on every network. Our experience shows little im- 
provement in the solutions when this max/min ratio is 
reduced below about 4.0. This is illustrated in Fig. 4, >n *)> 
ihe iterations were pursued in the ^ 

max/min ratio was under 1.2. Points for which the f»' o 
under 4.0 are nagged. Note that the iterations do 
converging (though not necessarily W an ‘•opumum so ut.on 
so far as the rms error in nodal C, ts 
been the case in all our calculations, at least when wc use. as a 

{Such a group of nodes, with fixed suriing and ending P®*"'* 
called a nrttor* in what follows. For example, sepataie 
used for a wing’s upper and lower surfaces, with iheir leading and 
nailing edges being fixed in ihc node redisliibuiion process. 
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closure condition, stagnation conditions within the panels An 
alternative approach, in which the closure condition was that 
he velocity inside the panels equaled that of the onset How (so 
that the source and vortex strengths were components of the 
*^^7^ j normal and tangential to the panels) 

yielded divergent results for the case that is the subject of Fig 


To avoid oscillations which otherwise were found in some 
cases, the node movement is under-relaxed by a constant 
factor when and if necessary to avoid an increase in thl 
average node movement from one trial to the next. Even so 
as will be seen later, we occasionally find that the maximum’ 
panel error increases with node redistribution. This usually 
indicates that further redistribution would not improve the 
solution significantly. Therefore, if the maximum panel error 
increases we terminate the redistribution process and reject 
the distribution which yields the higher panel error. 


Calculations similar to those reported in Fig, 4 were per- 
formed in which the initial node distribution was random 
The histones of the rms error were quite similar to those 
shown in Fig. 4, except that the initial errors were much 
higher. In three trials with different initial distributions of 32 
nodes, the rms error in the nodal decreased during the 
node redistribution process from 0.3-0.4 to about 0.04 
While the final results obtained with the node redistribution 
algorithm are usually quite acceptable, the very magnitude of 
the improvement it brings is evidence that the subsurface 
panel method is extremely sensitive to the node distribution 
This IS brought home still more graphically by Fig 5 which 
shows the history of the pressure distributions calcul’ated at 
various stages of the node redistribution process. In that case 
the ellipse initially exhibited a lift coefficient of about 15' ’ 

of other airfoils-including 
NACA four-digit airfoils and other formula-generated 
sections as well as Karman-Treffiz airfoils of varying 
thickness, camber, and trailing-edge angle-confirm the 


implications of Figs. 4 and 5. both as to the sensitivitv of the 
subsurface panel method to the node distribution and the 
effectiveness of the node redistribution algorithm. The 
troubles of the basic method are not restricted to initially 
random distributions. The results of Figs. 6 and 7 were ob- 
tained styling with the “reasonable” distribution of Eq (II) 
The implausible crossing over of the pressure distribution 
near the trailing edge shown in Fig. 6 is seen in Fig. 7 to lead 
to a 25% deficiency in the calculated lift coefficient even 
when 64 panels are used. A possibly related anomaly was 
eyyntered near the sharp-but-not-cusped trailing edge of 
the highly cambered Karman-Trefftz airfoil to which Fig 8 
relers. In both cases, the anomaly was eliminated after a 
single application of the node redistribution algorithm 
Our final example, a multi-element airfoil, is displayed in 
Fig 9 to demonstrate the prowess of the program used to 
implement the method. 

Discussion and Conclusions 

The effyt of node distribution on results is not often 
diyussed in the literature. Hess' gives a few results which 
indicate the effect can sometimes be substantial, but not 
nearly to the extent observed in the present studv. From 
private communication with several of the author's of the 
present paper’s references, and some limited experiments of 
our own with the classical constant-singularity-sirength flat- 
panel method,"' the subsurface panel method seems to be 
unusually sensitive to node distribution. 

The cause of our oversensitivity to node distribution is not 
known. It is not the case, as has been suggested, that wc arc 
not satisfying the Kutia condition; the velocities we calculate 
are properl^y directed near the trailing edge. Nor docs it seem 
to have to do with lheO(5f.vs) behavior of the velocity near the 
nodes Similar results were obtained when wc used cubic 
distributions of .sources and vortices to reduce the singularity 
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Fig. 6 Pressure di.slrihu(i<ms on simple uncambered airfoil wiih 
Ihickness proporlional to angle of attack = 5 deg. 

Triangles obtained with cosine node distribulion, circles after 4 node 
redistribiition.s, 32 pancJ.s. 
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Fig. 7 Hislf»ry «f lift cocfficicnl during node redistrihulion process 
for airfoil of Fig, 6. Nodes initially distrihuied by cosine formula Kq. 
(I U. Triangles, 32 panels; squares, 64 panels. 
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MAXIMUM PANEL ERROR 


Fig. 8 History of lift coefficient during node redistribution process 
for highly cambered Karman-Trefftz airfoil (22^/o camber, lO^o 
thickness) at zero angle of attack. Nodes initially distrihuied by 
equally spacing angular variable in circle plane. Circles, 16 panels: 
triangles, 32 panels; squares, 64 panels. 


to Ois^tns) and to make dV„/ds vanish at the nodes (along 
with itself). On the other hand, if we compute, a 
posteriori, the velocity induced by the panels at points along 
the body surface, we find that our worst solutions are 
characterized by a large amount of leakage. 

In order to eliminate this problem, we tried to control the 
normal velocity component in a way that would account for 
the velocity induced by all the panels rather than just the local 
flow-iangency condition. Simply replacing Eq. (5) by one 
which would set the panel-induced normal velocity com- 
ponent to zero leads, as is fairly well known, to an ill- 
conditioned matrix and to oscillations in the velocity from 
node to node. Similar results were obtained when we sought to 
^ minimize, with respect to the tangential velocity components 
V,., the integral along the inside of the panels of either the 
square of the velocity component normal to the panels or the 
square of the magnitude of the velocity. An attempt to make 
the potential constant inside the panels also led to an ill- 
conditioned matrix. As would be expected our parameterizing 
the source and vortex strengths with derivatives of the 
potential diminished the diagonal dominance of the matrix, 
enough to give oscillatory answers. Less well understood are 
the failures of the results to improve when the equation set 
was amplified by the addition of requirements that the net 
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Fig. 9 Pressure disiribuiiims on h\ 0 'elemcnl airfoil consisting of 
NA('A (K)12 sections: nose of flap l'’o of wing chord below wing 
trailing edge; flap clnird 30'’o of wing chord; flap defleclion 10 deg. 
angle of attack 3 deg. Numbers indicate successive stages of 
redistrihiiti<in process. 


source strength vanish, or that the integral of d<i>/dn along the 
inside of the body surface vanish (which is required lo make 
the solution of the internal problem unique when its boundary 
condition is that the tangential velocity vanish on the inside of 
the body surface). 

Late in the course of the research reported herein, it was 
recognized that the parameterization of the source and vortex 
strengths in terms of the nodal velocity components as 
described by Eqs. (2-4) was not unique in so far as obtaining a 
continuous velocity field is concerned. As noted in the Ap- 
pendix, the and V, in Eq. (3) can be replaced by arbitrary 
functions of the node indices without altering our conclusions 
so far as continuity is concerned. In particular, we can devise 
a continuous version of the Douglas-Neumann method'^ by 
replacing the V, by say, a constant F and the by variables 
Sj, and determining those unknowns so as to make the panel- 
induced normal velocity component cancel the normal 
component of the onset How at every node, and to satisfy a 
Kutta condition (such as equality of tangential velocity 
components at the trailing edge). The results we obtained with 
ihi.s method were even worse than those reported herein 
possibly because of reduced diagonal dominance in the 
coefficient matrix. As shown in the Appendix, the diagonal 
coefficient of the matrix associated with Eq. (5) (the coef- 
ficient of F,.) is 

- / -I- -l-r.) 

in which (y,_j + »/^) is the angle subtended at the /th node by 
the (/- l)th and (/+ l)th nodes, an angle that is generally less 
than ir, much less so at the leading- and trailing-edge nodes. 
In our subsurface version of the Douglas method, the 
corresponding coefficient is simply 

which can be relatively small. 

Kemp- has devised a panel method very similar to the 
present one, in that it yields a continuous body-surface 
velocity distribution. His ‘Moading vector” is essentially the 
nodal tangential velocity V,- of the present method, and he 
sets the nodal normal velocity component in accordance 
with the local flow tangency condition, as do we. A major 
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difference is Ihai Kemp determines the I' so that the velocity 
induced by the panels is normal to the panels at their mid- 
points. Following publication of his report, we performed 
some limited experiments with Kemp’s mcihod. I'oi sym- 
metric flows past cllip.ses, we found it considerably more 
accurate than the present method. However, it seems to share 
our sensitivity to node distribution, yielding spurious results 
when the nodes were distributed randomly on the ellipse, and 
for an airloil with a cusped trailing edec. Our node 
redistribution algorithm did not help in such eases. Of course 
It could be that our implementation of Kemp’s method was in 
error. In any case, .satisfaction of boundary conditions at 
panel midpoints, while no problem in two dimensions 
complicates the treatment of three-dimensional problems As 
will be discussed in the epilogue which follows, use of the 
nodes as the sole control points leads to a very attractive 
Singularity spline. 

It is hoped that the evidence presented on the utility of the 
node redistribution scheme is convincing. In every ea.se we 
have tried, it has enabled us to overcome the sensitiviiv of the 
method to the starting node distribution. Except when wc plav 
with random distributions, five or fewer iterations are suf- 
Itcicnt 10 reach our criteria lor terminating the rccli.stribuiion 
process. Of course, this means that the method mav require as 
much as six times the computation time of other nietliods for 
the same number of nodes, without any improvement in 
accuracy relative to higher-order methods like those of Hess ' 
Johnson and Rubberl,' and Bristow. ' Therefore, the method 
I.S of practical interest only as a prototype of a method for 
three-dimensional flows. 


linearity of the vcloci-y distribution on the panels, just as . 
the two-dimensional c.ise. .At this point, we do not know wh, 
vyoiild be the optimal way to use such information lo impro.. 
the node disiribiiiion. but that remains well wiihin the real, 
o possibility. For example, wc could use ihc prese, 
algorithm directly to redistribute the nodes in a uiven r.v 
and/or column. If the number of iterations required to ci' 
cumvent the sensitivity of this method to node distribuiior 
which musi be assumed to be as bad in ihc iwo-dimcnsion; 
aase. can be kept to the five or fewer required in the lu, 
dimensional case, the .‘implification of ihe sineularilv spline 
and elimination of the geometry problem should make il, 
•subsurface approach quite competitive in ihrcc-dimension. 
suuaiions. 


Let yj{x,y;0) be the contribution of thoyth panel lo th‘ 
component of velocity in the direction 0 at P(vi’) Ti 
evaluate I',. ii is helpful ip introduce local coordinaie 
oriented with Ihc./lh panel: 


'* -lv-.v, )eoS(J, -(- (.1'- r, )siii.3^ 
y • = Iv - y, ) cos/3, - ( .V - V, ) s i n .3 , { A I ; 

Then, jf //• and r* arc the velocity eompoiicnis al /'nlong Ihc 


1^, — «*eos(^; |i*sin(ft-/3, ) ( A2) 


Epilog 

^^hatcver their worth for two-dimensional flows panel 
methods are much more interesting in three-dimensional 
situations, where their ability to treat complicated geometries 
lar exceeds that of currently available field methods A three- 
dimensional version of the subsurface panel mcihod described 
herein would enhance these advantages considerablv. Wc 
have such a version in the debugging stage and cnumcraic here 
some of Its features, since it may be of iiiicre.si to know how 
much of the existing two-dimensional analysis which is the 
•subject of this paper can be carried over to the three- 
dimensional case. 


The method is based on distributions of sources and vo 
iices (see Ward for the basic equation) on plane Iriaiigub 
panels whose vertices arc nodes on the bodv sui raec The 
5-trenglhs are components of the total Buid' vclociiv on th 
outside of the panels and arc assumed to vary linearly over tli 
panels. The parameters of the source and vortex strengths ar 
then (he three components of the body-surface vcloeii 
distribution at the nodes which are vertices of the panel. 

Since the velocity component normal to the bodv surface i 

nLTm";. Mngulari'iy-sirengtl 

parameters per node. For a given set of nodes, this gives u 
about twice as many unknowns as would be dealt with b 
other panel methods. This disadvantage may be overcome b' 

nL.Lr" depend onlv o. 

r associated with the vertices of that panel. Thus, a: 
noted earlier, our effective mesh size may be eonsiderabb 
smaller than that of another panel method which uses tiu 
same node distribution. 

nrJhi'^ use oHriangular panels greatly simplifies the geometrs 

m,? hT dtl 7 "'7 coordinate? 

and the direction of its surface normal at each node No 

approximation need be made for the body shape between 
nodes, even in calculaiing forces and moments. To be sure wc 
do require continuity of the body surface velocity which 
excludes from current consideration Hows past wings of zero 
thickness and other idealized problems. 

The method yields a continuous ' body-surface velocity 
di!.tribution. This will allow an estimate of the deviation from 


Differentiating Eq. (1) and taking the source and v.sncs 
Strengths to follow the linear laws of Eqs. (2), we find 


^ r"(x\y*) ^ 


j" u, Vi 

I ^^0 ^*0 V , ~ u J 


In 

i (Al) 

(j, ' 


where 




. * w y* 

"/U- A'*) =-/•, + •-/, 
V b 


and 


/,= (//2ir)f«(r 


(A4) 


(A.*; I 
(A6) 


Here r, is the distance from ihcyth node to P{x,v) and r is 

the angle subtended at P by ihcyth panel. 

When Papproaches either theyth or {j+ I)th node,/, blows 
up and/, depends on the direction of approach, However if 
wc consider theyth and (/- l)th panels in combination, then 
near theyth node, we find 


•?'T( + FV) =(’„r,(a„cos(0-/3,) 

~7o,sin(0 — (3, ) + ^sin(^- /3,_ , ) j 


7^ 
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+ >-,l->„cos(y-/3^) +a(,^sin(fl-jSy) 1 

+ terms regular near the 7 th node (A7) 

Here subscripts j and j- 1 have been put on the source and 
vortex strengths to indicate the panel with which they are 
associated; recall that the singularity strengths are not con- 
tinuous from one panel to the next. 

^ On substituting for the a’s and 7 ’s in Eq. (A7) from Eq. (3). 
we find that the logarithmically singular terms cancel one 
another, while the remaining terms reduce to 

y, ^i+Vj = l/2Ti{ + i'j_ I ) [ ^'„^sin(0 - ) + K,^cos(fy - )] 

4 - terms regular near the ylh node (A 8 ) 

While i', and are indeterminate as P approaches the 7 ’lh 
node, their sum approaches the angle subtended at the yth 
node by the (/ - l)ih and (J + l)th nodes. Thus the velocity due 
to the linear singularity distributions Eqs. (2), with 
parameters given by Eq. (3). is continuous on and outside the 
panels. Near the nodes, it has an .sfiu^-type behavior. It is easy 
to show iliai these same results would obtain if and in 
Eq. (3) were replaced (consistently) by arbitrary functions of 
the node indicator /. 

l o apply these results to Eq. (5), simply let 6 in Eq. (A 8 ) 
become 0, . Then the integral in Eq. (5) becomes 

} /2’n ( ) T,. regular near the /th node 

I hei efore, in forming the coefficient matrix which governs 
ilie nodal tangential velocity components, we simply set 


and Vj equal to zero whenever they threaten to become 
singular and indeterminate, respectively, and compensate by 
adding (i\ +»',_/ )/ 27 t to the coefficient of 
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Practical combustion systems arc almost all based on turbulent combustion, as distiitct from the more elementary 
luocesscs (more academically appealing) of laminar or even stationary combustion. A practical combustor, whether 
employed in a power generating plant, in an automobile engine, in an aircraft jet engine, or whatever, requires a large and 
fast mass flow or throughput in order to meet useful specifications. The impetus for the study of turbulent combustion is 
therefore strong. 

In spite ol this, our understanding of turbulent combustion processes, that is, more specifically the interplay of fast 
oxidative chemical reactions, strong iranspon lluxes of heat and mass, and intense Huid-mechanical turbulence, is .still 
mcompleie. In the last few years, two .strong forces have emerged that now compel research scientists to attack the subject 
o\' iLirbuleni combustion anew. One is the development of novel instrumental techniques that permit rather precise 
noniiitrusive measurement of reactant concentrations, turbulem velocity fluctuations, tempcraiures, etc., generally by 
optical means using laser beams. The other is the compelling demand to solve hitherto bypassed problems such as iden- 
tifying the mechanisms responsible for the production of the minor compounds labeled pollutants and discovering ways to 
reduce such emissions. 

This new climate of research in turbulent combustion and the availability of new results led to the Symposium from 
which this book is derived. Anyone interested in the modern science of combustion will find this book a rewarding source 
of ini'onnaiion. 
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INTRODUCTION 

Under certain conditions structures like airplane wings and tail surfaces 
may experience vibrations of an unstable nature. This phenomenon, called 
“flutter,” is an aeroelastic phenomenon governed by the interaction of 
the elastic and inertial forces of the structure with the unsteady aero- 
dynamic forces generated by the oscillatory motion of the structure itself. 
In general, two or more vibration modes are involved, e.g. bending and 
torsional vibrations of a wing, which, under the influence of the unsteady 
aerodynamic forces, interact with each other in such a way that the 
vibrating structure extracts energy from the passing airstream. This leads 
to a progressive increase in the amplitude of vibration and may end with 
the disintegration of the structure. 

For a given wing structure the aerodynamic forces increase rapidly 
with flight speed, while the elastic and inertial forces remain essentially 
unchanged. Normally there is a critical flight speed, the “flutter speed,” 
above which flutter occurs. Because of the potentially disastrous character 
of this phenomenon, flutter speeds of aircraft must be well outside their 
flight envelope. In many cases this requirement is the determining factor 
in the construction of wings and tail surfaces. Because the vibration 
characteristics of the structure at zero airspeed can be determined ac- 
curately by current numerical methods or by ground vibration tests, the 

* The authors thank the NLR, the AFOSR, and the ONR for their support of this review 
and related studies. 
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accuracy of the flutter prediction depends mainly on the knowledge of 
the unsteady aerodynamic forces. 

In subsonic and supersonic flight unsteady aerodynamic forces can be 
predicted reasonably well by theoretical and numerical means. For tran- 
sonic flight, with its mixed subsonic-supersonic flow patterns, prediction 
methods are less advanced. The current practice for wings of general 
planform is still rather arbitrary, with interpolations and extrapolations 
being made on the basis of calculated airloads for pure subsonic and 
supersonic flow. And, in many cases, one must resort to very expensive 
wind tunnel experiments. 

Currently there is a renewed interest in transonic flight for both military 
and civil aircraft. For military aircraft this stems from the need for a 
new generation of air combat aircraft, like the F-16 and F-17, which 
require an optimal maneuverability at transonic speeds. In civil aviation 
there is a great need for more efficient aircraft, made possible by techno- 
logical advances that include the so-called supercritical wing. Such wings 
make it possible to cruise at transonic speeds without the usual drag 
penalty associated with the presence of shock waves. This is achieved by 
shaping the wing geometry in such a way that the transition from local 
flow regions with supersonic flow to the adjacent subsonic regions does 
not take place with strong shock waves as it does on the conventional- 
type wings, but with only very weak shock waves or even without them. 

In the present review we describe the nature of transonic flows past 
oscillating airfoils and discuss recent developments in unsteady transonic 
flow calculations. We place emphasis on plane flows because most of the 
published studies deal with this type of flow. The first section starts with a 
general description of the flow past airfoils. Experimental results are then 
reviewed and used to illustrate the interaction between the steady and 
unsteady flow fields, the periodic motion of shock waves, and the efiects 
of frequency and amplitude of oscillation. In the subsequent section we 
discuss the inviscid equations forming the basis of the various theoretical 
methods and review techniques for their solution, all essentially numerical. 
Viscous effects and calculation methods are then described. Finally, in the 
last section we assess the present status of the field and the future develop- 
ments expected. 

The reader should be aware of four related reviews. Landahl (1976) 
reviews the unsteady aspects of transonic flow, while a recent review of 
unsteady fluid dynamics by McCroskey (1977) also has informative 
sections on unsteady transonic flow and unsteady boundary layers. 
Computational aspects of steady and unsteady transonic flows are re- 
viewed by Ballhaus (1978) and the dissertation ofTijdeman (1977) contains 
a more complete discussion of many of the topics addressed here. 
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FLOW PAST AIRFOILS 
Steady Flow 

A brief survey of the behavior of steady transonic flows past airfoils 
provides an introduction to the discussion of the transonic flow past 
oscillating airfoils. When the free-stream Mach number of a purely sub- 
sonic flow past a symmetrical airfoil is increased, the flow pattern usually 
develops in the manner sketched in Figure 1. The so-called critical Mach 
number M* is reached when the maximum local Mach number in the flow 
becomes unity. Beyond the critical Mach number a supersonic region 
appears on the airfoil, which, in general, is terminated by a nearly normal 
shock wave through which the flow speed is reduced from supersonic to 
subsonic. With a further increase of the free-stream Mach number, the 
shock wave moves aft and the size of the supersonic region and the 
shock strength both increase. After the pressure jump through the shock 
wave has become sufficiently large, so-called shock-induced separation 
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Figure I Influence of Mach number on flow pattern. 
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of the boundary layer occurs. For a turbulent boundary layer, this shock- 
induced separation starts when the local Mach number just upstream of 
the shock wave is about 1.25 to 1.3. When the boundary layer downstream 
of the shock wave separates completely, the flow around the airfoil is 
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Figure 2 Influence of incidence on pressure distribution and flow pattern in transonic flow. 
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changed considerably, and often unsteady-flow phenomena such as 
“buflet” and “buzz” start to occur. 

When an airfoil’s incidence is increased at a supercritical Mach number, 
the flow changes in the manner sketched in Figure 2. Initially the airfoil 
carries a well-developed supersonic region on its upper surface, terminated 
by a shock wave. When the incidence is increased, the speed over the 
upper surface increases and the supersonic region and the shock wave 
develop in much the same way as described above for increasing free- 
stream Mach number. This example shows that small variations in 
incidence may lead to considerable changes in the pressure distribution, 
shock position, and shock strength. 

Across the nearly normal shock wave that occurs on the airfoil, the 
velocity is reduced from supersonic to subsonic. In two-dimensional 
inviscid flow the foot of the shock wave must be normal to the airfoil. 
For a convex airfoil the pressure will increase and the Mach number will 
decrease with distance above the airfoil ahead of the shock wave. The 
pressures behind the shock, given by the Rankine-Hugoniot relations, 
must still balance the flow curvature demanded by the airfoil. This can 
only be accommodated if the shock wave has infinite curvature at its 
foot (Zierep 1966). This results in a rapid expansion there (logarithmically 
infinite pressure gradient) ; this expansion can often be noticed in surface 
pressure distributions of airfoils, where it manifests itself as the so-called 
Zierep cusp, or Oswatitsch-Zierep singularity, as sketched in Figure 2. 

Usually transonic flow patterns are characterized by the presence of 
nearly normal shock waves on either the upper or the lower surface of 
the airfoil, or on both surfaces at the same time. Occasionally even two 
shock waves, one behind the other, occur. An exception to this rule is the 
flow around a so-called supercritical (shock-free) airfoil at its design con- 
dition. This type of airfoil is shaped in such a way that, for a specific 
combination of incidence and free-stream Mach number, the “design 
condition,” the transition of the supersonic region to the adjacent subsonic 
regions takes place without a noticeable shock wave. This requires a 
careful tailoring of the airfoil so that a smooth recompression is obtained. 
Changes in the Mach number and angle of attack affect this tailoring, 
and away from the design condition the flow will normally have at least 
a weak shock wave. The flow past a supercritical airfoil in its design 
condition, shown in Figure 3, clearly reveals that small changes in inci- 
dence are sufficient to disturb the shock-free flow condition. An important 
question with respect to the practical application of supercritical airfoils 
is how gradually the transition from shock-free flow to the neighboring 
flow conditions with shock waves takes place, or, in other words, what 
are the margins within which the Mach number and incidence can be 
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Figure 3 Influence of incidence on pressure distribution and flow pattern of a “shock-free” 
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varied around the design condition without a serious deterioration of the 
favorably low-drag property of the shock-free flow condition. 

An aspect that cannot be discarded when considering the flow past 
airfoils concerns the effects of viscosity. In an attached flow viscous effects 
are confined to a thin layer adjacent to the surface of the airfoil, the 
'‘boundary layer,” and to its wake. In the boundary layer the velocity 
rises rapidly from zero at the surface to the local flow velocity at the 
outer edge. The boundary layer starts at the leading edge as a laminar 
boundary layer, which in cases of practical interest changes from laminar 
to turbulent after a small fraction of the chord (typically 5-10%). The 
presence of the boundary layer changes the effective contour of the airfoil 
and, thus, has an effect on the pressure distribution and the aerodynamic 
loading. The magnitude of this effect depends, among other things, on the 
Reynolds number, which is an important parameter for the growth of the 
boundary-layer thickness and the location of the transition point. The 
behavior of the boundary layer is of even more importance in transonic 
flow than in subsonic flow, since here it has a considerable influence on 
the position and strength of the shock wave. 

Unsteady Flow 

When an airfoil performs sinusoidal oscillations around a given mean 
position, the circulation and, hence, the lift force and local pressures 
show periodic variations. In order to keep the total vorticity constant 
(according to Helmholtz’s theorem), each time-dependent change in 
circulation around the airfoil is compensated by the shedding of free 
vorticity from the trailing edge. This vorticity, which has the same strength 
as the change in circulation but is of opposite sign, is carried downstream 
by the flow as sketched in Figure 4. Due to the velocities induced by the 
free vortices around the airfoil, the instantaneous incidence of the airfoil 
is changed in such a way that the oscillating part of the lift lags behind 
the motion of the airfoil. 

The main parameter governing the unsteady flow is the so-called 
reduced frequency k, defined as k = (ollUao, which is proportional to the 
ratio of the chord length 21 and the wavelength L (see Figure 4). The 
reduced frequency is a measure of the unsteadiness of the flow; for 




oJ)^;)cCCCc ^ D ho 0 


1 II 

^ ® ^00 at 


Figure 4 Flow around an oscillating airfoil 




Figure 5 Unsteady pressure signals and overall loads on an oscillating airfoil : (a) subsonic 
flow ; (b) transonic flow'. 
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similarity of the flow past an oscillating full-scale airfoil and its wind- 
tunnel model representation it is required that the reduced frequencies be 
the same. 

Figure 5a shows the time histories of the local pressures and the resulting 
lift and moment on an airfoil performing oscillations in pitch in a subsonic 
flow. Both the pressures and the overall loads show almost sinusoidal 
variations around their mean values. In this case the pressures and loads 
may be described by the first harmonic of a Fourier series, viz., 

p = Ps + ^P' cos cot -h Ap" sin cut = p^ -h | Ap | cos {cot — cp) 

where p and Ps denote the local and mean pressures, while Ap' and Ap" are 
the components of the fundamental. The coefficient Ap' can be interpreted 
as the actual pressure perturbation at the instant the oscillating airfoil 
reaches its maximum deflection, while Ap" represents the pressure per- 
turbation at the instant the airfoil passes its midposition. 

This way of describing unsteady pressures or loads is valid only if the 
aerodynamic quantities vary sinusoidally in time, or, in other words, as 
long as a linear relationship exists between the displacement of the airfoil 
and the unsteady pressures. This is usually the case for moderately sub- 
sonic and supersonic flow, at least as long as the flow remains attached. 
For transonic flow, however, this is no longer true, particularly in the 
region of a shock wave, as illustrated in Figure 5b. In such cases one 
has to give the complete time history of the signals or to add higher 
harmonics to the Fourier series. 

Nonlinear Character of Unsteady Transonic Flow 

The combined influence of airfoil thickness, incidence, and amplitude of 
oscillation is different for moderately subsonic and supersonic flow than 
for transonic flow. For subsonic and supersonic flow both the equations 
and the corresponding boundary conditions can usually be linearized. This 
implies that the problem of an oscillating airfoil can be decomposed into a 
steady problem (thickness -f incidence) and the unsteady problem of an 
infinitely thin plate oscillating in a uniform flow. The unsteady-flow 
problem can be treated independently of the steady-flow problem. The 
main parameters for the unsteady flow then are the reduced frequency /c, 
the free-stream Mach number Moo> and the mode of vibration. 

For transonic flows at low to moderate reduced frequencies the equa- 
tions governing the motion cannot be linearized. This implies that the 
unsteady flow field can no longer be treated independently of the steady 
flow field. For the aeroelastician this means a considerable complication. 
In addition to the aforementioned parameters for subsonic and supersonic 
flow, he has to consider also the mean steady flow field around the airfoil. 
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which is determined by the geometry of the airfoil and its mean incidence 
with respect to the oncoming flow. For a normal flutter investigation in 
subsonic and supersonic flow, unsteady airloads already have to be 
computed for 50 to 100 combinations of reduced frequency, free-stream 
Mach number, and vibration mode. For the transonic flow regime this 
number increases considerably because then the computations have to be 
performed for different values of the incidence. The complication becomes 
even worse if it is not possible to linearize the unsteady transonic-flow 
problem by assuming the unsteady flow to be a small perturbation super- 
imposed upon a given mean steady flow field. Then the unsteady airloads 
are no longer linear functions of the amplitude of motion, which implies 
that in aeroelastic calculations, where the unsteady aerodynamic forces 
have to be combined with inertial, stiffness, and damping forces of the 
aircraft structure, linear systems of equations no longer apply. So it is 
quite evident that from the practical point of view there is a strong demand 
for some sort of linearization. Of course, in theory, this linearization can 
always be enforced by making the amplitude of oscillation small enough, 
but the question arises whether the amplitudes that occur in practice 
will be that small. 

OBSERVATIONS FROM EXPERIMENTS 
Results Available 

The first transonic-flutter accidents occurred during World War II with 
aircraft of advanced design at that time that were able to penetrate the 
transonic regime during a diving flight. These accidents gave the transonic 
regime its veil of mysticism and contributed to the many myths about 
the difficulties associated with crossing the “sound barrier.” At that time 
it was impossible to get aerodynamic data for the transonic speed range 
because there were no transonic wind tunnels and there was little or no 
support from theory. During the first fifteen years after the war, the 
knowledge of transonic flows improved considerably through experience 
gained with research aircraft, like the Bell X-1, and the development of 
transonic wind tunnels with slotted and porous walls. The latter greatly 
enlarged the possibilities for obtaining aerodynamic data under controlled 
conditions. From that period stem a number of unsteady aerodynamic 
load measurements on oscillating wind tunnel models. The majority of 
these experiments had an ad hoc character and were directly related to 
problems encountered in flight. 

The first measurements of local unsteady pressures on an oscillating 
wind tunnel model in transonic flow were made by Erickson & Robinson 
(1948). Their method, in which electrical pressure cells installed flush 
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with the model surface are used, was applied successfully by Wyss & 
Sorenson (1951) and their colleagues at the then NACA. Although they 
actually measured the pressures on oscillating control surfaces and on 
airfoils and wings oscillating in pitch, only overall aerodynamic coeffi- 
cients were published, along with some typical oscillograph records of 
local pressure fluctuations. The first detailed unsteady pressure distribu- 
tions in the transonic regime were reported by Lessing, Troutman & 
Meness (1960) and by Leadbetter, Clevenson & Igoe (1960). 

A series ofexploratory wind tunnel investigations on some characteristic 
airfoil sections was initiated by the NLR in the late sixties. With the 
aid of a special technique in which scanning valves and pressure tubes 
were used (Bergh 1965), steady and unsteady pressures were measured on 
the conventional NACA 64A(X)6 airfoil with oscillating trailing-edge flap, 
on the shock-free NLR 7301 airfoil oscillating in pitch (Tijdeman 8 l Bergh 
1967, Tijdeman & Schippers 1973, Tijdeman 1977), and on the same 
airfoil with an oscillating control surface (Schippers 1978). Parallel with 
this basic research program, unsteady pressure distributions were measured 
on a variety of three-dimensional wings, under contract with aircraft 
industries (see, for example, Bergh, Tijdeman & Zwaan 1970, Tijdeman 
1976). About the same time Triebstein (1969, 1972) performed experiments 
on a rectangular wing with and without control surface. In his tests he 
also applied the measuring technique with tubes and scanning valves. In 
France, successful tests on a supercritical airfoil section with control 
surface were reported by Grenon & Thers (1977), who used a large number 
of miniature pressure sensors placed inside the model. Recently, a similar 
technique was applied by Davis & Malcolm (1979), who performed 
exploratory tests on the conventional NACA 64A010 airfoil and the NLR 
7301 airfoil of Figure 3. In the NASA experiments a sophisticated test 
rig that makes it possible to drive the models into pitch as well as 
plunge motions was used ; moreover, the tests could be performed at large 
Reynolds numbers. Finally, a preliminary series of measurements on an 
NACA 64A010 airfoil oscillating in pitch has been reported (Davis 1979). 

Interaction Between the Steady and Unsteady Flow Fields 

Some of the results for an airfoil with flap (Tijdeman 1977) will be recalled 
here to demonstrate the mechanism of the interaction between the steady 
and unsteady flow fields. This example is chosen because it lends itself 
well to physical interpretation. 

Low-speed steady and unsteady pressure distributions on the sym- 
metrical NACA 64A006 airfoil with flap are shown in Figure 6-1. Figure 
6- la shows the steady pressure distributions along the upper surface of 
the airfoil for three flap angles, viz., - 1.5, 0, and 1.5 degrees, respectively. 
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From these steady distributions, the “quasi-steady” pressure differences, 
~ Cp(<5o + A<5) 

are determined, and the resulting chordwise distribution is shown in 
Figure 6- lb. This quasi-steady pressure distribution can be interpreted 
as the “unsteady” pressure distribution when the oscillations are infinitely 
slow. Figure 6-1 c depicts the first harmonic of the unsteady pressure 
distribution for a frequency of 120 Hz and an amplitude of about one 
degree. The unsteady pressure distribution very much resembles the quasi- 
steady distribution ; both show the characteristic peaks at the leading edge 
of the airfoil and at the hinge axis at 75% chord. For the unsteady 
example the results of “thin-airfoil theory,” assuming an infinitely thin 
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Figure 6-1 Steady, quasi-steady, and unsteady pressure distributions in low subsonic flow. 
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wing in a uniform main flow, are also given. At this low speed, the 
agreement with the experimental amplitude and phase distributions is 
satisfactory, which indicates that the unsteady-flow problem can be treated 
independently of the steady flow pattern around the airfoil. 

Results for the same configuration in high subsonic flow are shown in 
Figure 6-2. Around the 50% chord point, where the flow is almost critical, 
a bulge occurs in the magnitude of the measured distribution of both the 
quasi-steady and unsteady pressures. This bulge and the phase variation 
are not predicted by the thin-airfoil theory. Another characteristic feature 
is that the phase lag on the front part of the airfoil is consistently larger 
than that given by the theory. 
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Figure 6-2 Steady, quasi-steady, and unsteady pressure distributions in high subsonic How. 
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Results that are typical for a transonic flow with a nearly normal 
shock wave are given in Figure 6-3. It is clear from this pressure distri- 
bution that a change in flap angle is followed by a shift in shock position, 
and this leads to a peak in the magnitude of the quasi-steady and unsteady 
pressures in the vicinity of the shock. This peak, which is a significant 
contribution to the overall unsteady lift and moment, cannot, of course, 
be predicted by a fully linear theory. Note that the pressure perturbations 
in front of the shock wave are smaller than those predicted by theory, 

NACA 64A006 'iCp 





Figure 6-3 Steady, quasi-steady, and unsteady pressure distributions in slightly supercritical 
flow. 
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and that the measured phase variation shows a sharp change in gradient 
in the region of the shock wave. 

To illustrate that the observed effects in the preceding examples for 
high subsonic and transonic flow are caused by the interaction of the 
steady and unsteady flow field, a graphical experiment has been performed. 
A pulsating pressure disturbance is assumed to be located at the airfoil’s 
hinge axis. Acoustic waves propagate from this disturbance into the sur- 
rounding nonuniform flow. The acoustic wave patterns, as obtained with 
the well-known construction of Huygens for the airfoil under considera- 
tion, are shown in Figure 7. This figure displays the position of the wave- 
fronts after equal time intervals At for two different Mach numbers. The 
part of the figure above the airfoil depicts the time histories of the wave- 
fronts in the actual flow field. Below the airfoil the same wavefronts are 
shown, but now for a steady uniform flow field in which the local Mach 
number everywhere is equal to the free-stream Mach number. The corre- 
sponding travel times (time lags) are given in the diagrams at the bottom 
of Figure 7. At M = 0.8 the flow is subcritical and the upstream-moving 
wavefronts encounter more “head wind” in the actual flow than in the 
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Figure 7 Upstream propagation of wavefronts generated by a source at the hinge axis: 
(fl) wave propagation ;(h) time lag derived from wave pattern. 
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uniform flow, as can be seen from the closer spacing of the fronts and 
from the time-lag curves. Moreover, the velocity gradients normal to the 
chord in the actual flow cause a forward inclination of the wavefronts. 
When it is recognized that the spacing of the wavefronts is a measure 
of the intensity of the local pressure perturbation gradient, while the time 
lag is a measure for the phase shift, it becomes clear that the high subsonic 
effects observed in Figure 6-2 can be attributed mainly to the influence 
of the nonuniform steady flow field. At M = 0.875, when a supersonic 
region is present and terminated by a shock wave, the inclination of the 
wavefronts is essential to enable the waves to penetrate the region of 
supersonic flow. Some portions of the upstream-moving wavefronts close 
to the airfoil surface merge into the shock while other portions bend 
around the top of the shock and penetrate the supersonic region. This is 
reflected in the time-lag curve. Since the energy content of the. wavefronts 
penetrating the supersonic region has decreased, due to geometric dilata- 
tion, only small pressure changes occur in front of the shock wave. These 
findings correlate very well with the effects observed in the wind tunnel 
results presented in Figures 6-2 and 6-3. Note that the main contribution 
to the peak at the shock position is due to the oscillatory displacement 
of the shock waves, which is not included in this simple graphical result. 

Periodic Motion of Shock Waves 

From the preceding discussions it should be clear that the periodic motion 
of shock waves makes an important contribution to the overall unsteady 
airloads. Optical flow studies on an airfoil with flap (Tijdeman 1976) have 
shown that in the oscillating case three different types of periodic shock- 
wave motions can be distinguished. They have the following main 
characteristics, which are depicted in Figure 8. 

SINUSOIDAL SHOCK-WAVE MOTION (TYPE A) This type resembles, more or 
less, the shock-wave motions discussed by Lambourne (1958) and 
Nakamura (1968). The shock moves almost sinusoidally and remains 
present during the complete cycle of oscillation, although its strength 
varies. Due to the dynamic effect, phase shifts exist between the model 
motion and shock position and between shock strength and shock 
position. The maximum shock strength is not reached during the maxi- 
mum downstream position of the shock, as in quasi-steady flow, but 
during its upstream motion. 

INTERRUPTED SHOCK-WAVE MOTION (TYPE b) This motion is similar to 
Type A, but now the magnitude of the periodic change in shock strength 
becomes larger than the mean steady shock strength and, as a consequence, 
the shock wave disappears during a part of its backward motion. 
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Figure 9 Periodic shock-wave motion for various frequencies. 
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UPSTREAM-PROPAGATED SHOCK WAVES (TYPE c) At slightly Supercritical 
Mach number a third type of periodic shock-wave motion is observed, 
which differs completely from the preceding types. Periodically a shock 
wave is formed on the upper surface of the airfoil. This shock moves 
upstream while increasing its strength. The shock wave weakens again, 
but continues its upstream motion, leaves the airfoil from the leading 
edge, and propagates upstream into the oncoming flow as a (weak) free 
shock wave. This phenomenon is repeated periodically and alternates 
between upper and lower surface. 

The type of shock-wave motion that occurs in a given situation depends 
on the Mach number, its chordwise distribution ahead of the shock wave, 
and on the amplitude and frequency of the motion of the airfoil. The 
types of shock-wave motions mentioned above are observed not only on 
oscillating airfoils, but also on steady airfoils with severe flow separation 
downstream of the shock waves (see, for example, Finke 1975, McDevitt 
1979). Under these conditions the shocks do not always remain normal, 
but cyclically become lambda-type shocks. 

Optical flow studies on an airfoil oscillating in pitch (Tijdeman 1977) 
reveal that the amplitude of the shock-wave motion decreases with fre- 
quency, as shown in Figure 9. This is consistent with the observation 
made in the next section dealing with the theoretical developments. As 
a consequence, the large pressure peaks generated by the periodic shock 
motion become smaller with increasing frequency, or, in other words, the 
contribution of the shock waves to the overall unsteady airloads, which 
forms one of the dominant effects in transonic flow, will be largest at low 
to moderate frequencies. 

Another interesting feature, observed in the mentioned experiments and 
in those of Grenon & Thers (1977), is that an almost linear relationship 
is found between the frequency of oscillation and the phase shift between 
the motion of the airfoil and the motion of the shock wave for low to 
moderate reduced frequencies. This means that there is a constant time 
lag between the motion of the airfoil and the shock-wave motion. This 
corresponds with the findings of Erickson & Stephenson (1947), who 
observed a fixed relation between the phase lag of the shock motion and 
the time required by a pressure impulse to travel from the trailing edge 
to the shock wave. 

In a flow pattern with a well-developed shock wave, the shock motion 
takes place nearly sinusoidally, with an amplitude of the shock motion that 
is proportional to the amplitude of the motion of the airfoil. Further, in 
spite of the presence of the oscillating shocks, the overall lift also varies 
almost sinusoidally while the moment sometimes shows irregularities 
(Figure 5b\ Locally, underneath the foot of the moving shock wave, the 
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pressure signal is highly nonlinear. However, as illustrated in the data of 
Figure 10 from Schippers (1978), the distributions of the higher harmonics 
of the pressure signals along the chord show the characteristic that they 
do not contribute noticeably to the overall lift and only slightly to the 
moment. This behavior can be explained very well by considering the 
pressure changes at such a point to be entirely due to a sinusoidal 
oscillation of a shock that spends part of its time on each side of the 
point (Tijdeman 1977). Neglecting the local pressure gradient, then, gives 
a field whose higher harmonics do not contribute to the net lift and only 
to second order in shock amplitude to the net moment. 

Effect of Frequency and Amplitude of Oscillation 

As mentioned earlier, it is important for the aeroelastician to know to 
what extent a linear relationship holds between unsteady airloads and 
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Figure 10 Unsteady pressure distribution showing the first three harmonics. 
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the amplitude of motion of the airfoil. For his purpose, linearization 
of the unsteady airloads makes sense only as long as small, but still 
practical changes in incidence or flap angle (say of the order of 0.5 and 
1 degree, respectively) give rise to linear changes in the aerodynamic 
loads. Also, he must have a procedure for selecting a minimum number 
of suitable mean steady flow conditions for which the unsteady airloads 
should be determined. At this moment the experimental and theoretical 
evidence is not yet conclusive in this respect, but there are a number of 
observations that certainly throw some light on the problem. 

Theoretical analysis (see the next section) shows that the unsteady 
transonic flow problem becomes a linear one for sufficiently high fre- 
quencies. From this, coupled with the observation that the amplitudes of 
periodic shock-wave motions are largest at low frequency, we can expect 
that the nonlinear characteristics of unsteady transonic flows will manifest 
themselves mainly at low to moderate frequencies and in quasi-steady 
flow. Therefore, we can expect that the behavior of the slopes of the 
steady lift and moment curves versus incidence or flap angle may serve 
as an effective guide to detect possible nonlinear regions and to select 
the mean incidences or flap angles around which linearization is possible. 

As noted above, we may also expect that at sufficiently high frequency 
the measured results will approach the results of thin-airfoil theory. Un- 
fortunately, the experiments show that this does not happen within the 
frequency range of interest for flutter investigations {k < 0.5). Figure 11 
compares some of the results of Davis & Malcolm (1979), whose studies 
cover a considerable range of frequencies, with a thin-airfoil theory. It is 
clear that the unsteady airloads cannot be calculated with a linear theory 
that does not account for the mean steady flow field. However, if the 
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amplitude of oscillation is small, we can expect that in most cases 
linearization for a practical range of amplitudes of oscillation should be 
possible as long as the flow remains attached. This expectation is con- 
firmed very well by the tests Davis and Malcolm performed on the NACA 
64A010 airfoil in a flow condition with a well-developed supersonic region 
terminated by a relatively strong shock wave. They found a linear relation- 
ship between the real and imaginary parts of the lift coeflScient with 
amplitude for 0.25, 0.50, and 1.0 degrees, and further demonstrated that 
the unsteady airloads for a motion that was a linear combination of two 
other modes were a linear combination of the airloads for those modes. 

THEORETICAL AND NUMERICAL METHODS 

In this section we discuss the theoretical and numerical methods developed 
in recent years to calculate the inviscid transonic flow past oscillating 
airfoils, stressing the conclusions we may deduce from them. The dis- 
cussion proceeds from the so-called Euler equations, which can be con- 
sidered as the most complete set of equations describing inviscid flow 
problems, through increasingly less complete models to the small- 
perturbation equation. 

Euler Equations 

Because the flows of interest here occur at high Reynolds numbers, viscous 
effects are, for the most part, confined to the boundary layers and wakes. 
For flows in which the boundary layer remains attached over most of 
the airfoil, the inviscid flow is the correct first approximation for most of 
the flow field. 

For inviscid flows, the conservations of mass, vector momentum, and 
energy give a system of four first-order partial differential equations in 
five scalar unknowns. These equations are usually referred to as the Euler 
equations. An additional equation relating the state variables is required. 
The system of equations is hyperbolic and quasilinear. Weak solutions 
to a hyperbolic system, viz., solutions with discontinuous behavior, may 
be found numerically if the difference equations are deduced from the 
conservative form of the equations, that is, from the equations in the form 
of a space-time divergence of a vector unknown. The physics governing 
the structure of shock waves is one of a balance between viscous and 
inertial terms involving viscous dissipation in the wave. Thus, the dif- 
ference schemes are usually constructed so that the truncation error is 
predominately dissipative rather than dispersive. In such calculations 
the mesh size must be small in order that the viscosity implied by the 
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truncation error be small compared with the length scale typical of flow 
in the vicinity of “captured” shock waves. 

Numerical solutions of the Euler equations have been carried out by 
a number of investigators. Warming, Kutler & Lomax (1973) describe 
an effective third-order and consequently dissipative, finite-difference 
scheme with minimal dispersion. Beam & Warming (1976) report com- 
parable results for a dispersive-dominant algorithm, with a switch from 
central to one-sided differencing where appropriate. The desire to compute 
steady flow fields originally motivated such computations. Some of the 
first methods used were explicit in time, time-accurate solutions being 
computed until a steady flow was achieved. A series of publications by 
Magnus &Yoshihara (1975, 1976, 1977) and Magnus (1977a, 1977b, 1978) 
provide many useful results for oscillating airfoils and include studies of 
the influence of various approximations on the accuracy of the solution. 
Other interesting results were reported by Beam & Warming (1974), who 
made a computation for small unsteady perturbations to an already 
established steady flow, by Laval (1975), and by Lerat & Sides (1977). 

Magnus & Yoshihara (1975) gave detailed unsteady pressure distri- 
butions for an airfoil oscillating in pitch; subsequently (1976) they gave 
analogous results for an airfoil with an oscillating flap, including here 
an ad hoc procedure to account for the shock-boundary-layer interaction. 
More recent studies were for the NLR 7301 supercritical airfoil (Magnus 
1978). The results, among other things, reproduce the three types of shock 
motion observed experimentally. To illustrate this. Figure 12 depicts the 
instantaneous surface pressure distributions for pitch oscillations of an 
NACA 64A410 airfoil displaying a Type A shock motion. An interesting 
feature that appears in all numerical results is that the lift and moment 
vary nearly sinusoidally, despite the presence of strong shock waves. 
Figure 13 illustrates this behavior for an NACA 64A006 airfoil with an 
oscillating flap. 

The paper of Magnus (1977a), which summarizes his previous studies 
using the Euler equations and comments on errors introduced by the 
boundary conditions used, is of considerable interest. For the low to 
moderate reduced frequencies, the finite computational domain often leads 
to the reflection of disturbances from the far-field boundary and their 
interference with the flow field near the airfoil before a harmonic motion 
is established. In Magnus’ studies the far-field data were determined from 
vortex and doublet singularities located somewhere near the airfoil. 
Another approximation invoked in these studies was that the unsteady 
boundary conditions were applied at the steady-state location of the 
oscillating airfoil. Substantial differences are found when the correct 
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boundary conditions are imposed, with the incorrect boundary conditions 
causing larger disturbances in the flow. Other studies, e.g. those of Lerat 
& Sides (1977) and Steger (1978), avoid this approximation at the 
computational expense of time-dependent mappings. It is clear from these 
studies that it is essential to impose boundary conditions on the airfoil 
unless the amplitude of the unsteady motion is small, and to use a 
computational region that applies boundary conditions that either allow 
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Fiyure 12 Instantaneous pressure distributions for an NACA 64A410 airfoil pitching 
around midchord calculated using the Euler equations. 
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waves to pass through it, or that is sufficiently large that incorrect 
boundary conditions on its extremities do not cause unacceptable errors. 

Explicit calculations such as those discussed above require substantial 
central processing (CPU) time. Three or four cycles of a harmonic motion 
may require a comparable number of hours on a CDC 7600. Their main 
inefficiency occurs at the low to moderate reduced frequencies of practical 
interest, where improved computational times can be achieved using 
implicit methods. Beam & Ballhaus (1975) report that the numerical 
effort per time step for the implicit solution of the Euler equations is 
four times that required for their explicit solution. For reduced frequencies 
below about 0.2, however, the larger time step allowed by an implicit 
calculation results in reduced computational times. 

The Potential Approximation 

The flows of primary interest here are, for the most part, irrotational, 
with vorticity introduced by viscous effects in the boundary layers and 
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Figure 13 Time histories of the unsteady airloads calculated using the Euler equations. 
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shock waves. In the inviscid approximation shock-free flows that are 
originally irrotational will remain so ; flows with shock waves will have a 
rotational component downstream of the shock wave. Crocco’s theorem 
implies that in steady flow the vorticity behind the shock wave will be 
proportional to the cube of the change in the pressure coefficient across 
the shock wave multiplied by the speed of sound and divided by the 
vertical extent of the shock wave. For many practical situations this 
means that the flow behind the shock wave, and hence the overall inviscid 
flow, will be affected to a nonnegligible extent by the vorticity introduced 
by the shock wave. However, the assumption of irrotational flow makes 
it possible to simplify the problem to one with only a single unknown, 
the velocity potential. This leads to a considerable reduction in CPU time 
and storage requirements. 

Under the assumptions mentioned above, the following equation for 
the velocity potential, 4), can be derived : 

4)„ + (?0)? -l-iVO • V(V4))^ - a^V^4> = 0, (1) 

where 

and the symbols have their usual dimensional meaning. This is subject to 
the boundary condition that the flow remains tangential to the airfoil 
surface : 

F,+(VO)- Vf = 0 


on 

F= y-^y(x)-5y(x,f) = 0. 

Here S and S are amplitude parameters for the steady and unsteady 
motions. 

Numerical algorithms for the steady potential equations, due principally 
to Jameson (1974, 1978), are now highly developed and provide reliable 
results for shock-free flows. Isogai (1977) has solved (1) using a non- 
conservative time-marching algorithm with unsteady boundary con- 
ditions applied at the airfoil’s mean surface, a mean steady-state far-field, 
and an approximate vortex-wake condition. Results for a supercritical 
airfoil at its design condition oscillating in pitch (isogai 1978) are shown 
in Figure 14. The more nearly linear behavior of the unsteady pressure 
distribution with an increase in frequency is clearly evident. 

More recently, Chipman & Jameson (1979) have developed a conserva- 
tive alternating-direction algorithm that uses a time-varying coordinate 
system to satisfy the exact boundary conditions. A conservative calculation 
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will capture “shock” waves that conserve mass but add momentum to the 
flow to balance the wave drag on the body. These will be stronger dis- 
continuities than Rankine-Hugoniot shock waves for a given Mach 
number ahead of the “shock” wave (van der Vooren & SlooflT 1973). 
More definite comparisons of numerical solutions to (1) with those for the 
Euler equations are needed to determine quantitatively the adequacy 
of the potential approximation when shock waves appear in the flow. 
Isogafs computations indicate, as expected, that the results are unreliable 
if the cube of the pressure jump across the shock wave is not small. 

The calculation of one cycle of harmonic motion requires the equivalent 
of a minute or so of CDC 7600 CPU time; the number of cycles required 
to achieve harmonic results will depend on the reduced frequency, with 
even the lower frequencies requiring at least three cycles. 

The Small- Disturbance Approximation 

The most basic approximation in inviscid aerodynamics is that of a small 
disturbance. With the assumption of small disturbances, the vorticity 
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Figure 14 Unsteady pressure distributions on a 70-10-13 supercritical airfoil oscillating 
in pitch around the design condition calculated using the potential equations. 
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introduced by a shock wave will be small and the flow may be assumed 
irrotational. The least trivial balance of terms then leads to the equation 


—77 4>tt + T~ <Pxt — 

4uo do 


i-Mi 

So 


— (y+l)M 


- 4>yy = 0 , 


4>x 


(2) 


where the perturbation velocity potential </> is defined by 


<1) = [/c[.x + do0], 


where <1> is the velocity potential. Here the time has been nondimensional- 
ized by the circular frequency and the coordinates by the airfoil chord, 
and the vertical coordinate scaled by Application of the mean-surface 
boundary conditions requires that 


do(l>y{t,x,0) = -S 


c c 2c 


(3) 


and hence that 

do = tnax 

For fc = 0(1) a linear theory applies. This theory is fully developed 
in the monograph by Landahl (1961) and will not be discussed further 
here as the cases of most practical concern are those of small reduced 
frequency. The theoretical limit of interest here is that with k = 0(^o)- 
In practice, however, k is often large enough that contributions of this 
size, viz., 0(/c), are important, and retaining them provides a bridge to the 
linear theory. Neglecting the first term of (2) makes the equation parabolic 
and is equivalent to disregarding one of the characteristics and requiring 
disturbances to be propagated downstream with infinite speed. There are 
numerical advantages to doing this. Couston & Angelini (1978) and 
Houwink & van der Vooren (1979) have shown that marked improve- 
ments are obtained at larger values of k when terms of order k are retained 
in the transport of shed vorticity, the boundary condition (3), and the 
pressure coefficient. 

In the strict limit k = 0{So\ that is, for low reduced frequencies, a fully 
nonlinear theory applies and the conservation of mass takes the form 

- {k/do)Mi (/>.« -f { ( 1 - MD/So - {y + l)Mi </>,} + (f>yy = 0, (4) 

a result first given by Lin, Reissner & Tsien (1948). The corresponding 
'‘shock” jump relations are 
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i4>^r ( - l4^-(r+ midi<t>.r + = 0, 

(£)^=-M/W 
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Figure 15 Instantaneous pressure distributions on the upper surface, showing type-B shock 
motion, calculated using the Euler and the small-disturbance equations. 
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with <px the average value of <f)x, and the jump in (f>x, across the 
discontinuity. 

Explicit procedures for the solution of (5) are unstable unless the time 
step is much smaller than that required to resolve low-frequency motions. 
A fully implicit alternating-direction algorithm with a time-step limitation 
consistent with that required for accuracy has been developed by Ballhaus 
& Steger (1975). The far-field boundary conditions used are mean steady- 
state values on all but the downstream boundary where <f>x = 0. This 

NACA 64A006 AIRFOIL 




Figure 16 Unsteady lift coefficients for a pitching airfoil showing the effect of reduced 
frequency. 
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algorithm resolves shock waves and their motion well, provided the flow 
changes from supersonic to subsonic across the shock. Using this al- 
gorithm Ballhaus & Goorjian (1977) were able to reproduce observed 
features of experimental studies. To illustrate this, Figure 15 gives the time 
history of pressure distributions, which reveal a Type B shock -wave 
motion. Another interesting feature, shown in Figure 15, is that good 
agreement with results obtained with the Euler equations can be achieved. 
This is accomplished by introducing arbitrary powers of the Mach 
number into the equations and boundary conditions to “tune” the results 
to provide this agreement. 

As another example of small-disturbance theory, Figure 16 shows the 
two components of the lift coeflficient for a pitching airfoil as a function 
of reduced frequency. These computations, by Houwink & van der Vooren 
(1979), include wake vorticity transport in the Ballhaus-Steger algorithm. 
They agree reasonably well with the linear theory that applies for 
k = 0(1), but which also retains the (f>tt term. Figure 16 clearly shows 
that results for the airfoil with thickness and incidence approach the 
results for the infinitely thin plate as the frequency increases. Calculations 
of this type may be useful to determine, for a given airfoil, the frequency 
range within which a transonic computation method should be applied. 

T ime- Linearization 

The small-disturbance equation (2) can be linearized by assuming the 
unsteady flow field to be a small perturbation superimposed upon a 
given mean steady flow field, or, in other words, 

<j){x, t) = (poi-X, y) + {SlS)${x, y, t) + o(S/S) 
where 

S/s = 0(1). 

The linearized version of (5) must be retained to account for shock motion. 
The steady flow field may be defined either by experimental or numerical 
means, providing an accurate description of the shock wave’s geometry 
and strength. Because of the ease of the practical implementation in 
aeroelastic computations, time-linearization is attractive for the flutter 
specialists. Their main interests are the magnitude and phase of the lift and 
moment perturbations for the relevant modes of motion. Since the un- 
steady loads are supposed to be linear, they can be solved in two ways, 
namely, in the frequency domain or in the time domain. In the frequency 
domain a steady equation with the frequency as parameter has to be 
solved for each frequency of interest. In the time domain the time history 
of the aerodynamic response to a step input (indicial response) has to be 
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calculated. The results for a harmonic motion of the required frequencies 
then can be obtained by linear superposition, using Duhamel’s integral. 
Solutions in the time domain have been obtained by Beam & Warming 
(1974), who considered small unsteady disturbances to a basic steady 
state defined by the Euler equations. The results compare favorably with 
the linear results obtainable from the theory of Heaslet, Lomax & Spreiter 
(1948). Noting the advantage of the indicial approach, Beam & Warming 
further observe that a ramp change (i.e. linear growth for an appropriate 
time) can be used in place of a step change, avoiding some difficulties 
in the numerical computations. 

Ballhaus & Goorjian (1978) have used the nonlinear algorithm of 
Ballhaus & Steger (LTRAN2) to calculate indicial responses. They must 
use an amplitude that is small enough to produce linear results and yet 
large enough for the response to be computed correctly, a minor difficulty 
that is avoided by a strict time-linearization. Fung, Yu & Seebass (1978) 
have given a time-linearized version of the LTRAN2 algorithm that 
includes explicitly the effects of shock-wave motion through the time- 
linearized analog of (5). Steady-state shock jumps are obtained from 
another modification of Ballhaus’ algorithm that uses shock fitting (Yu, 
Seebass & Ballhaus 1978). A detailed comparison of nonlinear and time- 
linearized calculations (Seebass, Yu & Fung 1978) verifies that the latter 
is accurate when ZjS is glO'^ If shock -wave motion is not included, 
the lift and moment variations are incorrect. It also appears that most 
indicial responses are approximately exponential for the frequency range 
of most interest and behave as exp ( — t/r), where t is usually large, say 15. 
This implies that the amplitude of any response is the asymptotic change 
times [1 -I-(2/ct)^]"‘^, while the phase angle is 2A:t[ 1 -l-(2kT)^]“^. This 
behavior is consistent with the experimental observation noted earlier, 
viz,, that the amplitude of shock-wave excursions is proportional io 
for moderate reduced frequencies, and the phase shift is proportional to 
k for low reduced frequencies (K.-Y. Fung, private communication). 

Time-linearized algorithms for the frequency domain have been de- 
veloped by Ehlers ( 1974), with subsequent studies by Weather ill, Sebastian 
& Ehlers (1977, 1978), by Traci, Farr & Albano (1975), and by Fritz (1978), 
They solve for $ using a relaxation procedure. Computations in the 
frequency domain have, an inherent limitation on /cM*/(l-M^) that 
depends on the mesh size. This is a consequence of the generation of 
standing- wave solutions, which Weatherill, Sebastian & Ehlers (1978) 
have unsuccessfully tried to eliminate by various means. This restriction 
is a serious one. More importantly, none of these studies allows for shock- 
wave motion, although in principle the procedure of Fung, Yu & Seebass 
(1978) can be carried over to the frequency domain. 
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To conclude this section on theoretical methods, a few words have to be 
said on the integral-equation method, since this type of approach has 
been highly successful for unsteady flow problems governed by linear 
equations. Such methods were probably the first to provide results for 
transonic flows with shock waves. The integral method is more suited 
for the time-linearized equations and, as described by Nixon (1978) for the 
low-frequency small-disturbance equation, shock-wave motions can be 
included. A disadvantage is that time-linearized calculations require an 
effective definition of the steady-state solution. Because finite-difference 
type time-accurate methods are frequently competitive with other methods 
of finding the required steady-state solution, one most probably will select 
a time-accurate procedure to determine the steady-state solution. How- 
ever, in that case it is more convenient to continue the study of the 
unsteady response with the same method, instead of switching over to the 
integral-method approach. 

Before the recent advances in computational methods, local lineariza- 
tion proved to be a useful but limited tool (for a review see Spreiter & 
Stahara 1975; for some recent results see Dowell 1977). Better tools, 
namely finite-difference algorithms, are now available. 


Remarks on the Kutta Condition 


With the approximation of inviscid flow, we must impose a Kutta con- 
dition at the trailing edge in order to obtain a unique solution. The 
imposition of the Kutta condition in the form of continuity of the pressure 
at the trailing edge requires that neither the average velocity nor the jump 
in velocity be zero if the circulation is to change with time. Consequently, 
in the strict inviscid limit the flow must follow either the upper or the 
lower surface of the airfoil at the trailing edge. Which surface it follows 
depends upon the past history of the motion. More specifically, the rate of 
change of circulation, T (measured counterclockwise), is given by 


It 





iQu + (jl) 
2 


iqu-qi). 


( 6 ) 


where the right-hand side is to be evaluated at the trailing edge and the 
velocities are those sketched in Figure 17a. 

Though this view is satisfactory from a computational standpoint, it is 
rather too narrow. The Kutta condition is an idealization of the behavior 
for infinite Reynolds numbers. The correct picture is given by Sears (1976), 
who notes that for viscous flow, Equation (6) applies provided u and / are 
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Figure 17 Flow patterns at the trailing edge for inviscid and viscous unsteady flow. 

the instantaneous locations of the upper and lower points of boundary- 
layer separation adjusted for their motion, as shown in Figure Mb. Un- 
steady computations using the Euler equations normally impose some 
requirement equivalent to the (steady) Kutta condition, e.g. that the flow 
leaving the trailing edge bisect the trailing-edge angle. While this is in- 
consistent with results given above (Basu & Hancock 1978), the error 
involved in doing so is usually inconsequential, nor are time lags of 
consequence at the frequencies of interest here (see, for example, 
McCroskey 1977). 

Viscous Flows 

Viscosity determines, through the Kutta condition and the presence of 
a boundary layer and a wake, the basic structure of the flow past airfoils. 
The important parameter here is the Reynolds number, which has a 
significant influence on the thickness of the boundary layer, on the location 
of transition and separation points, and on the way in which the boundary 
layer interacts with a shock wave. A relatively simple method to determine 
the viscous flow past airfoils is the use of a combination of an algorithm 
to compute the inviscid flow field with an algorithm to compute the 
boundary layer. For steady, attached flows such methods are available: 
first, the inviscid flow field is determined; next the boundary layer is 
computed and the displacement thickness of the boundary layer is added 
to the airfoil contour. For this new airfoil the inviscid flow field is calcu- 
lated again, followed by a new calculation of the boundary layer and so 
on. An illustration of a result obtained in this way with the method of 
Bauer et al (1975) is given in Figure 18. This figure reveals that both the 
steady and the associated quasi-steady pressure distributions are signifi- 
cantly altered by the presence of the boundary layer and that a consider- 
ably improved agreement with experiment is obtained. For quasi-steady 
flow (Figure 18b) the effect of the boundary layer is even of the same order 
of magnitude as the effect of wing thickness. This indicates that reliable 
predictions of the unsteady airloads on actual airfoils can be obtained 




2 1 6 TIJDEM AN & SEEBASS 


only if the boundary layer is included. Provided the flow remains un- 
separated, computations as shown here for quasi-steady flow are satis- 
factory also for unsteady flow, as was demonstrated recently by Grenon, 
Desoper & Sides (1979). Computations for steady flow that model viscous 
effects at the trailing edge and the shock-boundary-layer interaction have 
been reported by Melnik, Chow & Mead (1977) ; they achieve good agree- 
ment with experimental measurements. To take the shock-wave- 
boundary-layer interaction into account the unsteady methods are still 
limited to the simple ad hoc procedure devised by Magnus & Yoshihara 
(1976). They incorporate, in a quasi-steady manner, a wedge-nosed dis- 
placement ramp at the foot of the shock wave, providing a qualitative 
improvement in inviscid results. 

There is much yet to be learned about both the steady and unsteady 
coupling of the boundary layer with the inviscid flow. The main problem 
areas are the modeling of the interaction between shock waves and 
boundary layers (Melnik, Chow & Mead 1977 have made considerable 
progress in this respect) and the accurate treatment of the flow past the 
trailing edge. Further, a better physical understanding of turbulence is 
essential if the more complex models are to provide acceptable results 
for modeling separated flows. 

The equations that govern the complete viscous flow are the Navier- 
Stokes equations for a compressible medium. Questions regarding the 
existence and uniqueness of the solutions to these equations, even when 
the medium is incompressible, are generally unanswered. From an en- 
gineering point of view, flows of practical interest have turbulent boundary 
layers, and the Reynolds-averaged form of the Navier-Stokes equations, 
in conjunction with suitable turbulence models, is an appropriate and 
necessary basic approximation. The main difficulties that arise are in 
determining the adequacy of turbulence models, delineating their ability 
to produce reliable results over a range of conditions, and providing 
the central processing time needed, and storage required, to effect a 
numerical solution of the equations. Comprehensive reviews of such 
calculations may be found in Peyret & Viviand (1975) and MacCormack 
& Lomax (1979). 

Algorithmic advances for the Reynolds-averaged Navier-Stokes equa- 
tions have recently improved computational efficiency by more than an 
order of magnitude. One marked improvement was the time-split method 
due to MacCormack (1976) that separates the equations into a hyperbolic 
part, which is treated explicitly with a local characteristic method, and 
a parabolic part, which is solved by an implicit method. The efficiency 
of this algorithm is sufficient to allow complex three-dimensional flows 
to be calculated (Hung & MacCormack 1978). Beam & Warming (1978) 
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have extended an earlier algorithm for the Euler equations to the 
Reynolds-averaged equations, and Steger (1978) has implemented this 
algorithm with unsteady grid generation and the '‘thin-layer” version of 
these equations. The “thin-layer” approximation is essentially the 
boundary-layer approximation, except that the normal momentum equa- 
tion is retained, obviating difficulties in matching viscous and inviscid 
calculations (see Baldwin & Lomax 1978). 

In the framework of the Reynolds-averaged Navier-Stokes equations, 
Seegmiller, Marvin & Levy (1978) studied the flow past an 18% thick 
circular-arc airfoil in a channel at Mach numbers of 0.76 and 0.79 for a 
Reynolds number based on a chord of 10^. This study is part of a con- 
tinuing investigation to determine the adequacy of numerical algorithms. 
They use the time-split algorithm of MacCormack. Separate turbulence 
models are used for the boundary layer ahead of the shock, the separation 
bubble following the shock, the wake of the separation bubble, and the 
outer boundary layer and wake. Each is modeled with a simple scalar 
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CHORDS TRAVELED 

Figure 19 Computed Mach contours for flow past an 18% thick circular-arc airfoil at 
Mqc = 0.754, Re = 10"', from Levy (1978). 

in 
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eddy diffusivity. This numerical simulation yielded an unsteady solution 
when the Mach number was 0.76, but a steady solution was found again 
when the Mach number was increased to 0.79. This unsteady motion, 
an alternate fore-aft motion of the shock wave with shock-induced 
separation on each side of the airfoil, was also observed experimentally 
over a narrow range of Mach numbers for the Reynolds number used 
in the calculations. The numerical results reproduce well (within 20%) 
the frequency of this oscillation at the lower Mach number. Figure 19, 
from Levy (1978), depicts the Mach contours exhibiting this behavior 
for a free-stream Mach number of 0.754. Velocity profiles at various 
chordwise stations were found to be in qualitative agreement with those 
measured. The main difficulties encountered in this numerical simulation 
were the inadequacy of the turbulence modeling near the trailing edge 
and a tendency of the numerical algorithm to capture strong (supersonic 
to subsonic) shocks where weak (supersonic to supersonic) shocks were 
observed. The time to carry out a cycle of the unsteady computation on a 
CDC 7600 was 1.8 hours. 

In an exploratory study, using the '"thin-layer” algorithm mentioned 
above, Steger & Bailey (1979) simulated the aileron buzz observed in 
flight tests of the P-80 and subsequently documented in the Ames 16-foot 
wind tunnel. These coupled aeroelastic computations were able to re- 
produce the Mach number of the observed onset of buzz at two angles of 
attack. This result, and that discussed above, demonstrate that con- 
temporary algorithms and computer hardware are able to simulate 
complex flow phenomena. 

CONCLUDING REMARKS 

During the past five years sufficient experimental observations and 
measurements have been made to provide a good understanding of the 
transonic flow past oscillating airfoils. Furthermore, recent studies have 
provided results essential for the design of transonic aircraft. The main 
limitations of these experiments are their failure, for the most part, to 
duplicate full-scale Reynolds numbers and an inability to duplicate free- 
flight conditions due to wind tunnel wall interference. Experimental 
studies, both in progress and planned for the future, will be more nearly 
at full-scale Reynolds number, and eventually these Reynolds numbers 
will be obtained with minimum wall interference in new facilities now 
under development. 

Paralleling this progress has been a rapid development of reliable, and 
in the small-perturbation approximation, efficient numerical algorithms 
for the computation of inviscid flows. Numerical results from these 
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methods are in qualitative agreement with the experimental observations, 
with the main discrepancies in quantitative prediction as a consequence of 
the inviscid approximation. For steady flows coupled inviscid-boundary- 
layer calculations of unseparated flows obtain quantitative agreement 
with experimental measurements. We can expect this to be true for 
unsteady flows in the near future. The numerical simulation of unsteady 
separated flows is demonstrably possible, but the two orders of magnitude 
improvement in computer speed that is projected for a sp^ecial-purpose 
aerodynamic computer will be essential for this simulation to have 
practical consequences. 

It is the authors’ opinion that the satisfactory prediction of unsteady 
airloads for aeroelastic applications is within reach. This can be accom- 
plished by “tuning” inviscid boundary conditions to model an experi- 
mentally determined steady flow and then computing its unsteady 
response using an inviscid small-perturbation algorithm. Thus, the time 
is ripe to start with the incorporation of the new methods in aeroelastic 
practice as recently demonstrated by Ashley (1979). Of course, the use of 
two-dimensional methods is justified only for large aspect-ratio wings. 
To treat the low aspect-ratio configuration the next, and not difficult, 
step has to be made, namely, the development of prediction methods for 
three-dimensional flows. 


Literature C ited 

Ashley, H. 1979. On the role of shocks in 
the “sub-transonic” flutter phenomenon. 
AIAA Pap. 79-0765 

Baldwin, B. S., Lomax, H. 1978. Thin layer 
approximation and algebraic model for 
separated turbulent flows. AIAA Pap. 
78-257 

Ballhaus, W. F. 1978. Some recent progress 
in transonic flow computations. Numerical 
Methods in Fluid Dynamics^ ed. H. J. 
Wirz, J. J. Smoldercn, pp. 155-235. New 
York: McGraw-Hill 

Ballhaus, W. F., Goorjian, P. M. 1977. 
Implicit finite-difference computations of 
unsteady transonic flows about airfoils. 
AIAAJ. 15:1728-35 

Ballhaus, W. F., Goorjian, P. M. 1978. Com- 
putation of unsteady transonic flows by 
the indicia! method. AIAA J. 16: 117-24 

Ballhaus, W. F., Steger, J. L. 1975. Implicit 
approximate-factorization schemes for 
the low-frequency transonic equation, 
NASA Tech. Memo X -7 3,082 

Basu, B. C., Hancock, G. J. 1978. The un- 
steady motion of a two-dimensional aero- 
foil in incompressible inviscid flow. J. 
Fluid Mech. 87:159-78 

Bauer, F., Garabedian, P., Korn, D., 


Jameson, A. 1975. Supercritical wing 
sections II. Lect. Not. Eton. Math. Syst. 
No. 108. Berlin: Springer 

Beam, R. M., Ballhaus, W.F. 1975. Numerical 
integration of the small-disturbance 
potential and Euler equations for unsteady 
transonic flow. NASA SP-347, Part II, 
pp. 789-809 

Beam, R.M., Warming, R.F. 1974. Numerical 
calculations of two-dimensional, unsteady 
transonic flows with circulation. N ASA 
Tech. Note D-7605 

Beam, R. M., Warming, R. F. 1976. An 
implicit finite-difference algorithm for 
hyperbolic systems in conservation-law' 
form. J. Comput. Phys. 22 : 87-1 10 

Beam, R. M., Warming, R. F. 1978. An 
implicit factored scheme for the compres- 
sible Navier-Stokes equations. AIAA J. 
16:393-402 

Bergh, H. 1965. A new' method for measuring 
the pressure distribution on harmonically 
oscillating wings. Proc. 4th IC AS- 
Congress. Paris. 1964. ed. R. Dexter. 
London: MacMillan. See also NLR 
MP.224. 1964 

Bergh, H., Tijdeman, H., Zwaan, R. J. 1970. 
High subsonic and transonic effects on 



220 TIJDEMAN & SEEBASS 


pressure distributions measured for a 
swept wing with oscillating control sur- 
face. Z. Flugwiss. 18(9/101:339-46 
Chipman, R., Jameson, A. 1979. Fully con- 
servative numerical solutions for unsteady 
irrotational transonic flow about airfoils. 
AIAA Pap. 79^1555 

Couston, M-, Angelini, J. J. 1978. Solution 
of nonsteady two-dimensional transonic 
small disturbances potential flow equa- 
tion. In Nousteady Fluid Dynamics: Proc. 
AS ME Winter Annual Mtg., Dec. 10-15, 
1978, San Francisco, pp. 235-44. See also 
ONERA TP-No. 1978-69 
Davis, J. A. 1979. Unsteady pressures on an 
NACA 64A410 airfoil: experimental and 
theoretical results. AIAA Pap. 79-0330 
Davis. S., Malcolm, G. 1979. Experiments 
in unsteady transonic flow. AIAA Pap. 
79-0769 

Dowell, E. H. 1977. A simplified theory of 
oscillating airfoils in transonic flow: 
Review and extension. Proc. AIAA 
Dynamics Specialist Conf., San Diego, 
1977, pp. 209-24 

Ehlers, F. E. 1974. A finite difference method 
for the solution of the transonic flow 
around harmonically oscillating wings. 
NASA Contract Rep. 2257 
Erickson, A. L., Robinson, R. C. 1948. Some 
preliminary results in the determination of 
aerodynamic derivatives of control sur- 
faces in the transonic speed range by 
means of a flush type electrical pressure 
cell. NACA RM A8H03 
Erickson. A. L., Stephenson, J. D. 1947. A 
suggested method of analyzing for tran- 
sonic flutter of control surfaces based on 
available experimental evidence. NACA 
RM A7F30 

Finke, K. 1975. Shock oscillations in tran- 
sonic flows and their prevention. Symp. 
Transsonicum //, ed. K. Oswatitsch, D. 
Rues, pp. 57-65. Berlin: Springer 
Fritz, W. 1978. Transsonische Stromung um 
harmonisch schwingende Profile. Dornier 
GMBH Rep. 78/16 B 

Fung. K-Y., Yu, N. J., Seebass, R. 1978. Small 
unsteadv perturbations in transonic flows. 
AIAAJ. 16:815-22 

Grenon, R., Desoper, A., Sides, J. 1979. 
Effets instationnaires d’une gouverne en 
ecoulement bidimensionnel subsonique et 
transsonique. AGARD CP-262^ 

Grenon, R.. Thers, J. 1977. Etude d’un 
profil supercritique avec gouverne oscil- 
lante en ecoulement subsonique et 
transsonique. AGARD CP-227 
Heaslet, M. A., Lomax, H., Spreiter, J. R. 
1 948. Linearized compressible-flow theory 
for sonic flight speeds. NACA Rep. 956 
Houwink, R., van der Vooren, J, 1979. 


Results of an improved version of 
LTRAN-2 for computing unsteady air- 
loads on airfoils oscillating in transonic 
flow, AIAA Pap. 79-1553 
Hung, C. M., MacCormack, R. W. 1978. 
Numerical solution of three-dimensional 
shock wave and turbulent boundary-layer 
interaction. AIAA J. 16: 1090^96 
Isogai, K. 1977. Calculation of unsteady 
transonic flow over oscillating airfoils 
using the full potential equation. Proc. 
AIAA Dynamics Specialist Conf., San 
Diego, 1977 

Isogai, K. 1978. Numerical study of tran- 
sonic flow over oscillating airfoils using 
the full potential equation. NASA Tech. 
Pap. 1120 

Jameson, A. 1974. Iterative solution of tran- 
sonic flows over airfoils and wings, in- 
cluding flows at Mach 1. Comm. Pure 
Appl. Math. 27:283-309 
Jameson, A. 1978. Transonic flow calcula- 
tions. In Numerical Methods in Fluid 
Dynamics, ed. H. J. Wirz, J, J. Smolderen, 
pp. 1-87. New York: McGraw-Hill 
Lambourne, N. C, 1958. Some instabilities 
arising from the interaction between 
shock waves and boundary layers. 
AGARD Rep. 182 

Landahl, M. T. 1961. Unsteady Transonic 
Flow. New York/London: Pergamon 
Landahl, M. T. 1976. Some developments 
in unsteady transonic flow research. 
Symp. Transsonicum II, ed. K. Oswatitsch, 
D. Rues. Berlin: Springer 
Laval, P 1975. Calcul de lecoulement 
instationnaire transsonique aulour d un 
profil oscillant par une methode a pas 
fractionnaires. ONERA TP No. 1975-115 
Leadbetter, S. A., Clevenson, S. A., Igoe, 
W. B. 1960. Experimental investigation of 
oscillatory aerodynamic forces, moments 
and pressures acting on a tapered wing 
oscillating in pitch at Mach numbers from 
0.40 to 1.07. NASA TN-D1236 
Lerat, A., Sides, J. 1977. Calcul numerique 
d’ecoulements transsoniques instation- 
naires. AGARD Spec. Mtg. on Unsteady 
Airloads in Separated and Transonic Flow, 
Lisbon, April 1977. See also ONER. 4 TP 
No. 1977-19E 

Lessing, H. C., Troutman, J. L., Meness, 
G. P. 1960. Experimental determination 
of the pressure distribution on a rect- 
angular wing oscillating in the first bend- 
ing mode for Mach numbers from 0.24 
to 1.30. NASA TN-D344 
Levy, L. L., Jr. 1978. Experimental and 
computational steady and unsteady tran- 
sonic flows about a thick airfoil. AIAA J. 
16:564-72 

Lin, C. C., Reissner, E., Tsien, H, S. 1948. 





TRANSONIC FLOW PAST OSCILLATING AIRFOILS 221 


On two-dimensional non-steady motion 
of a slender body in a compressible fluid. 
J. Math. Phys. 3:220-31 

MacCormack, R. W. 1976. An efficient 
numerical method for solving the time- 
dependent compressible Navier-Stokes 
equations at high Reynolds number. 
NASA Tech. Memo X-73, 129 

MacCormack, R. W., Lomax, H. 1979. 
Numerical solution of compressible 
viscous flows. Ann. Rev. Fluid Mech. 11: 
289-316 

McCroskey, W. J. 1977, Some current 
research in unsteady fluid dynamics. 
Trans. ASME, March 1977, J. Fluids Eng., 
pp. 8-39 

McDevitt, J. B. 1979. Supercritical flow 
about a thick circular-arc airfoil. NASA 
Tech. Memo 78549 

Magnus, R. J. 1977a. Computational re- 
search on inviscid, unsteady, transonic 
flow over airfoils. ONR CASD/LVP 
77-010. 68 pp. 

Magnus, R. J. 1977b. Calculations of some 
unsteady transonic flows about the 
NACA 64A006 and 64A010 airfoils. 
AFFDL Tech. Rep. 77-46 

Magnus, R. J. 1978. Some numerical solu- 
tions of inviscid, unsteady, transonic flows 
over the NLR 7301 airfoil. ONR CASD/ 
LVP. 37 pp. 

Magnus, R, J-, Yoshihara, H. 1975. Un- 
steady transonic flows over an airfoil. 
/17A/U. 13:1622-28 

Magnus, R. J., Yoshihara, H. 1976. Calcula- 
tion of the transonic oscillating flap with 
“viscous” displacement effects. AlAA Pap. 

76- 327 

Magnus, R. J-, Yoshihara, H. 1977. The 
transonicoscillatingflap. AGARD-C P-226 

Melnik, R. E., Chow, R., Mead, H. R. 1977. 
Theory of viscous transonic flow over air- 
foils at high Reynolds number. AIAA Pap. 

77- 680 

Nakamura, Y. 1968. Some contributions on 
a control surface buzz at high subsonic 
speeds. J. Aircraft 5 : 1 18-25 

Nixon, D. 1978. Calculation of unsteady 
transonic flows using the integral equation 
method. AIAAJ. 16:976-83 

Peyret, R., Viviand, H. 1975. Computation 
of viscous compressible flows based on the 
Navier-Stokes equations. AGARDograph 
No. 212 

Schippers, P. 1978. Results of unsteady 
pressure measurements on the NLR 7301 
airfoil with oscillating control surface. 
NLR TR 78124 C 

Sears, W. R. 1976. Unsteady motion of air- 
foils with boundary layer separation. 
AIAAJ. 14:216-20 

Seebass, A. R., Yu, N. J., Fung, K-Y, 1978. 


Unsteady transonic flow' computations. 
AGARD-CP-227 

Seegmiller, H. L., Marvin, J. G., Levy, L. L. 
Jr. 1978. Steady and unsteady transonic 
flow. AIAA J. 16: 1262-70 
Spreiter, J. R., Stahara, S. S. 1975. Unsteady 
transonic aerodynamics— An aeronautics 
challenge. Proc. Unsteady Aerodynamics 
Symp., Univ. of Arizona, Vol. II, pp. 553- 
82 

Steger, J. L. 1978. Implicit finite-difference 
simulation of flow about arbitrary two- 
dimensional geometries. AIAAJ. 16:679- 
86 

Steger, J. L., Bailey, H. E. 1979. Calculation 
of transonic aileron buzz. AIAA Pap. 79- 
0134 

Tijdeman, H. 1976. High subsonic and 
transonic effects in unsteady aero- 
dynamics. Part of AGARD Rep. 636 : see 
also On the motion of shock waves on 
an airfoil with oscillating flap. Symp. 
Transsonicum //, ed. K. Oswaiitsch. D. 
Rues, pp. 43-56. Berlin: Springer 
Tijdeman, H. 1977. Investigations of the 
Transonic Flow Around Oscillating Air- 
foils. Doctoral thesis. Technische Hoge- 
school Delft, The Netherlands. 148 pp. 
Tijdeman, H., Bergh, H. 1967. Analysis of 
pressure distributions measured on a wing 
with oscillating control surface in two- 
dimensional high subsonic and transonic 
flow. NLR-TR F.253 

Tijdeman, H.. Schippers, P. 1973. Results 
of pressure measurements on an airfoil 
with oscillating flap in two-dimensional 
high subsonic and transonic flow (zero 
incidence and zero mean flap position). 
NLR TR 73078 U 

Traci, R. M., Farr, J. L., Albano, E. 1975. 
Perturbation method for transonic flows 
about oscillating airfoils. AIAA Pap. 75- 
877 

Triebstein, H. 1969. Instationare Diuck- 
verteilungsmessungen an einem schwing- 
enden Tragfliigel im subsonischen und 
transsonischen Geschwindigkeitsbereich. 
DLR FB 69-49 

Triebstein, H. 1972. Instationare Druck- 
verteilungsmessungen an einem har- 
monisch schwingenden Flugelmodell in 
drei-dimensionaler, kompressibler Strom- 
ung. Z. Flugwiss. 21(1 1): 400-12 ; see 
also DLR FB 72-55 

van der Vooren, J., Slooff, J. W. 1973. On 
inviscid isentropic flow models used for 
finite difference calculations of two- 
dimensional transonic flows with em- 
bedded shocks about airfoils. NLR MP 
73024 V 

Warming, R. F,, Kutler, P., Lomax, H. 1973. 
Second- and third-order noncentered 



222 TIJDEMAN & SEEBASS 


difference schemes for nonlinear hyper- 
bolic equations. AIAAJ. 2:189-96 

Weatherill, W. H., Sebastian, J. D., Ehlers, 
F. E. 1977. Application of a finite dif- 
ference method to the analysis of transonic 
flow over oscillating airfoils and wings. 
AGARD-CP-226 

Weatherill, W. H., Sebastian, J. D., Ehlers, 
F. E. 1978. The practical application of a’ 
finite difference method for analyzing 
transonic flow over oscillating airfoils and 
wings. NASA Contract Rep, 2933 


Wyss, J. A., Sorenson, R. M. 1951. An in- 
vestigation of the control surface flutter 
derivatives of an NACA 65-213 airfoil in 
the Ames 16-foot high speed wind tunnel. 
NACA RM A5U10 

Yu, N. J., Seebass, A. R., Ballhaus, W. F. 
1 978. Implicit shock-fitting scheme for un- 
steady transonic flow computations. 
AlAAJ. 16:673-78 

Zierep, J. 1966. Theorie der Schallnahen 
und der Hyperschallstromungen. Karls- 
ruhe; G. Braun 



J. Fluid MecK (1979), vol. 95, part 2, pp. 223-240 
Printed in Great Britain 


223 


Lifting three-dimensional wings in transonic flow 

- By M. S. CRAMER 

Department of Engineering Science and Mechanics, Virginia Polytechnic 
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4 . (Received 5 September 1978) 

The far field of a lifting three-dimensional wing in transonic flow is analysed. The 
boundary-value problem governing the flow far from the \ving is derived by the 
method of matched asymptotic expansions. The main result is to show that corrections 
which are second order in the near field make a first-order contribution to the far field. 
The present study corrects and simplifies the work of Cheng & Hafez (li>75) and 
Barnwell (1975). 

1. Introduction 

This paper is concerned with the transonic flow over thin lifting wings. In particular, 
the flow far from the wing is discussed. A number of authors have studied the transonic 
flow far from wings and bodies. One of the most important contributions to our 
understanding of these flows is the transonic area rule. This area rule (see, e.g. 
Oswatitsch 1952) states that the transonic flow far from a wing-body combination 
is the same as that produced by an equivalent body of revolution having the same 
axial distribution of cross-sectional area. This rule has been established for slender 
bodies by Oswatitsch (1952) and Cole & Messiter (1957). Spreiter & Stahara (1971) 
extended this to non-slender wings, i.e. wings having an aspect ratio of order one. 
Ashley & Landahl (1965) also extended the theory to include wings at an angle of 
attack comparable to their thickness. Generally, the area rule is deduced by deriving 
the boundary-value problem governing the flow far from the wing or body; this 
boundary-value problem is seen to be identical to that for a slender body of 
revolution, provided that the stream wise rate of change of cross-sectional area is 
the same for both. 

Hayes (1954) has pointed out that the transonic area rule fails when the volume of 
the wing is sufficiently small. Cheng & Hafez (1972, 1973, 1975) and Barnwell (1973, 
1975) have studied the effect of lift on the transonic area rule. The study presented 
here treats the case of a lifting wing with no thickness. With this simple case it is 
easy to illustrate the basic theory and the main effect of lift on the far field. The 
boundary-value problem governing the flow far from the wing is obtained through 
a straightforward application of the method of matched asymptotic expansions. 

Our main interest here is in the basic theory of lifting wings in transonic flow; for 
a more complete discussion of the flow from a physical point of view, and of extensions 
to the basic theory, we refer the reader to the references cited above. 

- In §6 we review and discuss the previous investigations of Cheng & Hafez (1975) 
and Barnwell (1975). In most respects our work agrees with the above authors. How- 
ever, there are important differences in our expressions for the boundary condition 

• 0022-1120/79/4336-7770 $02.00 © 1979 Cambridge University Press 



224 


M. 8. Cramer 


u 




Figure 1. Sketch of wing and co-ordinate system, (a) Plan 
view; (b) rear view, r = ( 2 ^ + 2/^)1* 

for the outer flow; the disagreement with the results of Cheng & Hafez is due to 
fundamental differences in the matching. 


2. Mathematical formulation 

The co-ordinate system used is sketched in figure 1 ; the origin is taken at the nose 
of the wing, the x axis is aligned with the undisturbed uniform flow, and the z axis is 
taken as approximately perpendicular to the wing surface. A typical wing has been 
sketched; it has a length I and a span of 2b. The equations defining the wing are 

2 = 2^{x,y;l-,b;a) = adZ 

for ai{x/l) ^y/l <: a^ix/l)] the functions and a, give the leading edges of the wing 
as well as the outer edges of the trailing vortex sheet. The function Z is taken to be 
some sufficiently smooth function of x and y. Because it defines a single surface in 
space, the wing has no thickness. The aspect ratio is taken to be of order one; i.e. b/l 
will be assumed to be of order one. To eliminate unnecessary writing, the independent 
variables x, y and 2 will be scaled by I, otherwise the quantity b/l = 0(1) will appear 
throughout the calculations. For the sake of simplicity Cheng & Hafez (1975) assume 
that Z is such that there are no singularities at the leading edges. In fact, they assume 
that the velocity perturbations are zero at the leading edges and the outer edges of the 
trailing vortex sheet; here we assume this as well. By making this assumption we 
avoid the difficulties associated with leading edge singularities and separation addressed 
by Barnwell (1975). The small parameters of the problem are a, which gives a measure 
of the angle of attack of the wing, and Jl/g- 1, which indicates that the flow is 
transonic; here = U ja^, where U is the speed of the undisturbed uniform flow and 
Oj is the ambient sound speed. 

/'JLH 
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The flow is assumed to be irrotational; a velocity potential <f>* therefore exists and 
the inviscid equations of motion of a perfect gas may be written 

= a*VV*, 

where 

a is the local speed of sound in the gas and the 7 is the ratio of specific heats. The last 
equation is just the Bernoulli equation for steady isentropic flow. The velocity 
potential contains a part due to the uniform stream and a part due to the per- 
turbation of the wing. It will be convenient to work with the equation for the perturba- 
tion potential, <f>, defined by 

= 17a; 

In terms of the equation of motion is 


exactly. The boundary condition on the wing is 

= + + (2) 

on 2 = 3 ^{x,y\l;b;a). As ar^-f-y^ + 2^~>^oo, it is further required that 

In the following sections, solutions to ( 1 ) and (2) are sought which are valid for small 
a and 1. In § 3 the solution valid near the wing is derived; this will be called the 
inner solution. Because the inner solution neglects certain nonlinear terms in (1), it 
fails to give a valid description of the flow at large distances from the wing. An 
approximation to (1) which is valid at large distances from the wing is derived in 
§ 4 . There it is shown that, to lowest order, the flow is governed by the small disturb- 
ance transonic equation ; the region in which this is valid is called the outer region. 
The boundary condition satisfied by the first term of the outer expansion is obtained 
by a matching with the inner solution; this is done in § 5 . There it is seen that every 
term in the inner solution contributes to the boundary condition for the outer problem ; 
the resultant boundary condition for the outer problem will therefore be an infinite 
sum of terms. The outer expansion will be written 


<f) = C/Z/o + o(/o), 

where x and f are just scaled values of x and r (see figure 1 6 ); the function will be 
shown to satisfy 


. 1 . 1 . Ml-\. , ^ \ 

^ ^ = -^ <I>0ix + (r + 1 ) <1>0X 

~ -^+Z)(*) [ln*f“ + cos®w] + c(*)lnf +d(x) + .... 


( 3 ) 


as f 0 , and Oqj -»■ 0 , as f oo. Here the dots indicate terms which are of 
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order fln^f and higher inf. An analogous result has been obtained by Cole & Messiter 
(1957) for the case of a slender axisymmetric body in transonic flow, see, e.g. their 
equation 5.9. Note also that the terms shown in (3) are singular as f ^ 0, whereas the 
unwritten terms vanish in this limit. In §5, it is further assumed that Oq may be 
uniquely determined by a specification of the singularities at the axis; we may there- 
fore truncate the infinite series and write the boundary condition as 

^0 | + &[ln^f + cos2w] + clnf + d 

as f->0. 


3. Inner solution 

In the inner region the velocity potential ^ and the independent variables x, y and 
z may be scaled as follows: 

^ = i/Zq), X y — lyy z = Iz^ 

provided h/l = 0(1); where x, y and 2 are of order one in the inner region. Equations 
(1) and (2) may now be written as 

with 

92^= a[(l-h9i)Zi+9^2^] on 2 = aZ(x,y), (5) 

where all derivatives are now with respect to x, y, 2 . 

Equations (4) and (5) will now be perturbed for small a and 1; the inner 
expansion is written 

= 9^0 9o + 9i 9i + 0{g2)y (6) 

where the gr/s are the as yet undetermined inner gauge functions. When (6) is sub- 
stituted into (4) and (5) and when the coefficients of like powers of a and — 1 are 
equated, there results a set of boundary- value problems, each of which is of the form 

V|iJr = ^(y,z) 

0 *) = fHy)> a^<y ^ 

where = d^fdz^-^d^ldy^; here x only appears as a parameter and its dependence 
has not been explicitly shown. At this point it is useful to review the method of solution 
of (7); this will not only give a simple formula for the solution, but will also clarify 
certain of its features. 

Solutions to (7) are not unique; the operator is elliptic, but boundary values are 
only specified on a slit 2 = 0±, ^ y ^ a 2 - It is easily seen that any two solutions of 

(7) differ by, at most, a harmonic function. In this paper the arbitrary harmonic 
function is determined by matching to the outer solution. We first decompose the 
solution to (7) as follows: 




( 8 ) 


Lifting three-dimensional wings in transonic flow 


227 


where satisfies 
and satisfies 




= on 2 = 0±, Oj < y < Oj. 

In terms of the complex variables ^ = y + w and ^ =y — izy the above equation for 
may be written 

fpii-muy, 

thus rjTj, may be obtained by integrating with respect to ^ and 


where ^ is any harmonic function and is composed of the two arbitrary functions 
of integration. Because the function given, the indefinite integral JJ can 

be calculated explicitly. At this stage, it is convenient, but not necessary, to choose 
the choice of will only affect and not the final result for }Jr, This will be 
chosen such that is some simple known function, say T, e.g. when 0, will 
be taken to be zero as well. We now discuss the harmonic part of the solution 
Because no conditions at infinity are given, jJfjj will be arbitrary; we may always 
rewrite as 

where is defined by 




on 2 = 0±, ai^y<aa, 

and ~ feoinf -f & 1 + ... as r^oo. 

The function may be any function satisfying 

= 0 on 2 = Ot, tti ^ y ^ ag. 

The solution for \Jrh is well known (see, e.g. Ashley & Landahl 1965): 

where and the square brackets indicate the jump in the quantity 

across the slit. Thus, vi'/f is given by 

When this is substituted in (8) and the fact that is used, we have 




( 9 ) 
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Thus, (9) gives the desired solution to (7) in terms of the known functions /±(y) and 
and the unknown harmonic function It is clear from the above results 
that when ^ is not identically zero, the particular solution will induce a source or 
doublet distribution on the slit; this is due to the fact that the second and third terms 
in (9) contain [Tj] and [T*] in their integrands. In the theory presented here the con- 
stant K and the harmonic function 3 ^ff{y,z) may also be functions of x and a. 

We now return to the equations (4) and (5); when (6) is substituted in (4) and (5), 
we find that 


^2 «Po = 0, cpo* = on 2 = 0±, Oj < y < a^, 

provided we choose = a. The solution to this is given by (9), with T = 0: 

Because 9^,^ is continuous across the wing the first integral may be dropped. Further- 
more, the above boundary-value problem is satisfied by functions 9^ which are anti- 
symmetric in 2, i.e. 

9o(2) = -<Po(~2). 

Here we will assume that both and have this symmetry; hence, Kq(z) = 0 and 

1 r®* z 

9o(x,y,2) = — [9o--^ol;;2<^yi+-^- 

In order to obtain higher order terms in the inner expansion, it will be convenient to 
anticipate some of the results of matching to the outer solution. The inner expansion 
of the outer solution is essentially the inner boundary condition for the outer problem; 
this must be matched to the large r expansion of 9^ : 

1 sin fii 

where has not yet been expanded and sinoj —zjf, cos w = yjr. We require that this 
boundary condition contain at least the doublet 


1 sinoj 
27t r 



this will only be possible if, at large = at most. Thus, the matching gives 

the large f behaviour of c>^; therefore satisfies 


= 0, = 0 on z = 0, ^ Og, 


which implies that 


Thus, 


^0 = 0 {f~~^) as 


•^0 = ^ mUy,. 

^ ax '1 


( 10 ) 


This gives 9^ in terms of its jump across the wing and trailing vortex sheet. This 
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jump is not known a priori; (10) leads to an integral equation for [9 q]. Because the 
primary concern here is the flow far from the wing, it will be assumed that this integral 
equation has been solved and that [9^] is known everywhere on the wing and in the 
trailing vortex sheet. 

For the purposes of matching, the large r behaviour of 9^ is of interest; this is 


where 



( 11 ) 


This is immediately recognized as the potential due to a line doublet. 

We now^ discuss the solution for 91. Substitution of the inner expansion (6) in (4) 
yields 


'Pvi?+'Pj5 = a* 


_a_ 

dx 


2 


9oi+9ot + <PoJ 


+ ‘^ 9 i 



7+1 

— ^ 9ox 9ix 


il 


+ 9oi> 9ij> + 90S 9il + (r - 1 ) 9oi! 9i + (■‘’*^0 “ 1 ) “9oix 



y— 1 

9ox 9oxx + — 5 - 9oix( 9oj + 9®) + 9oi 9oii + 9os 9ok 


^ 9 ov 9 ©^^ "h 2 9 q ^ 9 q 5 90^5 “h ^ 9 ov 9 o 2 9 ov?| 

+ 0[(.¥?-l)a^ {Ml-l)g,]+o(cc\ag,), (12) 


where use has been made of the fact that 9 q = 0 and that = a. In a similar manner 

the boundary condition ( 5 ) may be expanded to yield 


9j = “■Zx - cc^{Zi 9ox + (29o&)i>} + a<7i{^x 9ix + 9x5 ~ ■^915?} 

+ a^jzZ^ 9 o,f; + (y 9 o 5 x) ,| + «! 7 i)> (^ 3 ) 

at 2 = 0. Here the usual Ta\dor series’ expansions have been used to transfer the 
boundary condition from the wing surface to the 2 = 0 plane. In order to save space, 
the left-hand sides of both equations ( 12 ) and ( 13 ) have been left in terms of the 
exact potential 9; these of course, must be expanded in (6) when the actual calculations 
are performed. 

At this stage, it is necessary to discuss the size of the {Ml — 1 ) term appearing 
in (12). In many theories of transonic aerodynamics, the matching of the near- and 
far-field solutions establishes a relationship between Ml — 1 and the thickness or angle 
of attack of the wing or body. If, in the present case, we were to make no assumption 
about the size of Ml ~ 1, the matching would show that 

1 = 0 {d% 

where S is the ratio of the inner and outer length scales and is related to the angle of 
attack, a, through the equation 
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In the following, we shall anticipate this result and use it wherever it is convenient; 
the reason for doing this is to keep the discussion of the inner expansion as concrete 
as possible. 

We ma}" now identify and the boundary- value problem for 9 ^; this is 

9i = «p|f + <PoJ+ 9oj] (14) 

with 

915(2/* 9 oi "b (^ 9 ou)u 

for Uiix) ^ a 2 (x) provided we take = a^. In appendix A, the result (9) has been 
used to solve equations (14) for Under the assumptions stated there 9 j may be 
written 

+ 1±1 jxp- _ In dy,} + X{x), 

and the large r expansion of 9 ^ is 

^ f + cos* 6 >) + ^ j , 

where T" and 0 ±;x) are given by equations (A 7) and (A 5) respectively, and 


5'{^) 


dSjx) 

dx 




G'(x) s /(5) = - [“'['Flldy,. 

J d\ •/ cii 

and Cf{x) is an arbitrary function of z\ it may also have a weak, e.g, logarithmic, 
dependence on a. 

Inspection of (A 10 ) shows that 9 ^ contains a source-like term as well as one wdiich 
depends nonlinearly on the lift F\x), Because [ 9 q] + 0 on the trailing vortex sheet, 
G(x) 4 = 0 there; hence, the source has an afterbody associated with it. The results 
obtained here are equivalent to those obtained previously by Cheng & Hafez (1975). 

It is clear from equations ( 11 ) and (A 10 ) that the inner expansion ( 6 ) breaks down 
at large values of r; this is because nonlinear terms in (4) play an important role 
far from the wing. In the next section the nonlinear equation governing the flow far 
from the \ving is derived. 


4. Outer region 

Far from the wing the y and z co-ordinates must be stretched relative to the x 
co-ordinate; thus, w^e define the outer variables p and z by 

^^S{(x)y, z~S(ct)z, 

where S = o(l) as 0 . The outer expansion is written 

9® =/o(a) <I>o(^*P*^) + o(/o). 
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For the sake of simplicity we shall assume that is also a weak function of a or ^(a), 
e.g. logarithmic in S. The results we obtain will be in accord with those found by 
Cheng & Hafez (1975). The advantage of the procedure used here is that we need only 
to discuss a one term outer expansion. Barnwell (1975) has approached the outer 
expansion from a different point of view; he primarily discusses three terms of an outer 
expansion having gauge functions which may be written 

f /o /o 

where the coefficients of these gauge functions are now independent of a. The dots 
indicate the higher-order gauge functions; an inspection of higher-order terms suggests 
that this is an infinite sequence of terms of the general form fj\lnd\^^, where n takes 
on integral values. The relationship between the two approaches is clear; the outer 
expansion of Barnwell results from expanding our 0(,(i, f , o>; In (J) for small d. One can 
show that the results obtained by either approach are equivalent to the apj^ropriate 
order. 

When this scaling and outer expansion are substituted into the exact equation of 
motion (4), this equation becomes 

m - 1 )/o +n + o{s%, (mi - 1 )ufi). 

We now require that the four terms which are shown explicitly balance in the outer 
region; thus 

$ = V/o and Ml-\= 0(f„) = 0(S^), 
and the equation satisfied by Oq is 

(15) 

The outer equation is immediately recognized as the three-dimensional, small disturb- 
ance, transonic equation. The boundary condition for this equation must come from 
a matching with the inner solution; this we carry out in the next section. In addition 
to providing the boundary condition for the outer problem, the matching determines 
the scale factor d explicitly in terms of a. 

S. The matching 

In this section the inner and outer expansions are matched. For the sake of sim- 
plicity, Van Dyke’s (1964) matching principle is used. The more sophisticated tech- 
nique of intermediate expansions gives results identical to the ones presented here. 
The two term inner expansion reads 

9^ = acpo-ha29i-ho(a2), 

where cp^ and have been given explicitly by equations (10) and (A 9), respectively. 
The one term outer expansion is given by 

<p“ =/o4*o(^.P.^) + o(/o). 

where p = S{a)y, t = S{cx,)z and S = o(l). As we have already discussed, we will 
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regard <Pq as depending logarithmically on S; furthermore, we shall take <&o = 0(1) 
as a->0. To match these two expansions, the inner expansion must be cast in the 
outer variables and expanded to order /q. Because f = the large f expansion of 
and will be useful. The resultant expansions are 


.F sin 0 ) ^ 


(?). 




We now introduce 




in order that ^>q = 0( 1 ) as a -> 0, we require that Jf* = 0( 1 ) as a -> 0. Thus, the outer 
expansion of the inner solution reads: 


+ JT* + 


Inf 


y+1 (F'*)' 
2 167T* 


(In*f + cos*w) 


(16) 


Here we have dropped the terms of order ocS^ = a/® which resulted from the expansion 
of 9 j and the terms of order a^S In S and Scx.^ which resulted from the expansion of ifj. 
The first of these is clearly o(/q) and, if we anticipate the result, a* = (J^/llnrfl as 
discussed in § 3, the second set of terms is also seen to be o(/q). 

When the outer solution is written in terms of the inner variables f , w, x we have 


(17) 

thus the boundary condition for the outer problem is applied as f-» 0. The matching 
principle requires that (16) and (17) match as a 0 ; hence 


/o<>o(^.^.w) ~ 


F sinw 

Yn~T 


- + <x.^ 


S' (F'^Y 


Inf 


+ jr* + (In^f + cos^ w)\. (18) 


Fraenkel ( 1 969) has pointed out that terms containing logarithms, viz, the term having 
as a coefficient in (18), should be matched as a single term. With this in mind, we 
see that the appropriate choice for is a^jln^j, which further implies that 

S = (J(a) is given implicitly by 

a^ = Sy\lnS\, (19) 

Thus, the matching requires that, as f -> 0, 


1 F sinw [S' 1 , . 

1 y+l(F’^Y 


According to the analysis presented so far, this is the boundary condition for the 
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outer problem. When the third-, fourth-, and higher-order terms of the inner expansion 
are calculated, they also make a contribution to this boundary condition; in fact, the 
actual boundary condition is an infinite sum of terms. This is to be expected as we 
seek the asymptotic expansion of as rather than its value at f = 0. As an 
example, we could continue the inner expansion (6) to include third- and fourth-order 
terms 

9^ = 9'o9o + ?i 9 i + ?2<P2 + ?3 93 + o(?3) 

where an inspection of equations (12) and (13) shows that - 1 ) a and = a}. 

The procedure of this paper could be applied to these higher-order terms to determine 
their contribution to the boundary condition (20). It may be shown that when qsj 
and q >3 are included in the inner expansion we must add the following quantity to (20) : 

{F'{A’ SB'))’ In^^ + {F'(\B' -A'-^ 

+ B’ In (J))' Inf - {F'B')' cos^ w] -|- * j . 

Here / = — \/S^, A = S'/2n, B = y + l(F'^)’ /32n^ and and.?^^* are harmonic 

functions proportional to f jS. In like mannerwecould also deter mine the contributions 
of higher-order terms ; these contribute terms of even higher order in f . In order to 
simplify the boundary condition for the outer problem, we now make the assumption 
that the outer problem is well-posed provided that the singularities in at f = 0 are 
specified. Because the higher-order terms, i.e. the terms (/,• 9 ,-, i > 2, in the inner expan- 
sion contribute terms which vanish as 0, we may truncate the boundary condition 
to include only those shown in equation (20). Thus, the outer problem may be written 


1 1 — 1 

+ - + ‘&aM + (y+ 1) ‘I’o.f ‘I’oix. 


where, as 0, 


f2 




A X 1 F sinw 


[271 |ln 


<^1 


4- (y -h 1) 


(iP'2)'- 

167t2 


Inr 


|ln(y|'^|ln(yi\ 2 j 167 t2 


r + cos^w), (21) 


and, asf^oo, Oo?, 

Here we recognize the first term as a doublet and the second term as a sourcehaving 
strength (<S'/27r)(l/|ln^|) -[- (y + 1) (-F'^)'/167r2. The first part of the source is due 
to the nature of the second-order velocity perturbations on the wing and the 
part depending nonlinearly on the lift is due to the fact that the flow in the neighbour- 
hood of the wing, i.e. r = 0(1), appears as a source flow when viewed from the far 
field. We note also that in theories of transonic flow not involving lift, the solution 
to the outer problem only depends on l/(y + 1)^^, i e. the similarity parameter 
of the problem. Here the solution also depends on (y+1) and In^; hence, in lift 
dominated flows, no simple similarity rule holds. Furthermore, it is clear that no 
conventional area or equivalence rule applies for the wings treated here. AVe refer 
the reader to Cheng & Hafez (1975) and Cheng (1977) for a further discussion of equi- 
valence rules applied to lifting wings. 
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Throughout this paper we have confined ourselves to wings having zero thickness. 
The effect of a wing’s thickness is easily incorporated and we will now give a brief 
discussion of it. The equation of a wing having thickness can be written 

z = <xZ -^tZ^ 

where the subscript v will always denote functions associated with thickness effects. 
The inner expansion corresponding to (6) would be 

= atp(, + T9„ + a*(})i + ... . 

If we now proceed as we did in § 3, we should find that 

1 r*** 

<p„ = - + 

^Joi 

and, as r->-oo, 
where 

S^ = 2 r*Z^dyi. 

J ai 

When this is cast in terms of the outer variables we have 

where JT* = Jf^.-{Sj27r) ln<y = 0(1). Thus, the thickness would contribute 

r[iSj2n)\nnJi^t] 

to equation (18). Inspection shows that the thickness and lift have an equal effect 
on the outer problem provided t = 0(/q) = 0{S^), where S is related to a by (19). An 
examination of higher-order terms shows that this is the only additional singularity 
generated by the introduction of the thickness; thus, provided t = 0(^^), the thickness 
contributes t/^^[*S^./27t Inr^ + JTJf] to the boundary condition in (21). Generally, when 
r =1= 0(^2(a)), where rf(a) is given by (19), we may neglect either the lift or thickness 
when calculating the outer flow. For example, when t ~ 0(a), the matching requires 
that — r,S = ri and that the boundary condition is 

Oo~^lnf + jr? 

asf-> 0. When r = O(a^), the matching yields the same results as in the zero thickness 
case; in this case the thickness effects may be considered negligible for the purposes 
of calculating the far field. 

6. Discussion of previous investigations 

In this section we discuss the investigations of Barnwell (1975) and Cheng & Hafez 
(1975), comparing their results and procedures to ours. Both papers give derivations 
of the boundary- value problem governing the flow far from a lifting wing; their 
procedures are seen to differ considerably in both appearance and content from each 
other and the present study. 
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We first discuss the work of Barnwell. It should first be mentioned that Barnwell 
uses a body oriented co ordinate system in contrast to the wind oriented system used 
here; hence care should be exercised in comparing Barnwell’s work to either ours or 
Cheng & Hafez’s. Barnwell also provides a discussion of the effect of leading edge 
separation; this complication will not be discussed here. Barnwell first presents an 
inner expansion which contains gauge functions which are logarithmic in the ratio 
of the inner and outer length scales. Although our inner expansion proceeded in integral 
powers of a and Ml — 1, we allowed X' and Xf^(y,z) in (9) to depend on a; thus, the 
resultant inner expansion is seen to be equivalent to that of Barnwell. A further 
examination of Barnwell’s inner expansion shows that Barnwell has omitted the 
following term, 

f f 

A4 ^ dy^ 

from his boundary condition (19). This produces an error in the strength of the equi- 
valent source given by H(x) in his equation (68). 

Barnwell also presents a very careful study of the outer solution. As we mentioned 
in §4 he finds the equations governing three terms of the outer expansion; in his 
notation these terms are 

€i ^> 1 4- ^2 Og + 6^3 O 3 , 

where and 63 are the outer gauge functions and Og and O3 are independent 
of any small parameters. The lowest-order term satisfies the small disturbance tran- 
sonic equation and Og and O3 satisfy linear equations which have coefficients dependent 
on the lower-order <I>/s and their derivatives. To match the inner and outer expansions 
he needs a small r expansion of the 0/s. To obtain this he uses the iterative technique 
of Cole & Messiter (1957) to solve the differential equations governing <l>i, and O3 
for small values of r ; this assures us that the inner expansion of the outer solution 
satisfies the outer equations. For the sake of simplicity, we have presented a more 
intuitive approach to this than that presented by Barnwell. Essentially, we have 
tacitly assumed that a small f expansion of our outer solution will contain all the terms 
necessary to match. It is easy to show that when such an iterative procedure is applied 
to our outer solution, a boundary condition results which is identical to the one pre- 
sented here. Once Barnwell obtains his expansion of the outer solution he matches this 
to the large f expansion of the inner solution. Except for the error in the source 
strength mentioned above his results are in agreement with those given here. 

As a final remark we note that Barnwell states that an intermediate expansion is 
necessary in order to match the inner and outer expansions. He bases this on an 
examination of the large f expansion of the inner solution (his equation 67) and the 
small f expansion of the outer solution (his equation 68). Because the leading term in 
(67) is a dipole and the leading term in (68) is a source, he concludes that an inter- 
mediate expansion is necessary. In §5 we used a rule concerning the matching of 
logarithms; if this is applied to Barnwell’s expansions (67) and (68) it is clear that they 
may be matched without recourse to an intermediate expansion. 

We now discuss the results of Cheng & Hafez. Of the two previous investigations 
the procedure of Cheng & Hafez has the closest resemblance to ours. Their inner 
expansion can be shown to be the same as ours and they use a one- term outer expansion 
similar to that given here. Throughout their paper, Cheng & Hafez use an elaborate 
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parameterization scheme. They also correctly state that their results are valid for 
A = 6/Z = 0(1); this appears to be inconsistent with the parameterization scheme. 
Specifically, in equation (2.10) they introduce a parameter 

r* = 8/(y+l)A211ne|, 

where e is the ratio of inner and outer length scales analogous to our 8\ they further 
require that be non-vanishing as 0. This would seem to imply that A must vary 
as |lnel“i which violates their A = 0(1) assumption. However, this inconsistency in 
the parameterization does not afifect the final results. 

In §4.3 the outer equation is introduced and a small tj = er expansion of the outer 
solution is given. In §4.5 the matching is carried out for the case corresponding to the 
one discussed here. The boundary condition for the outer problem is given by their 
equation (4.12); this is seen to disagree with our boundary condition (21). Specifically, 
the terms 

— [D^{x) (t/')-1cos w h- |ln e' sin 2o>] 

appear in their equation (4.12), but are absent in ours. It may be shown that these 
terms correspond to the 0((J^/r^) term found in the outer expansion of 9 q 
0((5f“i Inf/S, d/f) term found in the outer expansion of 91 ; these higher-order terms must 
be truncated in the matching. In a later publication, Cheng (1977) discusses the 
application of this theory to particular wing configurations; the boundary condition 
used in this study is equivalent to the one derived here. 

With the exception of the errors mentioned above, the results of Barnwell (1975), 
Cheng & Hafez (1975) and the present study are in agreement. The study presented 
here approaches the problem from a more fundamental point of view and is therefore 
believed to be more accessible to the reader. 


7. Conclusion 

We have presented a theory of thin three-dimensional wings without thickness in 
transonic flow\ The boundary-value problem governing the flow far from the wing 
has been derived. The calculations presented here are intended to be simpler than those 
of the previously published studies; they also correct errors found in these earlier 
studies. Both the previous investigations and the present study show that there are 
effects which are of second order in the near -field which produce first-order effects in 
the far-field. 

This research was carried out while the author was a Research Associate in the 
Department of Aerospace and Mechanical Engineering and the Program in Applied 
Mathematics at the University of Arizona, Tucson, Arizona. It was sponsored by the 
N.A.S.A. through Grant NSG-2112 and A.F.O.S.R. through Grant 76-2954. The 
author is indebted to Drs R. C. Ackerberg, R. E. O’Malley, W. R. Sears and A. R. 
Seebass for valuable comments and criticisms. 
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Appendix A. Solution for 91 

Because of the linearity of the Laplacian it is permissible to break (pj up into three 
parts: 

«Pi = «p'+9''+i(r+i)'p"'. 

where 9' satisfies 

V| 9' = 0 

with 9^ = ((popZ)p on 2 = 0±, aj < y < Uj; 

9" satisfies 

^2 9" = ^( 9 op+ 9 o?) 

with 9" = 9ojZj on 2 = 0±, Uj < y < a^, 

and 9'" satisfies 

with 9? = 0 on z = 0±, Oj ^ y ^ a^. 

Equation ( 14 ) admits solutions for 9j which are symmetric in 2, i.e. 9j(2) == 9,(-2). 
In the following we will assume that cp^ as well as 9', 9", and 9'" are symmetric in 2. 
The above problem for 9' is homogeneous; thus, we will not only take [^] = 0, 
= 0 and/ = (9oi>Z)^ in ( 9 ), butT = 0 as well. Thus, 

9 ' = ([9oi-]^)v,inri</yi4-Jri(i)+jr', 


where Jf' is the arbitrary harmonic function found in equation (9). An integration by 
parts yields 


9' = ^{inri[ 9 oj]Z} 


1 r« 
2^Ja, 


[ 9oy] ^ 


Here we follow Cheng & Hafez ( 1975 ) and require that [9,^] = 0 at the leading edges 
of the wing and the outer edges of the trailing vortex sheet. Thus, 


9' = + 

The large r behaviour of 9' is 

cos ft) /I \ 


(Al) 


(A 2) 


In the large f expansions of 9', 9" and 9"', we will not expand the arbitrary harmonic 
functions; this behaviour must be obtained from the matching. 

We now derive the solution for 9". The function ,^(^, x) in § 3 is seen to be equal 
^(9o£9o?)ii Cheng & Hafez ( 1973 ) have shown that when the arbitrary function 
in § 3 is taken to be identically zero, the function T, or here T", is given by 
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and, from the boundary condition for we have 

Thus, the solution for 9^ which is symmetric in z is 


For large f , 
where 


9' = Jy<po]Ziilnr,dfft + Jn(z)+jr’'. 


cp» ^ ^G(x)lnf + jrz(z)+Jf'' + 0(j], 

aTT 


(A3) 
(A 4) 


J ai 


Finally, we consider the problem for 9"'. The function in § 3 is seen to be 

S(<pUC^;£))/S£. where 

where [9oiJi = [9o±] (2/t5 ^)> ^ 2. Cheng & Hafez (1973) have shown thatT, or here 

T'", can be written 




= L. 1 f“’ [9o^]J9q.]2 In . ~^\ dy^ dy^ 

JaiJai Vl 2/2 2/2 C yJ 


647t^ dx 


+ ■ 




647T* dz ' 

provided that we choose (see § 3) as follows 

^ J°7J* f f 

1 a f“* f“« [yoaliCyof] 


647T^ dz 


I p p [yo^UyoA +gln(i-^^))dyx%2- 

2/1 2/2 I y^j 2/2/) 


Atz = 0±, Cheng & Hafez (1973) have also shown that 

T|'(^,0±,«) = ±^^{[9oj](y:«)PA^Jj9„i],(ln|?,i-^|+^)^^^^ (A 5) 

where the P.V. indicates that the Cauchy Principal Value of the integral is to be taken. 
Thus, the solution for 9'" which is symmetric in z is 


9"' = 'F"'-^J“’['Pr]lnridyi + Jr3(f)+^'" 

where, in terms of the real variables y and 2, 'F'" is 
\ji*w y ^ 


(A 6) 


and'Ff (y, 0±; ^) is given by (A 5). For large values of f, T"' has the behaviour 

/Ji' 
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where 


m^- pra<^2/i. 

J a\ 

Thus, cpi is given by the sum of the terms cp', (p" and J(y + 1 ) . The large f behaviour 

of <p, may be obtained by equations (A 2), (A 4 ) and (A 8); this may be written 

f*! ~ + + (ln2f + cos*w) + jri + o|^,lj, 

where 


jT(x) = jfi+ jr,+211i jfj 

and 

w; X) = Jf' + Jf' + I±i ,?f 

As we did in the discussion of cp^, we will now anticipate some of the results of the 
matching to determine for all values of x, y and z. We Mill require that the boundary 
condition for the outer problem contains contributions from 9', 9" and 9'"; the only 
way that this will be possible is = 0 (ln f) at most, as f -> 00. This condition, combined 

with the fact that ^ is symmetric in z and satisfies 

V|^i = 0 for all x,y,z, 

and =0 on z = 0±, < y < «2» 

implies that ^ is a function of x alone. If we absorb this function of x in JT{x) w'e may 
now write 








[?o]^xxlnridyi 


+ 


7 + 


and as f 00, 


9 i . 




8^ 

2 t 7 


In f + JT(X) + (In* f + cos* a,) + 0^1^ , 1 j . 


(A 9 ) 
(A 10) 
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New Method for Designing Shock-Free Transonic Configurations 
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A new melhod for the design of shock-free supercritical airfoils, wings, and three-dimensional configurations 
is described. Results illustrating this procedure in two and three dimensions are given. They include 
modifications to part of the upper surface of an NACA 64A410 airfoil that will maintain shock-free flow over a 
range of Mach numbers for a fixed lift coefficient, and the modifications required on part of the upper surface 
of a swept wing with an NACA 64A410 root section to achieve shock-free flow. While the results are given for 
in viscid flow, the same procedures can be employed iteratively with a boundary-layer calculation in order to 
achieve shock-free viscous designs. With a shock-free pressure field, the boundary-layer calculation will be 
reliable and not complicated by the difficulties of shock wave, boundary-layer interaction. 


Introduction 

W ELL-KNOWN requirements for increased efficiency 
and, in the case of commercial aircraft, productivity 
have forced the operating conditions of compressors, tur- 
bines, propellers, wing sections, and aircraft into the tran- 
sonic regime. Unfortunately, once local regions of supersonic 
flow occur, shock waves are likely with the attendant wave 
drag and boundary-layer separation losses. In the mid 1950s, 
Moraweiz^ proved that shock-free, two-dimensional, 
irrotational, near-sonic flows are mathematically isolated. In 
other words, any arbitrary^ changes in the flow or boundary 
conditions that provide a shock-free flow will lead to the 
formation of a shock wave. Thus, Morawetz’s theorem stated 
that the shock-free inviscid flow solutions, if and when they 
existed, were isolated by neighboring solutions that contain 
shock waves. Recently, this result has been extended to three 
dimensions by Cook.^ Fortunately, it was recognized that 
such flow would have practical significance if, as seemed 
likely, the shock waves that occurred in neighboring flows 
were very weak. Wind tunnel research by Whitcomb^ at the 
NASA Langley Research Center and Pearcey"* at the National 
Physical Laboratory, United Kingdom, led to the develop- 
ment of practical “shock-free” airfoil sections. Subsequent 
analytical studies by Garabedian and Korn,^ Nieuwland,^ 
Boerstoel,^ and Sobieczky* established theoretical design 
procedures for two-dimensional inviscid flows. More 
recently, the development of sophisticated numerical codes 
for the analysis of transonic flowfields has led to the design of 
both airfoils and wings by numerical optimization.^*® The 
practical success of the preceding efforts, as documented by 
the recent NASA Conference on Advanced Technology 
Research,** has been substantial. Further progress, as 
reported here, seems likely. The senior author recognized that 
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lOne of the consequences of our research is that, in two dimen- 
sions, for any small change in the flow Mach number, there are an 
infinity of small changes in the airfoil shape that will insure that the 


the procedure he was using in the hodograph plane implied an 
analogous procedure in the physical plane, and furthermore, 
that this procedure did not seem to be restricted to two- 
dimensional flows. This paper reports the success to date 
in using this idea to provide shock-free designs in two and 
three dimensions. 

The design procedure invoked here is, in principle, a simple 
one. While there is no guarantee that a shock-free flow will 
necessarily result from the procedure, our experience in two 
dimensions has been that if the hodograph method will work 
for specified flow and airfoil parameters, then the procedure 
outlined here will work too. Also, it provides neighboring 
shock-free airfoil shapes for fixed lift coefficient with varying 
Mach numbers and varying lift coefficient for fixed Mach 
numbers, as well as providing a multiplicity of closely related 
shapes that are shock free at fixed lift coefficient and Mach 
number. This wealth of shock-free, two-dimensional designs 
is no great surprise; therefore, it is not surprising that they 
are found with minimal computational effort. Two- 
dimensional inviscid flow potential airfoil designs require less 
than a minute of CYBER 175 CPU time and only a few 
seconds of CDC 7600 CPU time. 

For three-dimensional flows our results are less extensive. 
Also, while it is clear that the procedure we use rests on a 
sound mathematical foundation in two dimensions, this is not 
the case in three dimensions. Indeed, for three-dimensional 
(that is, nonplanar and nonaxisymmetric) flows we solve an 
ill-posed boundary value problem. ** That this problem can 
be solved successfully is a result of the practical requirement 
for specifying chordwise modifications more densely than 
spanwiseones. 

We have demonstrated the ability to modify three- 
dimensional wings so that, within the context of the numerical 
algorithm used, shock-free flows are obtained. We have not 
yet demonstrated an analogous wealth of shock-free flows in 
the three-dimensional case, but see no reason to believe that 
this situation is different there. The practical consequences of 
this wealth should prove to be of interest to the aircraft in- 
dustry. Its success will depend on the designer being able to 
choose baseline configurations that will result in good off- 
design performance and not compromise nonaerodynamic 
requirements. 

Design Procedure 

The procedure we use to find shock-free designs assumes 
that a reliable numerical code is available for computing the 
flow past a given configuration, such as that sketched in Fig. 

•*The authors are indebted to A. Jameson of the Courant Institute 
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Fig. 1 Sketch of shock-free flow past a lifting wing depicting the 
sonic surface obtained by introducing fictitious behavior inside this 
surface that results in elliptic equations. 


1. Such codes are available for two- and three-dimensional 
inviscid flows. When they are coupled with a reliable 
boundary-layer code, the design procedure outlined here can 
be used to calculate shock-free viscous flow designs. While 
this would require some modest iteration, it is certainly 
possible both in practice and in principle. With the existence 
of a reliable analysis algorithm presumed we modify this 
algorithm so that once the flow become hyperbolic we alter 
the basic equations so that they revert to elliptic behavior. 
This may be done in a number of ways, but it should be done 
in a way that it conserves new, but fictitious, “mass” and 
“momentum” fluxes to a satisfactory degree of accuracy. We 
may, for example, change the density’s dependence from the 
usual one to one that returns the equations to elliptic form. 
We might suppose, for the purpose of illustration, that once 
the equations become parabolic (i.e., sonic) on some surface, 
then at higher velocities the density will be maintained at its 
sonic value, giving elliptic equations. We use a numerical 
algorithm to compute this fictitious flow past a configuration 
of interest, chosen perhaps on the basis of previous design 
experience. Because the equations are elliptic, this will result 
in a discretized, pseudoanalytic description of the velocity, 
density, and pressure fields on the embedded parabolic 
surfaces, and this description will be consistent with the 
correct governing equations. These initial data on the 
parabolic surfaces are then used to calculate the correct 
flowfield inside such surfaces. This new flowfield may or may 
not contain shock waves. This depends on the choice of the 
fictitious equations, or perhaps better, fictitious gas, used 
inside the parabolic surfaces. This new flow will define a 
stream surface that is tangent to, and has the same curvature 
as. the stream surface at the intersection of the sonic surface 
and the original body. Inside this surface a new body shape is 
defined by the stream surface of the new, but now real. flow. 

Here, of course, we must also address the question of well- 
posedness. In two dimensions there is no difficulty because 
either of the spatial coordinates may be designated as the timc- 
like variable. This is not the case in three dimensions where 
only the spatial coordinate aligned with the flow is time-like. 
Because shock-free flows are reversible, the domains of 
dependence and influence may be interchanged. But neither 
the normal (nor the binormal) to the stream direction can be 
considered time-like in the three-dimensional initial-value 
problem. Thus, data are given on surfaces that are not in the 
usual domain of dependence and the problem is ill-posed. It is 
this fact that has made us stress that a reliable analysis 
algorithm should be the basis for the design computations. An 

O'nolix'tr r»r #4 « J « I 1. I - - -1.—-..- . . - .1 


variations in the spanwise direction that are on scale, that is, 
small compared to the nominal axial (flow direction) distance, 
will amplify; thus, the success of the numerical algorithm 
depends upon not introducing such disturbances. This is not 
the first time ill-posed problems have been solved to obtain 
results of engineering interest (see, for example, Ref. 15, pp. 
448-472). 

Fictitious Gas 

As just mentioned, modifications are made to the basic 
equations to retain their elliptic behavior once the flow has 
accelerated to sonic speed and a parabolic surface, with the 
needed initial data, has been generated. The possible 
modifications are manifold. Our discussion is limited to those 
used to obtain the results reported here. 

For two-dimensional flows we have used Jameson’s 
circle-plane algorithm for the full potential equation. Thus, in 
the analysis mode, we are solving 

(la) 

with 


[ -V — 7 

(lb) 

where is the velocity potential and p the density. If we limit 
our consideration to fictitious gases for which the density is a 
function of the square of the velocity, viz., p=p(^^), where 
then gas laws of the form 

p/p^^{a^/q)^ P<J for q>a^ (Ic) 

will insure elliptic behavior; P= 1 gives parabolic behavior 
and the fictitious and real gases have the same value of 
(dp/d^)«. An alternative choice, and the one used most 
extensively here, is P=0; in this case, Eq. (la) becomes 
Laplace’s equation. When the flow would normally be 
hyperbolic, Eq. (la) is now solved with the density-velocity 
relationship of Eq. (Ic). A fictitious mass flow, which 
matches the real mass flux at the sonic surface, is thereby 
conserved and the velocity field remains irrotational. 

For three-dimensional flows we have used the Ballhaus- 
Bailey-Frick algorithm,’* as implemented by Mason et al.'^ 
This is a small perturbation calculation, and the classical 
conservative formulation is adopted here. Thus, in an 
equivalent form, we solve the system 



(2a) 

II 

1 

(2b) 

>^z-^x = 0 

(2c) 


where the velocity vector is ^ * (( 1 + w ) / 4- + wk ] . 

A simple modification, Eq. (2), is to replace v by - 
sgn(w)(w^)^ for all m. This system is elliptic, except on the 
sonic surface where w = 0. We may think of the first of Eqs. 
(2) as being the consequence of the small perturbation ex- 
pansion for the density, viz.. 


£L 

P* 





( 3 ) 


whereas the fictitious equation, with u replaced by - ImI for 
w>0, results from 


P* 


- 7 = + 


y 3 

~T~ 




( 4 ) 


This fictitious gas has the same value for (dp/dw) , as the real 
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solve Eqs. (2) with replaced by -sgn(w) 1 1^; this 

corresponds lo using the densities given by Eqs. (3) and (4) for 
M < 0 and w > 0, respectively. 

Calculation of the Hyperbolic Flowfield 

As previously described, we calculate the flow past a body 
using the correct equations when the flow is subsonic and a 
modified, incorrect, set of equations when the flow is 
supersonic. This calculation serves to define sonic surfaces on 
which the flowfield calculation is switched from the correct 
equations to the modified ones. Outside this surface, 
presuming the trailing edge of the wing is subsonic, the 
solution satisfies the correct equations, and the potential at 
infinity has the correct value for the circulation. If infinity in 
the physical plane is not mapped to a finite part of the 
computational plane, then there is, in principle, a need to 
correct the doublet and nonlinear contributions; in practice, 
these contributions are small and changes in them negligible. 
Thus, the flow in the elliptic, subsonic domains is fixed and 
known, as are the initial data we need on the parabolic sur- 
face. 

For two-dimensional Hows, the calculation of the correct 
hyperbolic behavior is carried out using the method of 
characteristics. This is done in a hodograph-like working 
plane in which the characteristics are orthogonal straight 
lines. If we take + v and = 6 — where 6 is the flow 
deflection angle and v the Prandtl-Meyer turning angle, then 
the velocity potential and stream function satisfy 

( 5 ) 

or, equivalently, 



where the ± signs refer to = const, respectively. Here 

K{u) =^KIp{q)]^1 -/1 1 •^^p{0)/p{g) 

Values for the velocity potential on the parabolic line, 
z = and the shape of this line are used along with the 

usual relations between the spatial coordinates and <l> and \l/ to 
find \p on the sonic line. These initial data are then integrated 
using Eqs. (5) to determine the locus \l/{x,z) -0 which passes 
through the intersection of the sonic line with the body sur- 



Fig. 2 Sketch two neighboring isolach surfaces used in the 


face. The values of z for which \p{x,z) =0 determine the new 
body shape. This shape will have the same slope and, at least 
theoretically, the same curvature, as the original body at the 
sonic points. This follows from the observation that flow 
quantities are not changed at the sonic line; thus, the 
streamwise momentum and normal pressure gradient are 
unchanged. Consequently, the local flow curvature must be 
the same. 

For three-dimensional flows, the calculation of the 
hyperbolic flowfield is carried out by a procedure that 
marches inward from the sonic surface by successive surfaces 
of constant density (isopycnics) for the full potential 
equation, or constant axial flow speed u for the small per- 
turbation equation. We limit our discussion to the small 
perturbation equations, as all the results reported here are 
derived from them. Preliminary results using the full potential 
equations have been obtained by N. J. Yu. 

We may either write Eqs. (2) in the appropriately scaled 
form or work with them directly as we will do here. 

We are given an isotach surface z* (x,y ) , as shown in Fig. 2, 
on which we know w = w*= const, w—w*{Xyy), and 
v=^u*{x,y). We use the data on this surface, and the surface 
shape, to calculate 

z% w;, w;, u*, v* (6) 

Because these data satisfy Eqs. (2), we can verify that 

which can be used, if needed, to check the consistency of the 
initial data. The values given in Eq. (6) can now be used to 
calculate the z derivatives of w, w, v on z*{x,y)^ where 
u{x,y,z*) = const, by using 

w, = UJt;* - zjy; - wl]/J (7a) 

w, = [(7 + ; ) w; - z; K + v:\/J (7b) 

n -w*- Z*vl]/J (7c) 

where 7, the Jacobian, d{u,v,w) /d{x,y,z) , is: 

7=(7 + 7)w*2f-2;^-/ 

When the Jacobian, which is initially negative, vanishes, we 
can no longer compute the z derivatives; this corresponds to 
the subsequent formation of multivalued solutions, i.e., limit 
surfaces. If 7 = 0 occurs before the calculations produce a 
suitable stream surface defined by w(jc,>',0), i;(jc,y,0), then 
they must be rejected. 

With Eq. (7a) inverted to give (dz/dw),, we take a set in- 
crement in u, Aw, to form a new isotach surface 
z* {x,y) Az* {x,y) . This new shape, along with the mean 
value of u between the two surfaces and the second and third 
of Eqs. (7), provides the new values, w* {x,y) ^Aw* {x,y), 
v*{x,y) -\-Av* (jr,>'), of w* and v* on the next isotach. These 
values and the shape of the subsequent isotach are then 
converted lo continuous functions by one-dimensional cubic 
splines in the x and y coordinates. This “onion-peeP*-like 
process is then continued until z=0, unless a limit surface 
intervenes. In the latter event, the solution must be rejected. A 
more detailed discussion of this procedure is given in Ref. 20. 

Two-Dimensional Results 

We have explored rather extensively some of the 
modifications that can be made to an existing airfoil, namely, 
an NACA 64A410 airfoil, to obtain shock-free flow. We will 
call this the baseline airfoil; the airfoil shapes we generate are 
idpnfiral with this airfoil over that nortion wetted bv subsonic 
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Fi}*. 3 Comparison of (he pressure coefficients and sonic lines for the 
baseline NACA 64A410and the shock-free airfoil obtained from it by 
the direct design procedure. 
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Fig. 5 Comparison of (he pressure coefficient and the sonic line 
obtained by the design calculation (hat modifies the airfoil shape with 
those obtained by computing (he flow past (he modified airfoil. 



Fig. 4 Parameter space explored for the shock-free airfoils that can 
be obtained when (he baseline configuration is an NACA 64A410 
airfoil. 


flow; we need only modify the airfoil over a limited portion of 
its upper surface to obtain shock-free flows. Further, this 
modification is not unique for fixed flight conditions; rather, 
if one such shape exists, there usually will be a family of 
modifications of the baseline airfoil that will produce shock- 
free flow corresponding to different gas laws. Modifications 
to NACA 0012 and 64A410 airfoils that resulted in shock-free 
flows were reported by Eberle in Ref. 21 . 

With a baseline airfoil selected here mainly for illustrative 
purposes, we then pick a set of flight conditions for which we 
wish to find a modification of the airfoil shape that will result 
in shock-free flow. We choose =0.72 and the angle of 
attack a = 0.4 deg. At these conditions inviscid flow 

tKo M A r' A C A A A in 


of 0.78 and a Cp of 0.0064. The design procedure discussed 
earlier results in an airfoil that is 9.3% thick with a lift 
coefficient of 0.703. The original and design pressure coef- 
ficient, sonic lines and body shapes are compared in Fig. 3a; 
these results and all other “analysis’’ results were computed 
using the numerical algorithm of Ref. 16. Figure 3b compares 
the pressure coefficients and sonic lines determined by the 
design procedure with those computed for the design airfoil 
shape. 

With this shock-free design established at A/ = 0.72 and 
with Q=0.70, we now wish to determine the families of 
shapes that provide shock-free flow for a fixed lift coefficient 
as the Mach number varies, and a fixed Mach number as the 
lift coefficient varies. This has been done with P=0; that is, 
with a constant density fictitious gas (at the critical value), 
requiring an iterative procedure for the case at fixed lift 
coefficient. Other shapes were then explored that will produce 
the same lift coefficient, 0.70, at a fixed Mach number by 
taking P to be -0.5, 0.5, and 1.0. Also, for P=0 we hav^j 
determined the maximum Mach number for which the desij^n 
procedure will produce a shock-free airfoil as a function, of 
lift coefficient. This Mach number is nearly a linear function 
of lift coefficient at larger lift coefficients. The slope c,f this 
variation is consistent with that given by Boersioel.-^ 
Preliminary studies also indicate that for a fixed lift coef- 
ficient of 0.6-0. 7, an 0.1% increase in the maximu».ri Mach 
number requires about an 0.2% reduction in the thic kness for 
shock-free flow when the nominal thickness is about 10%. 
This result is less optimistic than the envelope of the 
hodograph designs given by Boerstoel,^^ who fo und that only 
an 0.1% reduction was required. In our stuOy the generic 
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ORIGINAL AIRFOIL Mco = 066.a = 0.89* 



Y SCRLE = 5«IX SCRLE) 

Fig. 6 Shock-free airfoil shapes for fixed lift coefficient =0.70 
and varying Mach number. The fictitious gas has a constant density in 
the supersonic domain (P=0). The baseline airfoil is an NACA 
64A410. 



Fig. 7 Shock-free airfoil shapes for fixed Mach number =0.72 
and varying lift coefficient. The fictitious gas has a constant density in 
the supersonic domain <P=0). The baseline airfoil is an NACA 
64A410. 


modifications required when the baseline airfoil is near the 
envelope of hodograph designs. Positive values of P provide 
less airfoil thickness reduction, since the fictitious and real- 
gas densities are more nearly the same. The range of our 
airfoil studies is depicted in Fig. 4, with shock-free airfoils 
being determined for the points indicated. Also shown in Fig. 
4 is the maximum Mach number for which a design was found 
as a function of lift coefficient for P = 0. 

The accuracy of the design procedure was studied at a 
number of design points by comparing the design’s pressure 
distribution and sonic line shape with those obtained using the 
unmodified numerical algorithm to analyze the design airfoil 
shape. Typical results are shown in Fig. 5. The sonic line 
shape and initial data on the sonic line are determined in the 
circle-plane; then they are mapped back to the physical plane. 
The method of characteristics in the hodograph variables is 
used to compute the design pressure coefficient corresponding 
to the calculated airfoil surface shape. The agreement, as 
shown, is excellent. For designs that approach the Mach 
number at which a limit line first penetrates the surface, 



Fig. 8 Shock-free airfoils for fixed Mach number =0.72 and lift 
coefficient =0.70, varying the exponent P of Fq. (Ic) and thus 
changing the density’s dependence on flow speed. The baseline airfoil 
isanNACA64A410. 


obtain a converged solution. These designs have very rapid 
expansions immediately following the sonic line. Indeed, as 
Boerstoel^ has noted, the analysis code used with an op- 
timization scheme will not produce designs of this character. 

The shock-free airfoil shapes that are obtained for fixed 
and P, fixed A/„ and P, and fixed and at various Ps, 
are shown in Figs. 6-8. One can overlay the results for fixed 
and find quite similar airfoil shapes that are shock-free 
over a range of Mach numbers. Because modifications to the 
baseline airfoil are required only over a limited portion of the 
upper surface, and a family of specified changes in the airfoil 
curvature is known for each set of flight conditions, a closely 
related family of shock-free airfoil shapes can be generated. 
Thus, the minor modifications to a limited portion of a wing 
surface needed to produce shock-free flow over a practical 
range of flight conditions can be easily determined. 

Three-Dimensional Results 

Our first design results using the method just described 
were for two-dimensional, small perturbation flow past a 
parabolic arc airfoil. Consequently, we initiated our three- 
dimensional studies with a rectangular, unswept wing having 
an aspect ratio of six and a parabolic arc airfoil. We utilized 
the small perturbation approximation, Eqs. (2), and a 
parabolic thickness distribution; the airfoil was taken to be 
6<^^o thick at the centerplane. The flow was calculated using the 
algorithm of Ref. 19, modified to return the equations to 
elliptic behavior as described earlier. The initial data on the 
embedded sonic surface were then used to compute the correct 
flow in the supersonic domain using the “onion-peel” 
algorithm of Ref. 20. This defines new wing surface slopes. 
The flow past this shock-free design was then analyzed using 
the modified numerical algorithm. Figure 9 compares the 
pressure distributions on the original and design wing at 
various lateral positions for = 0.87. Also shown are the 
cross sections of the sonic surface at the same lateral stations. 
The only essential differences in the pressure occur in the 
supersonic domain, which is consistent with the design 
process. The modifications made to the wing slope, shown in 
Fig. 10 for several lateral stations, have eliminated the shock 
wave. 

A subsequent, more realistic, calculation was made for the 
planform sketched in Fig. 1 1 . The wing section chosen was an 
NACA 64A410 profile at the center section and an elliptic 
thickness distribution. The leading-edge sweep was taken to 
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Fig. 9 Sonic surface for the shock-free rectangular 
wing obtained by modifying a wing with a parabolic arc 
airfoil section and the pressure coefficients on the 
original and modified wing, as calculated by the 
numerical algorithm of Ref. 19. The thickness 
distribution of the baseline wing is parabolic \ny/c. 






Fig. 10 Changes required in the surface slope at various lateral 
stations to provide shock-free flow' over the rectangular wing of 
Fig. 9. 


ratio was 5. The sonic surface is also depicted in Fig. II. 
Figure 12 compares the pressure coefficients on the upper 
surface of the original wing and the wing designed to be shock 
free. While the reduction in drag for this wing is small 
compared to the induced drag, it is clear that the wing 
modifications have essentially eliminated the shock waves, 
and, consequently, the wave drag. More importantly, shock 
wave induced boundary-layer separation is avoided. Im- 
pressive results for the ONERA M6 planform have been 
obtained by Yu^^ using the full potential equation. 

At this point we stress that the preceding comparison is 
obtained by computing the flow past the original wing and the 

Hpcion u/ino iicina tbp c{»mp niimprip'al alnrvrWKm Tbp r^mppcc 


that leads to the new wing shape also provides the pressure on 
the wing. 

Conclusion 

A novel and simple procedure for determining 
modifications that will make a baseline configuration shock- 
free for supercritical flight conditions has been delineated. 

For two-dimensional, inviscid flows, shock-free designs are 
obtained in seconds on a CYBER 175. Families of airfoils that 
are shock free at fixed, as well as varying, flight conditions 
are found. The same procedure has been applied to three- 
dimensional wings, resulting in wing modifications that make 
the wings shock-free when the flow is analyzed with the 
numerical algorithm that was modified to become a design 
tool. It can also be applied to the design of shock-free 
cascades. A unique feature of the procedure is that any code ^ 
that is effective in computing the flowfield may be modified in 
various ways to be a design algorithm, if it is coupled with a 
method for calculating the solution in the supersonic domains 
for given data on the sonic surfaces. A straightforward 
marching technique for such computations is described for 
three-dimensional flows; in two dimensions, either the 
marching procedure or the method of characteristics may be 
used for the supersonic domain. The algorithm for the 
supersonic domain serves to define the modifications needed 
in the configuration to achieve shock-free flow; these 
modifications will be limited to that portion of the design 
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Fig. 1 1 Sonic surface on Ihe shock-free swepi wing designed from a wing wilh an NACA 64A410 center section profile and an elliptic thickness 
distribution. The leading edge sweep is 30 deg; the trailing edge sweep 15 deg. 




y/c 



Fig. 12 Comparis 4 >n of the computed pressure coeffcient on the wing of Fig. 11 wilh an NACA 64A4I0 center section profile and an elliptic 
thickness distribution, with the pressure coefficient obtained by computing the flow past the modified wing using the same numerical algorithm. 
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Abstract 

Design methods for transonic airfoils are pres- 
ented together with a review of the preceding 
analytical and analog flow studies both in hodo- 
graph and physical space. Transonic analytical 
results lor cusped airfoils in sonic flow provide 
details of solution structures in hodograph planes 
to formulate a new transonic boundary value 
problem. This is used subsequently for extension 
of the classical rheoelectric analogy* for sub- 
sonic flow modelling, into the transonic regime. 
Airfoil design whih the resulting hybrid tech- 
nique is described. Replacement of the analogy 
by numerical solver routines in the hodograph 
plane finally leads to an application in physical 
space and the development of effective computer 
codes suitable for design of shock- free airfoil 
families including adaptive wing sections. 

1. INTROPrCTIO; 

The development of airfoils in the past has 
always been an important first step in design 
aerodynamics. More recently, requirements for 
increased efficiency have forced the operating 
conditions of aircraft and turbomachinery into 
the transonic regime. Broad emphasis is still 
laid, therefore, on the development of two- 
dimensional design components like airfoils 
and cascades in the high speed regime* . Vari- 
ous computational algoriihmis liave been devel- 
oped for analysis of transonic flow past given 
airfoils, but only few methods are available to 
the design engineer for airfoil shape definition 
with specified properties. 

ir 
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Research reported here was carried out wiihin 
the past six years at the DFVLR in Germany 
and since 1977 at the University of Arizona. It 
is the purpose of this paper to demonstrate 
coherence between the first basic analytical 
models and recent effective computer codes 
resulting from our research, including a njetiiod 
which belongs actually into pre-computer time 
but proved lo have a high educational value: 
the Rheoelectric Analogy. This iriethod was used 
two decades ago for investigation of complicated 
two- and three-dimensional potential distributions 
and had useful applications in aerodynamics. 
However, principal difficulties arised in the high 
speed subsonic flow regime which prohibited an 
application for transonic flow research when still 
no practically useful calculation methods for this 
field of growing importance wei-e available. These 
difficulties, however, were overcome by tlie 
author in the case of design problems v;i:h 
the aid of the aforeirientioned analytical findings 
and an experimental analog procedure was devel- 
oped to obtain airfoil designs of satisfactory 
accuracy. 

In the meantime, within the past five years, we 
witnessed the rapid development and widely dis- 
tributed availability of numerical solver routines 
for partial differential equations. It was, there- 
fore, necessary to transfer gained experience 
and techniques from the analog flow experiments 
to more econoiriical digital computer programming. 
Application of numerical subroutines and finally 
the conversion of whole well-established analysis 
codes into effective design tools are our current 
practical results resting on previous basic 
experiments and solutions. 



2. BELTRAMI DIFFERENTIAL EQUATION IN 
PLAXE POTENTIAL THEOKY 

2 1 Poxemial flow in 2D physical space 


We consider steady, iwo- dimensional, iseniropic 
and irrotational flow o: a polyiropic. inviscid 
gas The basic equations o: moiion are Uien 
determined by 

div V ) = 0 , U 

curl (v) = 0 , (lb) 

Tlie continuity equation and irroiationality. re- 

*4 

spectively, witli ^ the density and v the veloc- 
ity vector in physical space. Isentropic gas 
properties determine velocity q , sonic velocity 
a and density q as functions of the Mach num- 
ber M, for given stagnation conditions, denoted 
here with subscript 0: 

q = v = a M 

2 - 1 2 ( 2 ) 

^ ^0 - V , 

g.' = (1 -1^ M-) = F(M) 

^'o 


With {la, lb! we n.ay define a velocity potential 
(/> and a stream, function Ij’ , with tlieir gradients 
in me two directions x, y of 2D physical space 
equal to the velocity components u, v in these 
directions: 


<p, = 


io 





= u = q cos 

(3) 

= V = q sin 1 ^ 1 , 


where ^ is the flow angle. The system (31 is a 
generalisation of the Cauchy - Riemann equations, 
socalled Beltrami equations. Elimination of If 
or 4^ yields Poisson equations for ({^ or \\ , 
respectively: 


C Q 

. (h . Ui (j, . 

‘ XX ‘ yy Q ^ X Q ^ y 

l\ -V = ^ 1,’ ^ -L Y 

‘ XX ^ yy q 'X Q y 


with q a function (2i of M, and therefore 
q = Qfq/a) = , 


the system '3. and the equations ! are nonlinear 
Fui'inermore, the system i.s of ellip'ic type when 
1 , and of h\'perbolic type when y*! > 1 , with 
a parabolic type dividing :int M = I , the sonic 
line. 


2. 2 Poientlai flow in the Hodo graph plane 

X 

The aforementioned nonlinearity of ilie basic 
system; (3) may be avoided if a new pair' of inde- 
pendent variables is introduced to replace physi 
cal coordinates x, y. These variables are suit- 
able functions of the velocity components, tliey 
are called hodograph variables. A special pair 
of such variables is consisting of the flow angle 
^ and a function of the Mach numbei', known 
also as the Prandtl-Meyer turning angle 



a* 


with a* defining t!ie critical velocity. 

The coefficient 

^ 

K = K (M (P) ) = — V iM - 1 fT ; 

0 

will also be used in the following system. 

The new variables v, ^ may either be used 
directly to define a hodograph plane wherein the 
basic Beltrami system becomies linear: 

4)^ = - K (i^ ) V » (i^ < 0, M < 1 ') 

<|K= K(v)V^, 

or u and ^ more generally are functions of a 
computational working plane obtained from the 
basic 1 / , 0“ hodograph by conformial (for M S 1 ) 
or cliaracterislic (for M 2: 1 ) mapping. For sub- 
sonic flow including sonic conditions, (M < 1 , 
u < 0';, conformal mapping defines a working 
plane C; 

u 

= j/ - i >3-, (9 a 

c = s ^ it = E (C ) (9b 

with the mapping function E. The basic sysierii 
in becomes then 


( 3 ) 




“ K iu IS, t) ) I;\ 


K (j/ (s, t} ) 

^ (£, tl 

! = Re (E'^ (C) 1 

IS, : 

= Irri (E‘^ (5)). 


Equauons (10) form, as (0), a linear Belirami 
system, while (3) is nonlinear. Elimination of 
Ij or ({) yields linear Poisson equations for (j) 
or , respectively: 


K 

(t) * (t) = d) -f (J> 

ss K K ^t 


' It 


(12a) 


V ^ V 

^ ss ^ tt 


K. K, 

Vs - K V: 


(12b) 


As we will see later, boundary value problems 
lor practically interesting solutions of the basic 
system! (8^ may be significantly simpler to solve 
in a working plane ( with (10) ratlier than in the 
original where (8) is valid. 

1 he same is true, in principle, for tlie super- 
sonic part of the flow. Here we introduce 
character! Stic variables witli a suitable niapping 
function H , 


4 = H (>> - p ) , 
T? = H (v^ - lO , 


(13) 


yielding the sysiem valid in the ^ plane 


- K (i/ (5, Tj) ) 

(?, 17) ) 

or equivalently. 


(141 


2. 3 Near sonic flow in the hodograoh mane 

A given solution of (8) allows the integration of 
physical coordinates x, y with the formula 


d.7 - dx - idy = € * i-~ dUi 'q (16) 

For flows with only small perturbations to a 
sonic parallel flow. 


(M - 1 ) <1. 

< r/2 


(17i 


we miay eliminate 0 and l( so that a basic- 
system for the physical plane coordinates x. y 
is obtained. Furthermore, introduction of a 
similarity parameter o allows the use of re- 
duced variables for place (x, y) and state (q, \3) 
which contain the well-known Transonic simi- 
larity laws * 


S=.2- S-’ct-l 

‘ a^ ■ 


T = a’’ • .a- 


X = (I)/ a* 


(1 


1 1 




With positive S for q 5 a* and negative S :'oi’ 
q S a*, thus S = 0 equivalent to some flow con- 
ditions. 


The basic sysiem (8) then yields a coi’responding 
Beltrami system for the reduced physical plane 
Variables X, Y in the reduced variables of state 
working plane S, T: 


Xg = r , (S < 0, lU < 1) 


X_ = 


(19) 


d 4' , j 

^ (IS) 

C* ^ " const 

which is the basic relation for the method of 
characteristics to integrate the flow equations 
(8) for M > 1. 


Linearity again, and the simple structure of the 
coefiicient gave rise to extensive studies o: this 
sysiem and the structure of its solutions. Ir is 
equivalent to the well known Tricomi equation 
for near sonic flow^. Also, it is a special case 
of Generalized Axisymmetric Potential Theory^ 
Numerous particular solutions were described* 
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br.d usec for bev.er undersiancling of e.xperinier.- 
tally observed :ransor.:c flcAv phenomena at a 
lime, when computers and numerical methods 
were still not available. An analytical example 
for transonic airfoil flow will illustrate the 
possibilities of this approach 

2. -5 Electric Potential in a Plane Conductor 


Let us consider the distribution of electric cur- 
r'en: in a three-dimensional conductor. Let E be 
the electrical potential and A (x, y, z; be the 
conductivity. The intensity of current, di, which 
crosses a surface element, dS is given by Ohm's 
law: 

di = . X ~ dS (20) 

an 


where n is the surface normal to dS. In the case 
of a two-dimensional {>:, y) conductor, variable 
conductivity can be simulated by constant conduc- 
ti\ity but variable thickness distribution, h (x, y), 
o: the conductoiv The current intensity, di, 

: ' ossinp Mie surface e lenient, dS. described by 
the perpendiculars alone tlie arc, ds, in the x. y 
plane, is 

dE 

di - X • h (x, V ) -- — ds (21 ) 

dn 

\\ ith tlie assumption of consent aiion within the 
conductor. 


div (h grad El = 0, 


( 22 ) 


a partial differential equation is obtained then 


for E: 


E -E 

XX yy 



(23) 


1 here exists, moreover, a current function, \V, 
whtcli is associated to the electrical potential by 
the Beltrami sysiemi 


E 

X 


Xh 



E 

V 



(24) 


/SV 


curi'ent variables: tliere are obviously two types 
01 analog> *'^, called Kheoelectric .Analogies A 
and B: 

Analorv A 


(I) £ E 


If’ S \V 



lEqu. (3; 1 

Xh = 


K-^ 

(Equ. (S), ( 


Analogy B 


<11 



£ E 




Equ. 


Xh^' ^ 



K 

Equ. 



As we stated earlier, the existence of tiie.se 
analogies led to many applications, main’y to 
solve system (3) for complicated flow boundary 
conditions and nnost effectively for the incorij- 
pressible limit o = at a time wlien corriputers 
where not operational or available. From: an 
experimental standpoint, the simpler operation 
is the measurement of the electrical potential, 

E. Analogy* A thus gives with measured electru:a. 
potential a distribution of (}) in tlie analog ^^■ct^klnc 
plane fx. y), iu , ^) or {s, t) in (3), (h) oi- (lO), 
respectively, while analogy B provides a solu- 
tion of tlie E-disiribution, foi‘ a given and a.na- 
logously solved boundary value problem, in the 
physical or hodograph plane. 


It is the purpose of this paper to illusti'aie sohjc* 
applications of the outlined analogies to transonic- 
flow problems, in particular airfoil design At 
a time when the analog^" already was used for 
numerous problems*, transonic applications 
seemed impossible due to difficulties neat' the 
sonic flow conditions, as will be illustrated later, 

Tiie following chapter will outline a new idea, 
which led to fruitful use of the analogv’ in trans- 
onic airfoil design At the same time, however, 
digital computers became widely used and at 
first the use of analog computation of purely 


Ha-ving described flow’s by different forms of 
Beltran:! equations earlier, we note here the 
analogv’ between subsonic gas flow and electric 
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t '.lipiic (subsonic flov) problenris was more or 
less lerminaiec. But transonic computational 
aerodynamics remained a problem so that at 
least few researchers considered n worth to in- 
vestigate the use of analog computation. Results 
shown in this paper stem from such research. 

Finally, however, rapid progress in numerical 
methods - also in transonic aerodynamics- 
invited to introduce some of the ideas developeu 
with the analog^' into digital computation and 
thus obtain solutions now much more economi- 
cally. Results of these methods are presented 
here, too, and it is the purpose of tiiis paper 
ic present a recent effective numerical approach 
to transonic airfoil design as a logical step to 
be taken after some very educational experiments 
with rTieoeleciric analog>’. 

3. A TIVO-STHP DESIGN PROCEDURE FOR 
TRANSOKIC FLOW 

3. 1 Elliptic Continuation Principle and local 
supersonic flow fields 

Let us recall tne basic equations (8) in the work- 
ing plane (9h Since the name "Hodograph 

plane’’ is usually associated with the plane def- 
ined by the velocity components u, v (3), we 
wi'Ll use here the more general description 
’’Rheograph'* for planes like Cq C- this 

name it is intended to relate lo the applicability 
of the rheoelectric analogy* for description of 
two-dimensional gas flow. 

Equations (81 are elliptic in the subsonic half 
plane [i> < 0, d) and hyperbolic in the supersonic 
half plane [i; >0, ^). A transonic flow example 
with occurrence of mixed subsonic - supersonic 
flow, say, a local supersonic region embedded 
in subsonic flow, with smooth transition of the 
flow properties across the sonic line will, there- 
fore, map into contacting regions E and H in 
Rheograph see Fig. I a, b. We wish to de- 
scribe quantitatively a solution of system (8) 
representing such a flow and ask for a meiliod. 


y-'or a subsonic flow example a boundary value 
problem rrjiglu be formulated in the physical 
plane z as well as in the Rheograpn by pre- 
scribing Neumann- or Dirichlei-condiilons 
along a given boundary. For our transonic prob- 
lem. tins would require the solution of a nonlinear 
equation (3) or (4) of mixed type in z, or solution 
o: the mixed type linear systerrj (Bj in For the 

latter the boundary value problem in Cq 

9 10 

well posed . Tricom.l's ooundary* value problen; 

is the proper formulation in it is different 
from prescribing an arc l|.' = const in the super- 
sonic part of the Rheograph 

We propose a different way lo formulate the pi'ob- 
lem in This is possible i: we restrict ourself 
to obtain some solution with a resulting closed 
arc Ij- = const and not wnth a prescribed one 

First, we omit the change of sign in the fii’st of 
equations (8). We take tJie negative sign for both 
half-planes < 0, thus having an elliptic systeni 
for the subsonic and the supersonic Rheograpl\ 

We now' define a boundary value problen^ for 
this linear, elliptic system, as sketched in Fig 
2 a. It is well posed and we assume to ha', e a 
meUiod to obtain a solution. This solution will, 
locally, be one of the correct mixed type system; 
(8) in region E^ w’here w < 0, but it is a ficM- 
lious one in for v > 0, because real con.- 
pressible flow requires solution of the hyper- 
bolic part of (8) w'ith the possiiive sign for v > 0. 
The solution in has here the purpose to pro- 
vide a reasonable solution in E^ w’ith sonic line 
data 

(0) = (i) (i^ = 0, ^ ^ ) 

A 

(^) = l|' (1/ = 0, 

This can be achieved also wTih some modification 
of the fictitious elliptic system in E^: 

The coefficient KtV^ can be changed in som^e 
prescribed way, as long as it stays real and 
positive in E,,. One possibility is taking simply 

K (i/ > 0) = = const. (28) 
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which would resuii in a Cauchy-Riemann sysicm 
in In this case, ihe part in of the elliptic 

solution can then easily be described analytically 
if the resulting data at »/ = 0 are ex- 

panded in terms of a harmonic analysis . 

Tiiere is also a piiysical interpretation for this 
artificial solution in the flow plane x, y if p in 
E^ is reinterpreted 

and takes the value : 

The solution of the elliptic system: in repre- 
sents an example of ''supersonic incompressible 
"low'' with critical constant density p* , embedded 
into the subsonic compressible solution obtained 
in E^, see Fig 2b. Streamlines, and most 
important, the streamline ^ = const, 

defining our flow boundary for this fictitious 
ilow, are integrated by use of (16) with the ve- 


lociiy variables , ”0-, and q = q* . The whole 
solution in '*■ suits in a flow with density 

obeying isentropic flow relations (2) only up to 
sonic velocity, beyond it density is fi'ozen to the 

critical value. This interpretation led to a design 

n 

m^ethod which is not restricted lo two-dirrien- 
sional flow, results will be presented later. 

We return now to our problem in the plane . 
We still have to solve the equations for tlie real 
supersonic part of the flow, represented by the 
hyperbolic system (8) with positive sign and v^id 
in the half plane (p > 0). We choose the 
characteristic form of this system as outlined 
in (13) - (15), With the given data ())’^ . If* along 
the - axis in the given interval A B we can 
solve this initial value problem at the sonic line 
with the method of characteristics. Although 
well known and used for many practical problems 
we would like to stress the fact, that we solve 
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‘he sys:en. in ihe charac:ensiic triangle ABC 
(Fig. 3 a) by calculating downstreani a'^ong 
characteristics ^ = const, and up si rear, along 
characteristics tj = const, with 4 , n defined in 
(13). Starting at AB v/e proceed toward C, the 
ntethod therefore being a iTiarching procedure 
normal 10 the flow direction, from the sonic line 
to a suriace streamline ye: to be determined. 

This concept is, in principle, also used in a 
procedure to calculate three-dimensional flow 
iields'^'*^. A line l|' = = const, is found 

in triangle ABC (it is different from the pre- 
scribed boundary in E,, I) and if it does not inter- 
sect one of the characteristics 4 = const and 
r) = const, more than once, then its integration 
(16) in the physical plane, see Fig. 3 b, will give 
a new streannUne arc AB and, along it, a veloc- 
ity and pressure distribution. We use only the 
part between this streamline and the sonic line 
for our flow example and call this flow field 

We go back now to our all- elliptic solution "*■ 

E , Fig. 3 b, and replace the part E,^ and also 
the surface streamline arc A E by the solution 
and its new arc AB of Fig. 3b, This gives 
us a iTiixed subsonic - supersonic flow field which 
IS a solution of the linear mixed system ( 8 ) in 
the hodograp}* plane. Fig. 4a, but also one of 
tne nonlinear rr;ixed system (3), or equations 
:n tlie phy.sical plane, Fig. 4b. li can be 
snown, that the new arc A B of fils smoothly 
imo the subsonic flow boundary, streamline 
curvature- across any point on tlie sonic line is 
continuous. 

We have outlined a method to obtain solutions 
for transonic flow, to be applied mainly to sub- 
sonic flows with embedded local supersonic 
regions. Applications to flows with predominantly 
supersonic flow and embedded subsonic regions 
involve the treatment of bow and tail shock waves, 
results have been obtained for airfoil flow with 
sonic or slightly supersonic freestream conditions 
only in special cases where analytical solutions 
of the near sonic equations (19) were applicable. 

An example >vill be illustrated later, to show 

/^'7 


transition from, the problem, of supercihtical 
airfoil flow with subsonic freestream conditions, 
to sonic and slightly supersonic freestream con- 
ditions. However, supercritical flow is our main 
concern iiere, and more precisely, the use of 
the idea outlined for design of such flows wimcii 
are sliock-free. 

3. 2 The Riieograph structure of supercritical 
airfoil flow 

Tne structure of supercritical airfoil flow is well 
known and needs no explanation here However, 
some details are treated here shortly because 
they are of consequence for the practical indirect 
design method whicli will be outlined later. 

We know fromi incompressible flow past lifting 
airfoils, that the isotachs in the flow field near 
the pressure (lower) surface exhibit a saddle- 
point, This is the result of locally contracting 
streamlines due to the far field-effective cir- 
culation and the near field -effective body thick-. 
ness. For compressible flow including super- 
critical conditions with or without a recompres- 
sion shock, this is equally true, lines of constant 
local Mach number form, a saddlepoint N belotv 
the lifting airfoil, see Fig. 5 a. Tins point is of 
interest for the m.apping of a, say, gi\ en result 
of airfoil flow into c»ur Kheograph plane , 



Figure 5. Saddlepoint, lift coefficient and 
Rheographs 



because we wan*, lo know ihe principal structure 
o:' the boundary conditions for such flows in order 
10 design new exanjples. The airfoil iniage in 
for shock-free flow shows two complications 
in view of formulating a closed elliptic boundary 
\'alue problem according to the firs: step of our 
design procedure: 


First, the stagnation point of the airfoil is 
mapped into v (IM = 0) = - oo . Second, a part of 
the flow-field obviously covers the plane 
twice, as indicated by the loop in the airfoil 
image. The structure of the field image has to 
be completed now with the mapping of the afore- 
mentioned saddlepoint K, defined by u , 

. A second Riemann sheet provides the sec- 
ond deck of , it is connected w’ith the basic 
deck along a cut from ilie airfoil mapping inter- 
section to the point M , forming a branchpoint 
in the Rheograph . A detailed description of 
the mathematical structure of these flow prop- 
erties has been given in'^. In order to arrive at 
a single- sheeted boundary value problem of 
closed, finite structure we perform now two 
HiEppings (y): first the stagnation point S is 

rrtoved into a finite domain with the mapping 



Another mapping unwraps the loop of the airfoil 
in'jage and we obtain a single sheeted domain by 


Co = c (C. - c 








(31] 


with c an arbitrary scaling constant. The airfoil 
image maps in into a closed curve including 
the stagnation point S as illustrated in Fig. 5 c. 
The aforementioned saddlepoint maps into the 
origin, the sonic line into a Cassini curve or 
outer lemniscaie with half axes a, b. The ratio 
b/a is a function of the local Mach number M^. 
in the saddlepoint: 


b/a = 


1 


(32) 


/o'? 


The value is related to the Mach number at 

Infinity M^ in a similar way as t!ie velocities 

in the saddlepoint and at infinity for an incon.- 

pressible flow example past a Joukowsky airfoil 

or a circular cvUnder w^ith circulation. These 

latter examples are knowT* analytically and from 

these we arrive at the ratio M^,/M as a func- 

N 00 

lion of the lift coefficient Cj^ : 


M^,/M - 1 - A c; 

K 00 L 


(33) 


w'ith a constant A. The circular cylinder example 
gives at least an idea about the magnitude of A: 


A - 1/(2 (34) 

These relations invite to be checked on airfoil 
flow’ examples. We have a possibility to do this 
W’ith existing results for hodograph supercritical 
airfoil design examples by NieuwTand'* 
Boerstoel'^, or by Garabedian and Korn'*. 

Some of these authors’ designs are evaluated in 
Fig. 6, w'e see that the given relations (33), (34) 
are fulfilled satisfactory for not too lar-ge . 
We conclude that for given (b/a) in (3 2) and for 
given obsiously a certain band of is 
possible. We stress this fact because we w’lU 
later use an electric analog flow' too. w'hich w'lll 
w'ork wiili devices designed for fixed b/a w'here 
the given relations and the diagram Fig. 6 pro- 
vides possible lift coefficients c, (I\I b'a'. 

L CO 



Figure 6. Mach number ratio vs. lift coefficient 
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3 Free sirear.. slngulan: its in t!ie Rneograpii 
plane 


W'e f'jriher inves*igaie Uie s’.rucun’e o‘‘ super- 
criucal flow in our working plane W'v.h the 
Hiapping of tlie airfoil into a closed curve as 
skeiched in Fir c , ihe dorr^ain enclosed is :he 
njapping of the whole flow. Infinity in the phys- 
ical plane with M = ]\1 . x't = 0 maps imo a 

point I, where the solution of system (10) has 
a sinpulariiy. It has the structure 

- iKj Vi ' A (Co - - Coji' 

(35) 

The firsi term is a dipole, with ilie axis defined 
by ihe complex coefficient A . The second term 
is representing circulation, with B an imagi- 
nary coefficient. For non lifting flow B vanishes 
and, in the case of a symmetrical airfoil, I and 
N coincide, Al^ = airfoil mapping is 

symmetrical to tlie vertical axis of For 
lifting aiiToil flow the free stream singularity 
I is situated beuveen saddlepoini N and tlie 
sonic line AI - 1 . see Fig. 7 a. For higher 

subsonic Alach nuntbers A1 , I moves toward 

00 

the sonic line and, with c, fixed, A1 tliere- 

L. T\ 

’c-rc lias to be fiigher loo. This results in a 
smaller "waist" b/a (32), as sketched Fig. 7b. 
Finally, arriving at sonic frc-es:rean‘ conditions, 
the waist reduces lo zero, Fig. 7 c. This lim- 
iting case of airfoil flow with A1 = 1 is alreadv 

CO 

beyond the relations i32) - (3.f) for supercritical 

conditions. Ne\ ortlieless. it is an interesting 

topic to study the change of hodograpli structures 

if A1 -♦ 1 . arriving from A1 <1. 

00 • 00 


Air fotU Will; round leading edge have a stairna- 
tior. point, which results in the fact, tna': int* 
airfoil image in includes ine ntappec stagna- 
tion point .S , see Fig 5c, or for sonic :r-ee 
strean'i conditions, Fig. 8a. T!iere are analyt- 
ical results of tlie near sonic equations fl8) for 

3,5,17 

CM Sped airfoils in sonic flow, with a sharp 
leading edge in smooih entry conditions tnere- 
fore hat ing no stagnation point. Tlie airfoil con- 
tour wetted by subsonic flow maps into a region 
around the free stream singularity in I* see 
Fig. 8 b. This singularity is different frorr, the 
subsonic far field solution (35), the transiiioh 
from one to the ether involves far field influence 
of the tail shock wa\e, similar to me transition 

from A1 > I to sonic free stream ir.\ olvimz me 
00 

far field of a detached bow wave. The latter 
problem is solved analytically'* with use of the 
transonic shock polar mapped into the near sonic 
Rheograph Fig. 8 c. 

\Vt gi\ e some detailed i luistraiions for the afcT*e- 
mentioned analytical re.= ults of cusped airfoil 
flow in Figui'ts 9-11 although their value for 
practical flows is lirr.iied. On the other hand, 
these results represent educational exan.ples :or 
M-ansonu: flow phenone-na, whei'e tlie pi*obleni 
is solved for the subsonic part first, with liie 
supersonic pan either given analytically tosietiier 
Witi'; tlie subsonic resilts, or being calculated 
starting at suitable initial condiiicns pi-ovided 
by Uie subsonic solution. 




conditions A1 -• 1 
00 
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Figure 8. Rheograph for freesiream 


conditions M $ 1 

00 
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Fi^^re 9. Cusped lifting airfoil in sonic 
freest re a rr^ 


In Fie 9 The cusped airfoil and :ts geonieirv 
-orn.u.a is drawn 1 lie sonic ‘ ree-streaiTj 
■'•a. " ' ^ certain angle of attack, cl • which 

leads to sn:Ooth entry condttions, with a bin 
a LSD the iocal pressure on the airfoil, lift and 
drag. 'unctions of the camber /tliickness raiio 
a;.r. see Fig 10a, b. This analytical result 
1 -. G genera asation o: Guderic'y's cusp, where 
T = (', a detailed oescription is eiven in*^. 


riiere are results a^so for supersonic lUach 
nun.bers. Fig. 11a shows a configuration of a 
bow wave- and the local subsonic tar field in a 
similarity flow plane, which illustrates the 
ex ten. of a local subsonic region for M -• i 

OD 



t *0. C usped lifting airioil.* Sniooth entry 
conditions, lift, drag 


- geometry, mis extent is 

iUus:ra:ed in Fif, li b for a Guderiev cjin. 
Stand - of;- distance of a deiaciied bow w;o, e n 
ooiaint-d, e. g. fora \ 0 < thick airfoi the ijov. 
wave attaches at = i, 17, The e.xte:.t o:' th< 
local subsonic field norma', to the flow dti-ecti; 
ia .aige, as tlie :ar f’.eld solution Fig. 1] a mb 
cates. This is important for wind tunnel te.sts 
with detached bow waves, where the- tunnel wa 
should not be reached by the subsonic field. A 
104 thick Guderley - airfoil placed in a wind 
tunnel, at = 1.15 for instance, requires a 
distance from airfoil to wall of about four time 
the chord length, while the bow wave stand off 
distance from the cusp is then only a fifui of ;h 
Chord length. 



Figure 11. Doiached bow wave: 


a) Sinularity solution for M : 

b) Cu.sped airfoil stand-off distancc- 


4. rheoelectric analogy 

4. 1. Rheoelectric tank for transonic flow 
ana lo gy 

The structure of the particular .solutions tiseci 
for tile illustrated exam:ples gives information 
also about the details of the mapping near ti.e 
some line, = 0. Ii is easy to verify, tiiat a 
solution for (|i , ij’ of system ffn, describing a.n 
etemen: o: curved flow in transition iron, sub- 
sonic to supersonic flow, or reverse, is de- 
scribed by the locally valid expansion in f 



(3Ga' 


;v, ~c’ *~c» Iv , 

o / * 2 

ir tr} = ^ , ^ ■ (3(;b) 

Tills IS S very v/eakly singular behavior into ihe 
f .direcuon, u is a consequence of generali70d 
axisyrr^nieiric poientia’ iheory rneniioned earlier 
and knowledge of tiiis sirucuire enables us lo 
£'. oid certain difficulties occurring when a solu- 
tion (B) or (10) in C has lo be evaluated. The 
io‘ lowing descripUon of transonic rheoeleciric 
analog^s* mainly concentraies on outlining a tech- 
nical solution for problems stemming from liiis 
singularity. 

b rom definiuons (25). (2(d for the two types of 
analogy we see that local thickness h of a plane 
conductor, miultipUed by its conductivity X , is 
analogous to the coefficient K in analog>* B, or 
to the reciproke K ^ in analogy A. As we see 
directly from the near sonic equations (19), the 
coefficient has a cubic root zero at tlie sonic line 

1 3 

K (i7 "* 0 ) = K* I \ 3 1 ^ 

\v)iicli leads to the above mentioned exponents 
3 and 2/3 occurring in expansion (36). The 
necessarv requiremeni of a slowly variing thick- 
ness h of a p)lane conductor for validity of the 
plant- Beltran. i sysien (24' lor the electrical 
r ariables is therefore not fuliilled near the sonic 
lino: conductor thickness would have to go to 
infinity or to zero with steep gradient. 

Almost classical applications of the analogy to 
simulate aerodynamic problems some decades 
a 20 include the compressible flow hodograph 
for subsonic ilow*''^, but less actuality oi trans- 
o.nic flov; at this time in general and the above 
mentioned limitations stemming from, the zero in 
the coefficient (37) prohibited an eificien’. exten- 
sion of the analogy into the lUach number unity 
regime 

The first author’s research on the aforementioned 
analytical structure of transonic flow in the 
modified hodograph plane, especially relation 


T^7 ) lo‘d to a practical design of a new electrolytic 
tank - with water used as conductor - winch 
allows an electric cominuaiion of the analog flow 
beyond the some line in a Rheograph C f'ht* 
basic idea is tne use of an inclined wall bounc- 
ary for tlit^ tank simulation of tne sonic line, as 
siiown in Big. 12. Tlie idea is tne use of a lc»cal'.y 
three-dimensional electric potential tc) be e\ ci- 
liated on tlif surface. For Analogy* A . Fig. I 2 a. 
sonic line electrodes ar^e inclinec forming a 67. 5 
degree wedge of the water body in the iV, p ) - 
space. C'n the surface ^ = 0, where electric- 
pot eniia I is evaluated, exponent 4/3 for repre- 
sentation of (3ua) is observed and understood 
easily as a result of the local potential distri- 
buiior; in the (p, -plane. 

In Fig. 12b the idea is illustrated for Analogy 
S: here we have an undercut sonic line with a 
135^ water body to represent the exponent 2 3 
in (36b). 




analogies 


/C'/ 

1 \ 



The ide* Is, '.ike son'ie of :he ana'yiical propt ? - 
ies of transonic i\ow in our Rheograph plarr. 
fc generalization of axisynin'ietric potential dis- 
tribution; the ’’Inclined Elect roly tic Tank" or 
£ Hyperbolic shape bottont with a 45 degree 
^^■ecge wate r body is familiar ici researchers 

Slaving used the analogy to represent incont- 

fi 20 

prt^ssiole axisyrr^ metric flows ' . 

4. 2. Application of the anal ogy for design of 
Supercritical airfoils 


The outlined idea of the inclined tank walls 
a\ Olds the technical difficulties with infinite or 
zero depth of the electrolytic tank, but also 
a. tows the electric continuation of the potential 
oisiribution beyond the sonic line in order to 
establish a certain distribution on it, see Fig. 

12. While the tank with water as conductor is a 
\ery accurate way to model tue analogy, tliere 
are oUier possibi lities avoiding this ’’wet” tech- 
nique and sui.1 of acceptable accuracy. One is 
'.‘it use c*: ^;o:id.jcting gi'apmto paper. I: is, of 
( <:turst. of constari ihicKiu-ss and has therefore 
iv' oe irinoiiiogenized in order to simulate vari- 
able tank depth Perto ration of tiie graphite paper 

21 

Wc-.SL useo in somie eNperin:ents with transonic 
f,c)w analog representation. It is the first step 
into ihe disc retisatior of an t-lectric network. 

1 ;vs I.- an e.xpensr-. e t('c»l if ti.o gme is fint- 
enough, it requires auton,aied ^‘valuauon, being 
part therefore of a rybrid con.putational system, 
inc'.’jding a digital coniputer A networl: for so- 
lution of transonic hodograph pr oblen^s was used 
22 

ir. France , wiiere ilie analogy has a lone tra- 
dition. 

I he presen' author used the les.^ exy-ensive pos- 
sibilities gi\ en by me gr'aphite conaucting paper 
A: 19T(i digital compuiatiorial codes for transonic 
poiertia . now analysis were just beginning to 
appear. Ocsigr. methods were- n<.v. available A 
prr'iect a: the DFVLK in Gerniany was, thereiO!*e, 
the development of com.putaiional methods for 
t!-an.somc flow with the aid of the analogv*^ Th.is 
lec to experiments with sim.pU set-ups and data 


evaluation on the digital coniputer. A sirup le 
simulation of the rneoelectric *ark witli variab.e 
deptj-i was achieved with acceptable accuracy 
tlirougn the use of compressed slieets o' grapiiite 
paper, the sheets shaped parallel to iso'achj, ir. 
tlie analogy plane ^ in order to simiu'.atc K ;u;. 

Fig. I 3 shows a cut view through a rectangular 
"dry lariK’' outfitiec witii a grid of probes B*.-- 

A 

tween top and bottom plate, and an elastic cus.hion 
layer, tlie graphite paper sheets are plac:ed. 

The basic sheet extends into the i-egim. e i,' > 0 of 
the Rheograph plane, where tne flow rr.ay be 
influenced by source distributions. Tlie basic 
sheet also is provided witii electrodes for smeu- 
larity representation, in the case of a subsonic 
lifting airfoil with a quadrupole in order’ to rep- 
resent a dipole with arbitrary orientaiion. 

A set-up for' Analogv' B lias been establt.shed a:ic. 
for airfoil de.sign application, RheograpI: 
the working plane w'ith tiie useful relations F’l : - 
r^4) for- lifting airfoils. In Fig. I 4a tiie grid of 
probes IS drawn, wiili exiermal fiow and singu- 
lar'iTy feeding electrodes. Tlie laitei' are f/.ac ec; 
into a nearly parallel electric fiow and (. I'eate 
a line of constant E Ij" ) witii saddlepc>inis and 
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Figure 12. Analog flow table using comipressec 
graphite paper 
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i lie ineutod outlined was in'cndec to crive luloi - 
rsicV.or; about possible sintp .1 : ication.s o:' l'iod<.»- 
^r'Hpii lec’buiques in the transonic reginie. Ava*v- 
ability o: numerical analysis codes at a ume 
•A'nen tne lirst design results were obtained, 
accelerated the impro\ ements and some airfoil 

designs were obtained for furtiie!- use in super- 

34 

critical wing aesign . A result is shown in Fig 
l{ , *he atrioil was tested in the DF\'LR Gouin^en 

r X... j -T- .25 

I ransonic Wind Tunne. 

c. i 



Figure 16. DFVLR 480S0 Airfoil 

- Theorv: M = 0. 7 3, Re = Ul\ 

CO 

= 0. 53 

• FxDeriment: A! = 0.755, 

p.f = 2 . T ■ 10 '’. 



F'lgurt' 17. Variatior: of pressure peak 

M 


1 he .esvcc airicii is part 01 a ser:e.s 01 oesi^ns 
differing only m the pressure pear !w-g:on. Fig. 
17. This was a c h i e ed by a loc a . d e f o r rt, a : 1 0 r. 
o: the analog flow airfoil mapping in the at-nr'c-- 
priate area of The characteri.?: ic inansles 
for supersonic flow field integration in ar*e 
a I SC) drawn. 



Figure 10. DFVLR 49201 Airfoil 

For airfoils desiens %vtih a Macii number M > 

Ol) 

o. S2 difficulties in liie evaluation occur as a 
result of the slender ’’waist'* of the sonic line 
loinniscate. I'he configuration Fig. 7 b res..l:.s 

from a proiecied c, of 0. 2 and = 0. O.7. TIh^ 

L 

resulting airiou is 5. 4^ thick, it is drav;n in 
Fig. 18 with ilie designed surjersonic region. 
Analysis calculations were carried out for 


slightly different ?\Iacli numbers and angle.s of 
attack, witli tiio restil’ that useiul dtrsicit.s obt i* 
ously can be obtained but design l\!acii nun = ber 
and angle of attack differ somewhat fron, the 


values defining singularity location in the ana loc 
flow. 'I'lie ali'foil was tested in tiie Braunsciiwvic* 
Transonic Wind Tunnel^*, some of the experi- 
mental polars are shown in Fig. 19. 

C. 5 , ^ ^ 
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N • * M E R I C A L HODOGRAPH ViETHOOS 


'V : Pane'. M eii-.odi= 


'.Ins •.orniu'.a'.icn. In Pir. 20 the 


conip'jtav.onal end for- a cJiosen arhitr'ar;- boi:nd- 


ary is dra'.vr.. 


[ he L-rect'ding ciesc r ipiion of aii-foP design re- 
iron*: Rheoe'Lectric analogy expernnenxs 
was xr.tenced to give a background of educational 
\a.ue lor further, more economical treatment 
o: t!-ansonic design aerodyranric s with nirriiorical 
metliods. 

Tne hodograph iTiethods developed by Kieuwland 
and Boersioel, or by Garabedian and Korn be- 
long into this chapter, but they are well-docu- 
n.ented eisewaere and, a:so we want to re- 
strict this review on methods making use of the 
outlined Elliptic Continuation Principle, Fig. 

Anaxg electric flow was replaced by a numerical 
riiCthod first by Eberle . A panel method, ini- 
tia'ily developed -or incompressible flow past 
airfoils, was modified to sc'b’e tiie Poisson 
eay-ation {12 ai for- the velocity potential (|^ , in 
a working plane where the appropriate boundary 
\a;ue p!-obten. :s similar to the one for a given 
body in parallel flow. The Rheograph 

C3 = '^2 - Co, 



r igure 20. Rheograph with panel grid 


A siniilar metliod was developed for tiic design 
ot luroomacliinery cascades . r. rr.akes use o: 
annii';ei* working yRane, wiiere the stagnation 
point 15 mapped into infinity and the blade contour 
into tiie real part axis. Ihis r.as tiie advantage of 
a limhted area of compressibility influence and 
application of an incompressible flow solution 
for tiie far field. 

5. 2 Use of a Fasi Poisson Solver 

The panel metiiod is a useful but rc-lat:\ e;y tin;e- 
consuming and therefore expensive computer 
code. Another, more economical way to sohe 
elliptic problems is the Fast Poisson Solver 
routine, which is used here for an airfoil/ cas- 
cade design code. Application of this method 
requires formulation of a boundary value pi'oblen 
on a rectangle. We have to leave, ihei'efore. tht- 
simple nrjappings ^ = l given by the for- 

mulas (30), (31), (38; and prescribe along 
the unit circle in a new plane f , which subse- 
cpiently can be mapped into a rectangle. 

The function 

< = ^ - i\'i- = In (c ^ 1 ) - 21 C y i3;i; 

U c nn c 

with the coefficients C obtained from harmonic 
n 

analysis of prescribed data along the unit 
circle in , (Fig. 21), defines the variables 
of state within liie circle. We clioose, for airfoil 
design, a distribution as sketched in Fig. 21. 
This will result in a saddle-like surface of 
yi saddlepoint on it plays the same 

role as the point M in outlined in a previous 

chapter. Choice of free stream conditions pdU i. 

a? ' 

defines tlie mapping of infinity into . 
As we will see from the following, the Elliptic 
Continuation region E,^ (Fig. 2) is reduced here 
to vanishing size, tlie sonic line is now part o: 
tlie boundary, sonic line data are obtained 
difierentlv. 



fiVQ Listc 10 oulciin closea ainoi... secMons wiii.o 
:he funcuon defines si 7 .e and shape o: i!i 

local supersonic flo'-v field 



These boundary daia form Diricii.e: condiuons 
along two sides of the rectangle and v.e asi: fo’ 
a solution V (s, i) with periodical connec tion c 
The rerr.aining sides. The sober routine car. 
handle this boundary value problen. bu’ an nei* 
am e procedure in two loops is recjuired: Fir.^ 

the right hand side of the basic equation fl2b* 
requires tlie partial derivatives \ ^ . Tne 

are obtained from the previous coniputation, 
with a starting solution obtained by taking 
Laplac€'‘s equation for (12b). Tlie process usu 


Figure 21. Circle Rheograph plane 


To solve our potential flow basic equations we 
use j’’oisson equation (12bi for ihe stream 
function l|T Application of tlie Fast Poisson 

i*equires a mapping of our circle plane 
U' a rectangle. I'liis is, with knowledge o: 
^ , , perforriied witli tlie function 


Cp = ’-Inin - fC, - - b.;) 


■<c„ - O 


ally converges very fast, -o - 7 aerations arc- 
found sufficient. The second iteration loop is 
necessary to obtain (a) the correct stagnation 
point solution which is mapped into S on the 
s-axis, and (b) a physically meaningful closed 
airfoil. A variation of Uie c onstants ir, 

tlie far field boundary conditions effeciive.y 
pro\ ides this in 2 iterations. Sonic line data 
l|'* (s) , (.s) are available, but has to 

be obtained by use of the expansion (3Gai. W'i 
^,'x given, the local supersoniv r'ecion 
is conipuied with the method of c lia ractc*ri st ic; 
as in the previously outlined techniques. 


I* maps the uni* ci:\_U‘ of r into the real axis 


of and infinity I into loi 


00 . The 


interior of the circle is therefore mapped peri- 
odically into stripes of the upper half plane in 
Cp. Fig, 22. 


mww 




^i'nTrnr^li.j 


Fle.xibility in the forrr.ulat:on of boundary con- 

29 

ditions for the chosen numerical sober routine 
allows a more direct creation of sonic line data; 
t!ie s-axis (Fig. 22; is boUi subsonic airfoil 
co:hour F = 0 and - within the interval AB - 
some line, where an arc If* is) may be pre- 
scribed The far field sin^ularitv Tlf»! is reore- 




^ A 


/ y 


>lV«' = Cj ^ sin (s - Sj) 


a.ong a line t = t = const. Tlie constants c.. s. 


Figure 22, Poisson solver Rheograph with 
periodic boundaries for sirearr. 
function 


A DTKECT M.'MERICAL DESIGN :\IETHOD 



flNfiLYSIS 6825b RIRFOIL 

INV FLOW MflCH = 0.750. fltPHft = 0 -OCD^G 

CL = 0.53J. CO = “0.000. CO = “0.157 

Figure 23. Poisson solver design example, 
and analysis verification 

At. example o: airfoil design and its analysis 
verificauon is shown in Fig. 23. The results 
agree very saiisiaciory. The method can be 
switched lo cascade design, but the boundary 
value problem* for \( is m>ore complicated 

The method outlined is closely related to 
Garabedian’s recent version of a nunterical 
design Oiethod for airfoils and cascades, wliich 
IS a complex characteristics metliod. This is 
a basically hyperbolic approach to the transonic 
problent, while our methods arc primarily 
elliptic, with an appended hyperbolic techrucue. 
Garabedian's recent design code^® allows a 
prescription of the pressure distribution along 
th.e (unknown) airfoil suriace, this is a remark- 
able improvement of earlier versions, which 
Should be applicable also to the code outlined iiere. 


{{ 

(>. 1 Extension of an analysis code into a desirn 
tool 

A replacement of the analog>* to solve the elliptic 
part of our basic equations by numerical metliods 
lor elliptic problems was made possible by 
application of digital sob er routines for elliptic 
flow. Like all hodograph or indirect design 
metliods, the advantage of linear equations is 
in contrast to difficulties with nonlinear bound- 
ary conditions. The latter requires mucii o: the 
designer's experience and iteration loops in the 
computer programs to ar-rive at reasonable 
designs, as briefly outlined above Therefore n 
new idea, concerning application of the design 
techniques in physical space, seerr;eci to be tiie 
necessary and logical step to be taken next. Tlie 
result obviously brings up some very elective 
computer codes with applications on plane as 
weu as on three-dimensiona i fiow 

One of tliese metliods is the extension of 
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Jameson's finite difference analysis prograr 
for compressible flow with sliocks, into a desig.n 
code for shock-free airfoils. The idea is the 
introduction of a fictitious gas locally if the flow 
becomes supersonic. This gas has a modified 
compressibility law 



In the supersonic region replacing tlie correct 
isentropic relations (2). For an exponent P < 1 
this gas v/ill result in elliptic basic equations for 
the fictitious supersonic flow, corresponding to 
the Elliptic Continuation region in Fig. 2b. 
The sonic line in the flow field is found by inter- 
polation and the supersonic region is recalculated 
Willi the method of characteristics as performed 
in the indirect methods. 

The first instructive results of the dii-eci metliod 
are the optimization of conventional NACA airicil 
into transonic shock-free configurations. Only 
minor changes of a NAG A airfoil upper surface 
are required to arrive at a shock-free airfoil. 



These firs' results were inviscid flow cesiens. 
the metnoc :s now operational including a bound- 
ary layer prcgrair; and serves as a cornpuianonal 
test-bed for various theoretical appi-oacnes to 
remaining problemsin transonic flow including 
\'iscc»us interaction a; the :railing edge. 

An in.portant question was asked frequently since 
the n. e-hod become operational: is there a way 
to \ erUy a given shock- free airfoil - e. g. a 
result froiTt the indirect methods - witli this 
computer code The answer is positive and will 
be outlined now briefly. 

W e observe iron; t!ie calculated examples that the 
conventional input configuration is usually tiucker 
than the resulting shock -free airfoil. The reason 
is. as sketched in Fig. 2b and Fig. 4b, that the 
fictitious elliptic flow In requires less space 
according to higher flow density • q than the 

supersonic flow H . Tins results in a flatter 
1 

-;L:n:ac e l-:‘ the rrsiiltint.' bcv.:nc.:ary sireaniline in 
li, c"der to a'.low the passing of supersonic 
flow at fixed sonic line. Just this flattened region 
..n cna racterib’tic for sh.ock - : ree airfoil design 
.•“'omtr still ununown thicker contour within tlie 
Kr.own sc'HK line arc o: a .-shcjci; -fret design ihei-e- 
:orc- woCvC Lt the initial configur-aiion to obtain 
tnis Gcsign. I.n ^lie case o: the use of a fictitious 
: nrr.n ,[>res?>ible flow - -.vith V = 0 in (42) - the 
initial contour for a design can be found theoret- 
ically by using the reinterpretation formula (29 ’< 

:or a local incon;pi’essiblc flow soUilion witliin tlie 
sonic line. A flow boundary results and ii usually 
thickens the configuration. But there are cases 
of shock -free airfoils leading lo initial contours 
with surface discontinuities, representing singular- 
ities stemming from Riemann cuts like the hyper- 
bo Lie limit lines. Tliis nieans, that not every type 
o: s!iocK-fi ee airioil can be obtained with the r.iodel 
uf incompressible fictitious gas. hiowever, our 
recent findings indicate, that for different com- 
pressibility laws P = 0 ob'iiously any type of 
sliocK-free pressure distribution and the generating 
airfoil may be vei'ified. We illustrate this for the 
case of the well-known Korn - 1 - airfoil. 


The airioil was made thicker in the inter”, al be- 
tween 5 and TO percent of the uppei’ side suriace 
usi.ng a simple analytical bump function. A con;- 
pressibility exponent of 

P = 0. 9 '42^ 

was found most useful. Only a few pr-ogram runs 
were necessary to find this and th.e amount of 
added tliickness in order to obtain a siiock - fi'ee 
airioil resembling KORN - 1 - airfoil r ery 
closely. Tlie result is drawn in Fig. 24. The 
initial airfoil is approximately one half percent 
thicker than the resulting KORN-l redesign. 

Tlie found initial airfoil contoui' can oe used 
now to design a whole series of neighi.iotdng 
shock- free airfoils for variing operating con- 
ditions M , 'B' ♦ For industrial prac lice, *his 

00 oo 

seems to be useful, if an existing wing section 
design needs to be modified for e. e. a sliglii-y 
different operating Mach number. 



RECESIS^J KORN 1 RIRFCIL 
iNviscro flow . flPCH = C-TSC. PlPHR = 0. CODEC 

CL = 0.626. CD - 0.000. Crt = -0.M6 


Figure 24. Redesign of KORN 1 Airfoil 



fj 2 Design of Adapir. f W’.r.p Secuops 

T:ie example of Fig. 24 :s an inviscid design, 
iln.' airfoil has a cusped Trailing edge. In real 
flow viscoes interaciion has :o be laken in:o 
accoun:, in ihe case o: airfoil design ii means 
:!ia; boundary layer dispi-aceirieni has lo be added 
1 C' ihC' airfoiL UiicKness. Special care is r-eqiiired 
:n The mailing edge region, wliere separaiion of 
Uie boundary layer may occur. A favorable 
mailing edge de.sign avoids sleep pressure gra- 
cienis on ;he upper surface and expands the flow 



ADAPTIVE WING SECTION 

RE z AO.OniLL. HACh = 0-770 . ALPHA = O-SBOEG 

CL = 0.544. CD = O.COO. CM = -CA23 



ADAPTIVE WING SECTION 

RE = 4D.0niLL, flACH ^ Q.73Q. ALPHA = 1 -OODEG 

CL = 0.544 . CO - C.'OOC. CH = -0.111 


Figure 25. Adaptive Wing Section: 
pressure distribution 

/IV 


ft on. a rear’ Loading o* the lower suri'ace Gen- 
era lisaiions o: t’ne ci.na'iv'ical resuV.s o: :>ow past 
cusped leading edges in .smooth flow, Fig. h. 

lead to shapes with such favorable press.me dis- 
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miojtion.s and also nro'. ide outer flow mr.clt- .s 
for con-;putational ireatiwen" o: wake-boundary 
layer interaction^*. Tin s problem is important 
for de.sign nieihocs since it influences cF'culation 
remarkably. Anotlier application of the cirec' 
design njethod is illustrated in tlie following, ilie 
example takes into account viscous flow effects. 

The aforemientioned use of the initial configura- 
tion to obtain a family of shock-free airfoils led 
to the idea of Adaptive CTonfigurations^* . .Since 
only a part of tlie upper surface has to be rr.odi- 
fied for shock -free flow in different operating 
conditions, such modifications might be techni- 
cally carried out on a wing surface by elastic or 
pneumatic devices, or by suction and blowing. 

In Fig. 25 an airfoil with adaptive shape for 

shock- free flow in ilie ranee of 0. 7 3 £ M < (t. 7 7 
, ~ a> 

is shown, with a fixed lift coefficient. The basic 

airfoil is an industrial design^* repre.senting liie 

conficuraiion at M = C. 73. Gradual sliaoe c.h^nzi 
oo . - 

frorri 2 to 70 percent chord illustrated in Fig. 

26 extend the range of shock-free opei’ation up 

to AI = 0. 77. There was not one single initial 
00 

.970 ■■ 

Av/c s syRFflce noSKtifirios 

c«»J ; 


t 7? 



Figure 26. Adaptive Wing Section: 
Sliape changes 


19 



c.'on;'ipi:r&:ion for the design o:' :liese surface 
c.'. lerations: Bumps of variable s:zt- and heighi 
v;e* e added to the basic airfoil for the difieren: 
Maci'i nuiTibers. the code siibsecuenily subiracted 
Tiort tiian the burr.p, resulting in the illustrated 
surface niodificaiions. The choice of different 
initial surfaces ax the various Macii nunbuers is 
ctrsirable :n order lo obtain sin.ila]' supercritical 
pressure distributions. A fixed initial surface 
results in sharp pressure peaks which set lower 
limits in in-e Macii number range of siiock-free 
flow. 

T CONCLUDING REMARKS 

\\\ have p'resented diffei-eiv. techniques for trans- 
onic air: oil design ha\ing in common the use of 
a Tif-v. boundary \ alue problen* tor' mixed tlow, 
tl.t' L.liptic Conti nuation P rinciple. Design 
r:i':v'0.s resulting from tins approacii were shown 
cvevunc in ar. e\'ol’Utiona ry prctcess iinally leading 
oon.puter' prozrc^iu= IM'esenvatiot: of 
tt!v S', ej/r nke tn^. h.tc; .y jv a rt'SULis a no 'iic 

eMr^r:n;ent£ v. ith Hhec>^'lv:t r:c Ana logy was 
r.: to r"o\ ide initia ur.der.standing for* the 
:i K '.'K. onon. 1 c a I numeiwa. n etucids. Tlim seeror 
\o in.r-f-rxtni m a lin^e when Uie design engi- 
neer :amiliar to and dependent on large com- 
xiv.f.nc facilities, lc>oses contact to eduCoTionai 
y . ,\v niC-cel?; cib aineG with njor‘6 Ciassica. tech- 
nique.-.. 

i-w-sides this r eviewing character of the paper, 
wc arrived at a new design method opening 
se\eral interesting possibilities. Tlie concept 
of Adaptive Wings is the theoretical base for 
cvi»enmients win* new fuel efficient transonic 
configurations Extension into three-dimensional 
flow problems proved possible and the first 
snock-free wings and wing body combinations 
ija\r oeen obtained 
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UNSTEADY TRANSONIC FLOW COMPUTATIONS 
by 

A. R. Seebass, N. J. Yu, and K-Y. Fung 
Department of Aerospace and Mechanical Engineering 
University of Arizona 
Tucson, Arizona 85721 


SUMMARY 

We investigate the effects of unsteady modes of motion on two-dimensional transonic flows; we do so 
in the context of the inviscid small perturbation approximation. The study is a numerical one and draws 
upon the alternating-direction Implicit procedure developed for such calculations by Ballhaus and his co- 
workers at the NASA Ames Research Center. Our numerical algorithm treats shock waves as moving discontin- 
uities. Results of nonlinear and time-linearized calculations of the transonic flow past an NACA 64A006 
airfoil experiencing harmonic motions in several of its modes are presented and discussed. 


1. INTRODUCTION 

In unsteady transonic flows, relatively small periodic changes in the boundary conditions can lead to 
substantial changes in the loads and moments with marked phase lags. These are of major concern In 
the aerodynamic design of aircraft that operate in the transonic regime. A short, but timely, review of 
various aspects of unsteady transonic flow may be found in Reference 1. Of particular concern are aero- 
elastic behavior, and flutter and buffet boundaries. Here the unsteady perturbations may sometimes be 
small enough that linearization about a nonlinear steady flow, as suggested by Landahl (2) long ago, is 
possible. 

In such flows the behavior of the boundary layer, especially as it is affected by the pressure rise 
caused by any shock waves in the flow, is clearly of major importance. Additionally, in the neighborhood 
of the leading edge the flow perturbations are large; consequently, highly accurate inviscid results 
require the use of the full potential equation. It seems likely that eventually the computational algor- 
ithms used in routine studies of unsteady transonic flows will use the Reynolds averaged Navier-Stokes 
equations now used in research studies. However, such algorithms (3) currently require substantial 
computer time and are too Inefficient for exploratory studies such as this one. The ability of these 
algorithms to model complex unsteady transonic flow phenomena, such as buffet, has recently been demon- 
strated (4). 

An important consideration in constructing an algorithm for unsteady transonic flows is the treatment 
of moving shock waves. The experimental observations of Tljdeman (5-7) Indicate that even for simple 
airfoil motions shock wave motions can be complicated, and that they can strongly affect aerodynamic force 
and moment variations. Time-linearized methods, l.e., methods that assume the unsteady perturbations are 
small compared to the basic steady disturbance have not usually considered shock motions (8, 9), although 
they can be modified to do so for small shock excursions (10). Time-integration methods (11-18) treat 
shock waves by "capturing" them, a procedure that can present a number of difficulties. 

Unsteady experiments (5-7), analysis (10) and numerical studies (10) all indicate that the amplitude 
of the shock wave motions increases inversely with reduced frequency. Thus some of the most important 
effects occur with low-frequency motions. This is not surprising; nonlinear behavior Is suppressed at 
higher frequencies, with the small perturbation equation becoming linear for frequencies higher than the 
two- thirds power of the airfoil’s thickness- to-chord ratio. Explicit finite-difference schemes are not 
efficient when applied to low-frequency cases because the stability restriction on the time step is sub- 
stantially more severe than that required for accuracy. As a result, efficient seml-lmpllcit methods (13) 
and even more efficient fully implicit methods (11. 12, 17, 18) have been developed. Caradonna and Isom 
(17) use an iterative implicit procedure, i.e., the nonlinear implicit finite-difference equations must 
be solved iteratively at a given time level. In an earlier, unpublished, study we also used such a pro- 
cedure. Ballhaus and Steger (11) and Beam and Warming (18) constructed more efficient algorithms that 
solve the nonlinear equations directly by the solution of simple matrix equations generated by an 
alternating-direction implicit (ADI) procedure. This method has proven to be so efficient that it is now 
used as an alternative to successive line over-relaxation (SLOR) for steady flow calculations (Reference 
19 and Yu and 'Seebass, unpublished) . 

As mentioned above, these implicit schemes "capture" shock waves, l.e., shock waves evolve automati- 
cally as part of the numerical solution. Shock capturing produces shock profiles that are distorted in a 
manner that depends on the truncation errors in the finite-difference scheme. The use of mixed-difference 
schemes (11, 18) can improve the situation for cases in which the flow changes from supersonic to subsonic 
across the shock. However, when this condition is not satisfied the differencing cannot be switched 
across the shock and shock resolution is poor. In any case, shock capturing requires spatial grid 
spacings. in regions where shock waves are anticipated, that are sufficiently small to resolve the shock 
waves. The grid spacing required to do this is usually much smaller than that required to resolve flow 
variable gradients in most of the rest of the flow field. Shock fitting removes the large gradients from 
the finite difference solution and permits equivalent flow field resolution with fewer grid points, both 
in space and time (20, 21). If shock waves are not treated as discontinuities, but are to be captured 
correctly, the difference equations must be solved in conservation form. This imposes an additional con- 
straint on the construction of finite-difference schemes that can be difficult to satisfy. 

A need for shock fitting also arises in computing time-linearized solutions for very small unsteady 
perturbations. Time-linearized solutions for Indlclal motions can be used to determine force and moment 
coefficient variations at various reduced frequencies, obviating the need for a numerical solution at each 
reduced frequency (see, e.g.. Reference 22). 
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Traci, et al-, (8, 23, 24) have developed relaxation methods for solving the resulting time-linearized 
equations of motion for harmonic disturbances. Less complete, but comparable, studies have been made by 
Weatherill et al. (25); these derive from an earlier study by Ehlers (26). In both of these studies shock 
motions, which contribute substantially to the time-varying loads and moments, are neglected. Difficul- 
ties also arise in the convergence of the iterative numerical scheme. Unsteady small amplitude motions 
have shock wave excursions that are the order of the amplitude of the motion divided by the reduced fre- 
quency of the motion. Consequently, these shock motions dominate other low frequency contributions to the 
lift and moment coefficients. Such time-linearized shock motions can be computed in a rational way, but 
the accuracy of the results depends critically on an accurate resolution of the steady flow field in the 
vicinity of the shock wave (10); this is best accomplished by shock fitting. 

This paper briefly reviews the numerical procedures we have developed for computing nonlinear and 
time-linearized small perturbation unsteady transonic flows. We use an ADI scheme and treat shock waves 
as discontinuities in the flow. Calculations of the transonic flow past an NACA 64A006 airfoil experi- 
encing harmonic or indicial pitching and flap oscillations are discussed. 

2 . FORMULATION 

We write the unsteady small disturbance equation for low frequency transonic flows in the commonly 
used form 
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The spatial coordinates, the time, and the velocity potential In (1) have been non-dimenslonalized by the 
chord, the reciprocal of the angular frequency, and the free stream velocity times the chord, respectively. 
Other, perhaps more useful and suitable, forms are given In References 21 and 27. This equation results 
from a systematic expansion of the velocity potential in the thickness ratio t and applies for reduced 
frequencies K *= 0 (t^^^) where K = u)c/U, l.e., the angular frequency multiplied by the time it takes 
the flow to traverse the airfoil chord. Lin, Relsner and Tslen (28) showed that, with restriction to 
small perturbations throughout the flow, this Is the only nonlinear equation that arises. For moderate 
frequencies the equation 
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is frequently used, with or without the term, and may provide results that apply at higher frequen- 

cies than those obtained from (1), 

The boundary condition on the body takes the simple form 


(x,0,t) 


,(v;+A(y“ + ky“)]. 


1 

2 - 


1 

- 2 


( 2 ) 


where Y(x,t), the instantaneous body shape, has been decomposed into a steady part, Y° , and an unsteady 
part, Y'^. Here 6 is the amplitude of the unsteady oscillation. Because K * 0(i^^^), the last term 
in (2) is dropped unless Y^ = 0 or is small. For this reason, the time-linearized perturbation velocity 
potential for plunging motions (Y » 0) is just K times that for the analogous pitching motion, where 
Y^(x,t) “ (x - x^)sin t. ^ 

Numerical studies conducted by Magnus (15) show that erroneous boundary data on a finite domain can 
lead to significant errors. The low frequency approximation implies that any changes in the circulation 
are communicated instantly downstream to infinity. Consequently, the simplest boundary conditions are 
* 0 on the downstream boundary and 4> * 0 on the other boundaries. Ballhaus and Goorjian (12) used 
tfiese boundary conditions in their study and obtained satisfactory results. The validity of such far- 
field boundary conditions can only be justified by numerical experiments; i.e,, near the boundary the 
disturbance quantities , and , must be much smaller than the values at the airfoil surfaces. For 
the lifting case, depends on th^ instantaneous circulation, F. This dependence can be derived 
theoretically by assuming that in the far field all the perturbations are small compared to the basic 
steady state (see, e.g., Reference 27). Here we use a stretched coordinate system that maps the doubly 
infinite domain into l^l^l, and set (|) * 0 on the downstream boundary ^ * 1 and 4) « 0 

elsewhere on the boundary of this domain. As a numerical test for this procedure we have computed the 
steady state circulation about an NACA 64A006 airfoil for various flap deflection angles, using the ADI 
method with appropriate far-field values of corrected for the usual steady state circulation con- 

tribution. These results have been compared with the results obtained by the ADI calculations with the 
boundary conditions employed here for an unsteady flap deflection to the correct angle. These results 
are identical within the accuracy with which we have computed the solutions. 

Any shock wave that exists in the flow field must satisfy the jump relation derived from the conser- 
vative form of the governing equation (1), namely 


- a - - (Y + = 0 
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together with the condition derived from the assumption of irrotatlonality , 


( 4 ) 


11-3 




A 


Here (|> refers to the mean value of evaluated on each side of the discontinuity, and 6 indi- 
cates ^ the jump in across the discontinuity; the subscript "s" denotes the quantity ^ 

evaluated at the shock surface. 


The pressure coefficient, defined so that it vanishes at sonic conditions, takes the form 


C « -2 
P 



<5) 


In the small disturbance approximation, the Kutta condition is Imposed by requiring that C be contin- 
uous at y * 0 for x > 1/2, P 


2 , 1 Time-Linearized Equations 

We now assume that the unsteady disturbances, characterized by 5, are small enough that we may write 


4>(x,y,t) = 4»°(x,y) + 6i(;(x,y,t) + o(6) 


( 6 ) 


and neglect higher-order terms in 6. The restriction imposed on 6 for this to be true will depend on 
the other parameters of the problem, viz., k = (1 - m2)/[(y + and K. This gives 
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The solution to (7) must satisfy the steady version of the shock relations 
tions for (8) are discussed in Section 2.2. 
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The shock rela- 


We avoid writing 

^(x,y,t) * Re{iKx.y)e^**^*^ } (9) 

as this restricts the study to harmonic motions. Because indiclal motions can be superimposed to obtain 
the results for any frequency, they seem more important. Equation (9) results in an equation for a com- 
plex-valued which may be solved by line relaxation. Our experience with unsteady ADI techniques has 
been that they are at least as effective as line relaxation for problems of this type, and hence there is 
no advantage to the decomposition (9). 


The numerical algorithm developed in Reference 21 and described briefly in Section 3 can be used to 
solve the basic equation (1) subject to the boundary conditions (2), the shock conditions, (3) and (4), 
the far-field boundary conditions , and the Kutta condition. Steady state solutions, ^®(x,y), may be 
obtained rapidly by subjecting a basic steady state, such as undisturbed flow, to rapidly changing 
boundary data until a new steady configuration is prescribed. This, then, determines the steady state 
result for (7) needed to solve (8). 


2 . 2 Shock Fitting 


The basic algorithm for shock fitting in mixed flows was developed in a previous study of steady 
transonic flows (20). A different approach to shock fitting has also been used by Hafez and Cheng (29) in 
their study of steady transonic flow problems* Their procedure essentially replaced the shock-point 
operator of Murman (30) by an analogous difference statement derived from the shock jump conditions. Sub- 
sequently, the velocity potential on each side of the shock wave is extrapolated to locate the shock wave. 

To understand the shock-fitting procedure for unsteady transonic flow calculations it is necessary to 
recall how shock waves form in an unsteady field. Shock waves are generated when the local flow becomes 
supersonic and compressive. While the initial shock formation may not be predicted exactly by the numer- 
ical solution when shock fitting is used in the early stages of shock wave formation, it eliminates 
spurious oscillations in the numerical solution and does provide the correct development of the shock wave 
in later stages of the calculations (31). The criteria that we set for the initial shock formation is 
that the local flow become sonic (relative to the airfoil) and compressive. In the body-fixed coordinate 
system, a shock wave can exist both in the usual supersonic-supersonic and supersonic-subsonic transitions, 
but also in a purely subsonic flow field, sometimes referred to as a "subsonic-subsonic*' shock. In any 
case, the flow ahead of the shock relative to a coordinate system fixed on the shock must be always super- 
sonic. Consequently, the correct judgment for the existence of a shock wave in the unsteady field is to 
evaluate the local flow velocity ahead of a prospective shock with respect to the coordinate system fixed 
on it; i.e., if the local flow is supersonic a shock may exist, if the local flow becomes sonic the shock 
strength diminishes, and if it is subsonic a shock cannot exist. 


Any shock wave that exists in the flow field must satisfy the jump relations (3) and (4). In two- 
dimensional small perturbation transonic flows the shock waves that usually occur are nearly normal to the 
flow direction. While it is not necessary to do so, in the numerical calculations reported here we have 
assumed that if the basic steady flow has a shock wave, then this shock may be approximated by a shock 
wave normal to the free stream flow. To be consistent with this approximation we must also assume that 
the motion of any shock wave that arises from unsteady changes in the flow, as well as the motion of 
existing shock waves, is also calculated by this normal shock approximation. For this simplified model, 
(3) and (4) reduce to 
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2K 


(y + DM 


,2 + 


( 10 ) 


which gives the speed of the normal shock in the flow field. For steady flows is a function of x 

alone; this, of course, still permits 0<i> D to vary with y. For unsteady flows^ while x is a 
function of t alone, the strength of the shock will still vary with y. ^ 

For time- linearized flows the steady state result for with normal shock fitting will give a 

steady state shock position x®, 0 X |y| X determine the shock wave's motion by writing the 

perturbed shock .position as x^ * x® -J- 6x(t) 'and using the time-linearized version of (10); we note that 
an expression of the form x° + 6x(t)/K would probably be more appropriate. From (10), we conclude chat 
the shock motion is governed by 


on the shock, 
tion we find 


dt 2K 


iX - Y + 1 
dt ■ 2K 

Linearizing the expression in (11) 


with 0(t>0 = + SOiJiO = 0 (11) 

for the velocity potential about the steady shock posi- 
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♦ (Xg.y.t) • iKx°,y,t) + ♦^(x°,y,t)6dx 

= $°(x°,y) + ♦•(x*,y)6dx + 6iKx*,y,t) + 0(«^). 

S X s s 

Because we have treated the shock as a normal one, y appears here simply as a parameter. Now 
04) (x ,y,t)B and ^re both zero; consequently we have 

5 S 

t 

0^(x;.y,t)|| = - U;(x“,y)Bp^(x;.O.bd^ (12) 

0 

which must be integrated in time in conjunction with the solution to (8). 


3. NUMERICAL PROCEDURES 


In a preliminary study of the unsteady transonic flows a normal shock-fitting procedure was imple- 
mented in an implicit-iterative scheme. Satisfactory results were obtained, but the procedure was time- 
consuming because of the iterative process required at each time step. The recent studies of Ballhaus 
and Sceger (11) and Ballhaus and Goorjian (22) show that an ADI scheme is more efficient that the 
implicit-iterative scheme in treating the low frequency transonic flows. The shock-fitting algorithm was 
modified and implemented with an ADI scheme. In this section the ADI procedure and the method used for 
unsteady shock fitting are briefly reviewed. 


3 . 1 Coordinate Stretching 

To minimize the far-field boundary effects on the numerical results a relatively large computational 
region is usually required. For some of the cases studied in this paper the shock excursions are large 
and the unsteady disturbances carried several chord lengths away from the airfoil; thus, the use of a 
relatively large computational domain seems desirable. A simple and straightforward way of computing the 
solution in a large computational domain is to use nonunlform mesh distributions with most of the mesh 
points concentrated in the region of interest. An alternative is to introduce analytical coordinate 
stretchings. In the present study, we use the following coordinate stretchings; 


C •= ± {1 - exp(+a^x)} for x < 0 and n -= ± {1 - exp(+a 2 y)} for y < 0, 




where a^ and a« are constants that control the mesh distributions. The Infinite physical domain is r 

transformed into the finite computational domain bounded by Ul X 1*^1 X transformation 

provides a concentrated mesh distribution near the airfoil which is suitable for the present study. While 
this scaling is not consistent with the known algebraic decay of the perturbations, calculations made with 
an algebraic scaling, viz., ^ « x/(|x| + a.) etc., gave essentially identical results. The exponential 
variation used here seems more desirable near the airfoil, 


The governing equation (1), written in the stretched coordinate system, is 


-2KM 


^ 2 ^^ - ln|) ^ t 


.} - { 


(y + 1)M^ 


23^(1 - 


nl) (Y + DM 


j + a^(l - |€|)*J ) + 


1 - 
a,(l- 


TtlT 


(13) 


Because (13) is in divergence-free form, a conservative difference approximation can be constructed if the 
shock wave is to be "captured" rather than "fitted." 


The normal shock jump relation follows 
the airfoil surface are now 


directly from (13); this relation and the boundary condition on 
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n.5 


dt *1 
(^) - — — 
'dt^ 


UIXy + 1) 


- 1 


2K 


i— 2 

/v 4, 1 \U* ^ ^ 


(T + DM. 


and 


(X*) 


♦^(0,0 - ^ (1 - Ul) ^ , -1 + wpUj/2) i { 1 1 - e*p(-«j/2). 

Equations analogous to (13) and (14) for the tlne-llnearlzcd results are given in Reference 10. 

3-2 Alternating-Direction Implicit (ADI) Method 

The low frequency equation in the stretched coordinate system is solved by the alternating-direction 
implicit scheme developed by Ballhaus and Steger (11). To simplify this discussion, equation (13) is 
rewritten in the form 




( 15 ) 


where the function T, F and G nay be determined by comparing equations (13) and (15), The solution 
is advanced from tine level "n” to level ”n+l" by the following two-step procedure: 


(< - »?) + * «.c" - 0; ^ of 1 - 


At 


'•'J) + 7 - g") - 0. 


( 16 ) 


Here **+” refers to an intermediate value of f, D* is the type-dependent difference operator for 
C-derlva elves and 6 the central-difference approximation for n-derivative. The backward difference 
approximation for can be either a first-order or a second-order difference approximation, with the 

latter giving improved results. The nonlinear term F is evaluated, using a linearization somewhat 
differei t from the two-time level averaging procedure of Ballhaus and Steger. The difference approxlAa- 
tions described above provide first- or second-order accuracy for V , second-order accuracy for F 
and in subsonic regions, and first-order accuracy for F in sSfersonic regions. A local analylis 

ahows t'lat the procedure is unconditionally stable. ^ 

In the first step a quadradiagonal system is generated and can be easily solved by direct elimination. 
For lifting calculations two grid lines are used to represent the lower and upper surfaces of the airfoil. 
The circulation, F, la calculated by F - through each sweep. Here "ITE” denotes the 

upper aid lower values at the first grid point behind the trailing edge. This circulation is incorporated 
Into th*i construction of the n-derivatlves behind the airfoil for n * 0. 

In the second step a trldlagonal system is generated by the body. Ahead of the leading edge and 
behind the trailing edge the double grid notation for n ” 0 destroys the trldlagonal system. However 
ahead of the leading edge, and behind the'"t railing edge, + F; thus the difference 

equations can be reordered to give a tridiagonal system. On the airfoil surface, the matrix equations 
above ..nd below the airfoil are decoupled; they can either be solved separately or simultaneously by pack- 
ing tb - matrix equatlons.qcagSther. 

Aialn, analogous but somewhat simpler equations and procedures are used for the tine- linearized calcu- 
lations. In these calculations Che type dependent operator, D , changes at Che steady state sonic line 
and shork wave. The coefficient, f(C,n)» that appears in (8)^ln the fonn { f (4,n)'^j.)r depends on the 
steady state results ^*(€.n) and must be stored. On the other hand, the matrices uled do not depend on 
the solution and, consequently, need only be inverted once. In its present form our algorithm does 
not tak'^ advantage of this feature. 

3.3 S Kock Fitting 

V.i start the unsteady nonlinear flow calculations by using an ADI scheme. When the local flow be- 
comes ronic and compressive, we introduce the shock-fitting algorithm described in detail in Reference 21. 
Sonic, .compressive points are treated as shock points where differentiation in t and 4 across dis- 
contin* ities is avoided. Initially, the shock has zero strength and Is stationary. The flow propert.^s 
ahead of and behind the shock can be easily extrapolated from neighboring points. The shock wave can 
cithoK increase or decrease in strength during the unsteady process. This results in three posalblllt/es 
for shr-ck motion chat have to be considered separately in the fitting procedure: The shock moves upstream 
and crosses grid points; the shock remains stationary or moves within a grid spacing; the shock moves 
downat'eam and crosses grid points. At each new time level the shock position is determined by applying 
(10). The formulations of the difference approximations for each case are quite similar. 

F*t clme-Xinearlzed calculations the solution Is advanced in time using the time- linearized analogues 
of (16) coupled with (12) in the form 


I*l'^ - -C(n>4t*J + I*!": + I*!'*'. 

Her, 

Y + 1 2 2 

a^(l - U*|) l4^(C*«h)Bt and C* denotes the steady state position of the shock wave. 
This pr.>cedure corrects the ^ values for shock motions as the solution progresses. The shock motion Is 



I I A 

• 4 «lly d«t«r»ln*d •iTOlCaneoualy by using (11) and (12) In the form 


rurthcr details are given in Reference 10. 
4. RESULTS AND DISCUSSION 


Boch th« nonllneir and tl«e-Unearl*ed algorlthas have been used to conpute the flow past an WACA 
64A006 airfoil subjected to Indlclal, l.e., step, changes and haruonlc motions In pitch and flap osclUa- 
Cion. The latter calculations have included a range of Mach numbers, amplitudes for the nonlinear 
algorithm, and reduced frequencies for the harmonic changes. The nonlinear algorithm has also been used 
to compute the flow past a pulsating parabolic arc airfoil. In this latter flow, at M. - 0.85, as the 
airfoil thickens a shock wave forms and moves downstream until shortly after mid-cycle. As the airfoil 
thins, the shock wave moves upstream with increasing speed, eventually leaving the airfoil. A comparison 
of the results, with and without shock fitting (21). indicates that shock fitting predicts the formation 
of the stock wave more accurately. It also properly defines the stock wave when It becomes ’’subsonic- 
subsonic In the fixed grid system. The shock wave decays slowly as It propagates Into the free stream 
after passing the location of the leading edge when the airfoil’s thlc’wiess has Just become zero. 

4. 1 NACA 64A006 Airfoil, Nonlinear Calculations 


Steady state solutions were computed as discussed Ir Section 2.1 for an NACA 64A006 airfoil for 
various values of the freestream Mach number by using the ADI scheme with shock fitting outlined In 
Section 3. The free scream Mach number was varied between 0.8 and 0.9. The mesh system had 101 by 82 
grid points In the x- and y-dir«tlons respectively. About 250 to 450 time steps were required for the 
solution to converge i 10-”. These steady state solutions are used as Initial data for the 

nonlinear and time- linearized unsteady flov calculations 
i 

Result were computed for the airfoil with quarter-c .ord flap for various values of the reduced 
frequency, the free stream Mach number, and the oaclllat on amplitude. In order to simulate the shock 
motions observed by Tljdeman (5. 6). These motions were classified by him as: type A - small shock 
oscillation; type B - the shock becomes very weak or dls ippears during part of a cycle- type C - the 
atock leaves the airfoil. Results for type A motions ere not given, a. they are eaey to t«.t compute- 
tionally. For all cases studied it cook three to six cycles for the flow field to become periodic'^ 
Stability seems to require that the time step be small enough that Atfln degcees)/K < 10. 

* . ^ the pressure coefficients on the airfoil surface at various times for M - 0.854. 

It - 0.358 and « - 1 • For these conditions Belltous and Goorjlan (12) were able Co simulate tyje B 

'TJn T "* shock disappears during some part of the cycle. Here the shock does not dlsapp^r during 
du! hecones quite weak during a small portion of the cycle. This difference la probably 

due in part to rte assu^clon of a normal stock, which esulta In a atronger shock than would normally 
occur, and to the use of shock fitting, which Is able U resolve very weak shock waves. ^ 

Figure 2 depicts the pressure coefficient on the a^'^foll surfaces for M * 0.822, K » 0.496 and 

chi * nlaulating type C shock notion. Because we ha e used less spatial resolution and have not scaled 
Invl! “ith varlou. power, of the Mach number, a slightly larger deflection 

inaJe .e rh f s? *^he type C shock motion; that is. we need a 2* deflection 

auLrlri^*^! *** Reference 12 to obtain a.-.alogous behavior. In this case the flow field Is 

orocl^ui “*’* “captured" In the non-stock-fitting 

“ns'eady process the shock moves toward Che leadiag edge. However, the strong 
The*u«Iur^tr°‘^ ? pressure at the leading edge prevent, the shock from propagating off Che airfoil, 
velont^atold of rir h’' “egatlve; thus, the flow used to calculate the relative 

Ilirtto ^ ^ *he shock can no longer support a shoe: wave. Normal shock-fitting calculations det.r- 
no2!iki? P^***“*^* J“*P the .hock at the airfoil surface. This ellalnaces the 

doH^nii r 5*“*^ * 'he stock may propagate o f the leading edge In the co^nicatlons . But this 

as not Imply It cannot occur; rather thla la a llmlttrlon of the nocnal shock fitting. 

tlon^ff“) la«,’^r'‘^ThMr^“^ '*'* eqiiitlons using an explicit procedure for the condl- 

r*»“lts are compared with our ;alculatlon In Figure 3 for two angular times 
du^t^ *'’"**"' the lease and the largest dlscrepanc es. These discrepancies are thought to be mainly 
Che perturbation .olutio- near Che leading edge. Small errors there change 

tto JtoL i'"* •“* *''• th« condition, con^d.rto? 

li ob«lMd! «>• • good one. Rather good agreement 

Mdltlooal nonlinear calculations have been carried .>ut for H « 0.880 and K • 0 48 Both nirrh,.. 

«totli:e ood harmonic chSng..: For Ses^ cotouiona «r;^'Lu* 

uMteady changes lead to very small shock motions and t,.e ahock wave remains between grid points ’^Because 

duc^L" rsL'nt:!: ‘i:* ‘-o « ..sh distribution uSed h«. c:; i„«r 

nato thin L i ’ I * PP'^^®" 'h«n a grid line la crossed. V. wished to ellml- 

nUuutn«! tl. ^ * nonlinear calcula;lons to judge the accuracy of tlme-llnearlaed 

behavior occiirs foV 'hat for pitching .bout mid-chord, nonlinear, amplitude dependent, 

detreitlnr K l!Il. ^ ' <>•«• »ecauae the amplitude of the shock motions Increase, with 

decreasing k, nonlinear eff.cci occur at msaller value; of 4/t at lower reduced frequencies. 

harJl?t‘natn‘°niMn‘rf*'’““‘ •'”P» of V.rymg size to resolve the response. For 
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cyeU to cycle to reduce the nueber of cyclei required. Each cycle requlree 60 to 180 ti.e etepe to co«- 
But, with »ore etepe required for soallet values of K. Each tl-e etep takes about 5 aeconds of CPU 
tlaeon a CDC 6400, or about 0.25 aeconda of CPU time on a CDC 7600. 

4.2 NACA 64A006 Airfoil, Tlme-Llnearlzed Calculations 

Tl«-llneorU«l results hsve been coaput.d for an NACA 64A006 airfoil experiencing hamonlc and 
Indlclal pitching and flap motions. As noted earlier. In the low 
pitching and plunging aotlons lead to the same result except that the 

oroportlonal to the maxlaua pitch angle for the former, and K times the maximum amplitude for the I t 
?er? Harmonic motions Initiated from a steady state become nearly periodic In three ‘o 
the changes Induced by flap oscillations becoming periodic more rapidly than those resulting from p 
log oscillations. More cycles were required for larger reduced frequencies and, to a lesser degree, 
higher Mach numbers. ^ 

In order to confirm the validity of the tlme-linearlxed calculations, both the time-lioe«lxed and 
nonlinear algorithms were used to compute the response to a step change In angle of 

«nlc response to pitching motions. Figure 4 compare, the nonlinear and ttoe-linearlted "suit, for the 
normalized circulation and shock position for harmonic pitching motion, at M. - 0.88 «d K 0-‘8. 

Results are given for the fifth cycle; note that the nonlinear results are not yet j 

compares the nonlinear and time-linearized pressure deviation from steady AngulAf 

Chs same conditions. Good agreement between the results Is obtained for d/r less than 0.1. 

Tlme-llnearlzed pressure distributions at six angular positions for an oscillating quarter-chord 
flao with K - 0.06 and M - 0.875 are shown in Figure 6. The flap deflection is downward during the 
first half of the cycle. The results for the second half of the period, for the symmetrical probl^ 
shown here, are lust the results shown with the lower and upper surface pressures Interchanged. Thus 
the result, for 0* are not given as they are Just those for 180* with the lower and upper surface pres- 
sures reversed. Because the flap hinge occurs very close to the steady state shock location, the 
pressure singularity due to the change In flow direction at the hinge is missed. The circulation and 
shock sxcurslon obey the following relations: 

r(t)/fi - 9.26 sin (t - 59*) p 
X(t) • 12 sin (t - 51*.). 

Note the substantial phase lag in the circulation and the shock *s position. 

Time-linaarited pressure distributions at six angular positions for an oscillating airfoil with 
K - 0 12 and M - 0.875 are depicted in Figure 7. If these results are multiplied by K, then they 
repreUnt the pressure perturbations for a plunging airfoil. As in the previous case of an oscillati ng 
flap, changes in forces and moments of 0(6/K) occur due to shock wave motion. In this case 

r(0/« - 5.48 sin (t - 70*) . 

X(t) - 5.62 sin (t - 87*). 

Analogous computations have been carried out for 1 - 0.12, 0,24, 0.36, and 0.48. Figure 8 uepicts 
the shock wave's excursion and maximum circulation as a function of K’^ The nearly linear variatlo:> of 
the shick excursion substantiates an observation made in a one-dimensional model where the shock wave 
excurrlon is directly proportional to 1/K (see Reference 10). 

li these calculations the circulation gives an immediate evaluation of the lift coefficient as . 
functicn of time; the moment coefficient must be evaluated by integrating the moment of the pressure 
coefficient. This is done by Integrating the moment *f pressure perturbations with the shock wave i.i its 
steady-state position and then correcting these results for the moment due to the shock wave motion, 
assuming that the shock's strength Is defined by the s-eady-state Pleasure field. This makes an error in 
the shock strength of 0(5). but the effect on the mrsent is 0(62/K); because we have neglected o :hcr 
higher-order terms it is consistent to neglect this ch inge in the strength of the shock wave. 

Figure 9 depicts the absolute value and phase angle of the normalized lift and moment coef ficie’its, 
as a function of the inverse reduced frequency K'*, for harmonic flap and pitching motions at M^ - 0.875. 

The time-linearized algorithm used here Is s derivative of that used for the nonlinear calculations. 
Consequently, computational times are not greatly reduced from those required for the nonlinear calunla- 
tlons. The linearity of these computations may make it possible to greatly reduce the computationaJ 
effort required. A local stability analysis shows that the computations should be unconditionally stable, 
but numerical experience has shown some difficulties for At(in degrees)/K 50. Each time step requires 
about two seconds of CPU tine on a CDC 6400, or about 0.1 aeconds on a CDC 7600. Tlie number of time steps 
required for a given computation is somewhat less than those required for the nonllnesr computations at 
small values of K, and comparable at larger values of K. 

5. CONC JSION 

Efficient and accurate methods for computing low frequency, unsteady behavior in transonic flows have 
been developed. They utilize the ADI procedure developed at NASA Ames for the small perturbation equa- 
tion, but treat shock waves as discontinuities. The time- linear! zed calculations allow shock wave motions, 
which are shown to be 0(6/K) and often dominate changes in the force and moment coefficients, Comrarlson 
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of the time- linearized results with fully nonlinear calculations dellm*ates their range of applicability. 
The unsteady behavior due to harmonic pitching and flap oscillations of an NACA 66A006 airfoil is 
discussed. 
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FIGURE 4. NONLINEAR (***) AND TIME-LINEARIZED ( ) CIRCULATION AND SHOCK 

POSITION FOR THE PITCHING MOTION OF AN NACA 64A006 AIRFOIL. 
RESULTS SHOWN ARE FOR THE FIFTH CYCLE. THE NONLINEAR RESULTS ARE 
FOR 5 - 0.1° AND ARE NOT YET PERIODIC. M = 0.880. K » 0.48. 
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FIGURE 5. NORMALIZED NONLINEAR (****) AND TIME'LINEARIZED ( ) PRESSURE 

PERTURBATIONS ON THE UPPER SURFACE OF AN NACA 64A006 AT SIX TIMES 
PITCHING MOTION WITH « 0.880, K = 0.48. FOR THE NONLINEAR 
CALCULATIONS 6 = 0.1°. 
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Small Unsteady Perturbations in Transonic Flows 

¥ 

K-Y. Fung,* N. J. Yu,* and R. Seebasst 
University of Arizona, Tucson, Ariz. 


The effects of very small, low-frequency perturbations on steady transonic flows, in the context of two- 
dimensional flows described by the small perturbation equation, are investigated. Previous lime-linearized 
studies failed to account for the shock wave motions that are known to occur. A method is provided that allows 
one to correctly account for shock wave motions due to arbitrary but small unsteady changes in the boundary 
conditions. Consequently, both harmonic and indicial responses may be determined. Time-linearized results for 
the transonic flow past an NACA 64A006 airfoil experiencing harmonic motions in one of several modes are 
presented. Selected results are compared with those obtained from nonlinear calculations using a shock-fitting 
algorithm. 


Introduction 

I N unsteady transonic flow, relatively small periodic 
changes in the boundary conditions can lead to substantial 
changes in the magnitude and phase lag of loads and 
moments. These are of major concern in the aerodynamic 
design of aircraft that operate in the transonic regime. 
Reference 1 contains a short but timely review of various 
aspects of unsteady transonic flow. Of particular concern are 
aeroelastic behavior and flutter boundaries. Here the un- 
steady perturbations may be considered small, and 
linearization about a nonlinear steady flow, as suggested by 
Landahl^ long ago, would seem to be appropriate. Indeed, it 
has been suggested^ more recently that the steady flow be 
determined experimentally. Difficulties arise, however, which 
detract from this procedure. Although the equation is linear, 
its coefficients are variable and must be determined by 
numerical solution of a nonlinear problem that, in the cases of 
prime interest, has a discontinuous solution; that is, there are 
embedded shock waves. Also, although a change of variables 
in the linear equation provides a scaling of parameters which 
is indicative of the tradeoffs between, e.g., Mach number and 
reduced frequency, the only similitude is the one basic to the 
nonlinear formulation. 

Traci et ah'* have developed relaxation methods for solving 
the resulting time-iinearized equations of motion. Less 

complete but comparable studies have been made by 
Weatherill et al.^; these derive from an earlier study by 
Ehlers.^ In both of these studies shock motions, which 
contribute substantially to the time-varying loads and 
moments,^® are neglected. Also, difficulties arise in the 
convergence of the iterative numerical scheme. 

Here we pursue a different numerical course. Yu et al.*^ 
^ have developed a numerical procedure for computing 
solutions to the unsteady small perturbation equation for 
transonic flows which treats embedded shock waves as 
discontinuities. This procedure can be used to calculate the 
basic steady flow that we wish to subject to small unsteady 
^ perturbations. A simplified version of this algorithm then can 
be used to calculate the linearized unsteady perturbations to 
the flow. These calculations can be carried out in conjunction 
with an algorithm that determines the shock wave motion. 
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Plasmadynamics Conference, Albuquerque, N. Mex., June 27-29, 
1977; submitted Nov. 14, 1977; revision received March 15, 1978. 
Copyright © American Institute of Aeronautics and Astronautics, 
Inc., 1977. All rights reserved. 

Index categories: Transonic Flow; Nonsieady Aerodynamics; 
Computational Methods. 

*Senior Research Associate. Member AIAA. 
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The procedure that we have used to calculate the shock wave 
motion is a rather obvious one; it is not surprising, then, that 
it, too, was given in the monograph by Landahl’ (Sec. 10.2). 
An alternative procedure, related in some ways to that used 
here, is implied by Nixon’s’^ study of perturbations to steady 
discontinuous transonic flows. 

Formulation 

We write the unsteady small-disturbance equation for low- 
frequency transonic flows in the commonly used form 

- 2KMi <f),, + 0.,., + <t>y, = 0 ( 1 ) 

The spatial coordinates, the time, and the velocity potential in 
Eq. (1) have been nondimensionalized by the chord, the 
reciprocal of the angular frequency, and the freestream 
velocity times the chord, respectively. Other, perhaps more 
suitable, forms are given in Ref. 9. This equation results from 
a systematic expansion of the velocity potential in the 
thickness ratio r and applies for reduced frequencies 
where K-=o 3 C/U, i.e., the angular frequency 
multiplied by the time it takes the flow to traverse the airfoil 
chord. Lin et al.‘‘ showed that, with restriction to small 
perturbations throughout the flow, Eq. (1) is the only 
nonlinear equation that arises. For moderate frequencies, the 
equation 

X +<<*>. =0 

frequently is used, with or without the <f>, term, and may 
provide results that apply at higher frequencies than those 
obtained from Eq. (1) or the linear form of the preceding 
equation. 

Because the boundary condition on the body 

takes the simple form 

4>y {xAt) = T[dY(x,t) /dx-i- KdYix.t) /dt] 

= r[Y:^(b/7){Y^‘yKY^!)\, ( 2 ) 

where Y(x,t), the instantaneous body shape, has been 
decomposed into a steady part Y*" and an unsteady part Y". 
The last term, KY% is dropped except when YJ is small or 
zero because A: = 0(r’^^). Here 5 is the amplitude of the 
unsteady oscillation. Far from the body we require that the 
derivatives of <i> vanish. In this approximation the pressure 
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coefficient, defined so that it vanishes at sonic conditions, 
takes the form 

In the small-disturbance approximation, the Kutta condition 
is imposed by requiring that C^, be continuous at v = 0 for 

X> /2. 

Any shock wave that exists in the flowfield must satisfy the 
jump relation derived from the conservative form of the 
governing equation, Eq. (1), namely, 

+ II«,l-’=0 (4) 

together with the condition derived from the assumption of 
irrotationality. 



Here refers to the mean value of </>, evaluated on each side 
of the discontinuity, and [[ <f>,} indicates the jump in (f>^ 
across the discontinuity; the subscript 5 denotes the quantity 
evaluated at the shock surface. 

Time-Linearized Equations 

We now assume that the unsteady disturbances, charac- 
terized by 6, are small enough so that we may write 

4>(x,yj) =<!)'' (x,y) +5\^(x,v,/) +o(6) (6) 

and neglect higher-order terms in 6. The restriction imposed 
on 6 for this to be true will depend on the other parameters of 
the problem, viz., k = (1 )/[(>+ \ and A'. This 

gives 

I / - A/i - (7 + / ) 10°. + 4,;, = 0 (7a) 

<t>y{x,0) = rY°' (X), -'A<x </2 (7b) 

and 

+ I (/-Mi ^ (7 + /)Mi0;]^, \.x^^yy--0 (8a) 

yl'y{xAf) = y‘i{x,t), -K’<jc<^ 2 (8b) 

The solution to Eqs. (7) must satisfy the steady version of the 
shock relations, Eqs. (4) and (5). The shock relations for Eqs. 
(8) are discussed later. 

As mentioned previously, a shock-fitting scheme that 
approximates the shock waves as discontinuities normal to the 
freestream has been developed‘s with an alternating-direction 
implicit scheme (i.e., ADI) to compute the solution to Eq. (7). 
Comparison of these results with the results obtained*^ using 
an exact shock-fitting algorithm and line relaxation indicates 
that they should suffice for most studies. At the very least, 
they should prove adequate for the time-linearized studies of 
interest here, as only small shock excursions can be allowed. 

We assume, then, that we have the numerical values for <t>l 
required in Eqs. (8). These data will be discontinuous across 
some vertical line, the shock wave, a - a*, 0< I>^! <y*. We 
then ask, under what conditions are Eqs. (8) valid? And how 
do we account for shock wave motions in the linearized 
analysis? The answers to these questions are inferred from a 

onf*-rt)mpn<:ir\nal Htcrncc#»H in 


Anticipating that we will wish to solve Eqs. (8) with the 
same technique that proved successful for Eq. (1), we avoid 
writing 

^ix,y,t) =/?e( ?A(A%v)^'^ 1 (9)'*' 

Assumption (9) restricts the study to harmonic linear motions. 
Because indicial motions can be superimposed to obtain the 
results for any frequency, they too are important. Assump- 
tion (9) suppresses the time dimension of the calculation, but ^ 
it results in two coupled equations, or one equation for a 
complex-valued which may be solved by line relaxation. 
Our experience with unsteady ADI techniques has been that 
they are at least as effective as line relaxation for problems of 
this type, and hence there is no numerical advantage to the 
decomposition, Eq. (9). This conclusion also was arrived at by 
Ballhaus et al. in a related study. 

An appropriate scaling of the dependent and independent 
variables in Eqs. (7) and (8) allows either the thickness or the 
frequency to be normalized to the value 1, as expected. This 
scaling, in terms of the transonic similarity parameter x, the 
amplitude of the unsteady motion 6, its frequency co, and the 
body’s basic thickness t, leads to 

\p{x,y;K;6;ijj;J ) = (x, ;/; — ^ \ 

V LJ ■’ CO * CO ''' ' 

where x and y are suitably scaled replacements for the x and 
coordinates. This result can be used to check trends noted in 
the numerical results. 

One-Dimensional Model 

To answer the questions just raised, we study a simple 
unsteady one-dimensional analog of Eq. (2). We consider a 
one-dimensional unsteady equation that models the important 
features of Eq. (2), and ascertain how a simple steady solution 
is modified by small unsteady perturbations. We consider, 
then, 

+ ( / - 0 , ) 0 ,, = 20 ,, - ^^2 1 ( / - 0 , ) ^ ) , = 0 ( 10 ) 

subject to 0(0,/) =// (/), 0,(0,/) =/?(/), and either 0(1,/) or 
n»U =/(/). There are restrictions on / which, for brevity, 
we do not list. Our study could be generalized by replacing 
I - 0, in Eq. (10) by [A (x) -0,], where A (x) is a continuous 
function of x, but little added insight is gained. 

To simplify matters further, consider the especially simple 
subcase// =0,/; = - l,/= 3 -i-5p(/) . When 6 = 0, we have the 
steady solution 

-X, 0<xsV4 

-J(/-x), V4<x<l 

% 

This satisfies Eq. (10) and the jump condition that one derives 
from it, viz., 

dx, 

H0])=O on 2-^=/-0, (11) ^ 

Now a general solution of Eq. (10), in terms of 0,, is 

. / 2{1 -X) \ 

0, = arbitrary function of (/+ — ) 

\ / — 0 , / 

This can be verified by substitution. With, say i\(\j) 

= 3 +6p{t), we have, for x>x,, 

/ 2(/-x) \ ^ 

0(x,/) =i(x-x,) -i-6j 


/V/ 
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where the choice /i(/) (/) insures that [[ <^| =0 at x=x^ 

because = for x<x^. 

The shock motion must be determined by the direct in- 
tegration of Eq. (11): 

2^=J-i,= -\plx,{l).t] (13) 

at 2 


where the shock motion is given explicitly by 


Xj = - tan 
w 


03 r u) 6 "I 

'tan- (t-hc) - l^tan - 

03 r 03 6 n 

^7-1- tan- (t~J) [tan - 


( 21 ) 


Now, for comparison, we determine the results that are 
^ obtained by time linearization; i.e., we write 


with c= -2(tan'Mtan(cj/8) + 6/4])/o?. For w>6, which is 
required for small shock motions, Eq. (21) simplifies to 


<t>{xj;d) =(t>"{x) +6^(jc.O +0(5) (14) 


^ + (6/4co)(coscj( !4~t) -cos(uj/4)] 


and solve the linear equation for which results by dropping 
higher-order terms in 5. That is, we solve 

(15) 

subject to »0 =p(f ) • 

We now linearize the first of Eqs. ( 1 1 ) as follows: 

I <ma-,o]| =0= [ «(x;.o +()>v(a;,oia5(/) -x°] + ...] 

= [<).“ (x;) + a;, 0 + <i>°Ax, ( r ) - x;i ] 

Thus we conclude that 


Thus these results are in agreement with Eqs. (18) and (19) to 
lowest order in 6. 

The time-linearized results, Eqs. (18) and (19), now are 
compared with the exact results. The nonlinear result for 
x>Xs, given by Eqs. (12) and (13), is 

0 = 0* + J — (/) +5 f sinuj (^/ + — — - — {22) 

Jjc^ ^ 7—0^ \ X,t ) / 


where 


dr 


sXj = — sinuj 
4 


{•*m 


(23) 


« I = - tt </>;(x;)i (A,-x;) (i6) 

From the second of Eqs. (11), with x^U) =-'f° + 5x(0 . we find 

dt 2 4 

where ( )^ refers to the value behind the shock. Thus we may 
replace Eq. (1 1) by 

l^(xin]i=^- ([0;(.x;)]x 


or 


The results, Eqs. (22) and (23), are consistent with the time- 
linearized results, Eqs. (18) and (19), to 0(5), except for a 
slow secular drift in the shock position of 0(5^r) that occurs 
in Eq. (23) but not in Eq. (19). This is an artifact of our one- 
dimensional model; even if it were not, it would not invalidate 
the use of the linear results for flutter studies where 5 is small 
and structural damping determines the time scale of interest. 

The main conclusions that we derive from this study are 
that it is essential to consider shock motion in computing 
time-linearized solutions if we are to determine the effects of 
small unsteady perturbations correctly to lowest order, and 
that shock excursions increase as the frequency is decreased. 
Additionally, this motion can be computed in a straight- 
forward manner. 


^t>ix:j) = -4xit) (17a) 

and 

dx 7 

Example 

Consider now, for example, p{t) = s\no3t; it is easy to show 
that a general solution to Eq. (1 5) is 

0(X,O = - {I/o3)lcOSo3(I -x-t) - 77(01 

The function h{t) follows from Eqs. (17a) and (17b) and 
assuming, e.g., that 0( y4,0) = 0. Thus, 


Two-Dimensional Time-Linearized Analysis 

The results from our simple model show that the time- 
linearized results must be corrected for shock motion if they 
are to be consistently correct to lowest order. This can be 
accomplished by calculating the shock motion in conjunction 
with the time-linearized solution. Here we follow an 
analogous procedure and calculate the change with lime of the 
values of the perturbed potential behind the shock required by 
the linearized shock jump relations. Thus, we wish to solve 
Eq. (8a) with Eq. (8b) subject to the far-field boundary and 
Kutta conditions. As we noted, the steady result for 0* can be 
calculated adequately for most small-disturbance flows using 
normal shock fitting, as described in Ref. 9. Under the 
assumption that the shock wave is normal, the shock jump 
conditions, Eqs. (4) and (5), can be replaced by requiring 


0(jc,O = - (7/cj)[cosoj(7-x-/) -cos(cj/4)] (18) 


and 


I 0| =0 on 


dx, ^7 + 7r Mj-I , 
d/ 2K 


(24) 


X(/) = (7/4u>)[coSa;( 14 — () -cos(cj/4)] (19) 

Had we solved Eq. (15) with for x<x, (0 and 

determined the exact shock motion from Eq. (II) with 1- 
0, = - 2 + 0(5) used in E:q. (12), we would find that behind 
the shock 

0(x,/) =0* +5-4.V, - {6/o3)[coso3{I -x-f) 


( 20 ) 


For steady flow, x, = 0 and in Eq. (24) | • • • | - 0. We express 
the shock positon as 


and conclude that the shock motion is governed by 




dx 7 + 7 7 
dt ~ 2K 


-COSo;(7-x,-/)] 
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As discussed in Ref. 9,\p , h evaluated at >> = 0. On the shock 

[<^1 = [oil (25) 

Linearizing Eq. (25) for the velocity potential about the steady 
shock position, we find 

+0, (0,/)6x 

= 0 “ {xly ) + 0 ; ( ) 6x + 6^ ( 0 4-0(6^) 

Because we have treated the shock as a normal one, y appears 
here simply as a parameter. Now [[ 0(x,,>^,/) J and 
H 0*" 1 are both zero; consequently, we have 

= !I«:(Ar;,v)I (' f,(A-;,af)d/ ( 26 ) 

2K Jf) 

which must be integrated in time in conjunction with the 
solution to Eq. (8). 

Equation (8) now is solved numerically in time and space in 
conjunction with Eq. (26), which is used to update the values 
of 0 behind the shock. We start with a steady solution and 
initiate a body motion, such as the harmonic oscillation of a 
flap. The calculations proceed in time until they are judged to 
be periodic. Note that indicial as well as harmonic motions 
may be considered because we have not utilized the usual 
harmonic decomposition, Eq. (9). 

Numerical Procedure 

The numerical procedure used here derives from that 
developed for the nonlinear equation, Eq. (1). The main 
simplification occurs in the shock jump conditions. In order 
to minimize the far-field boundary effects on the results 
which, as Magnus’'* has noted, can be significant, we again 
use coordinate stretching^ in the form 

^ = ±1/ -exp( - fiT/ lx!)] for xsO 

7j= ±[I - exp( - a 2 ly f )] for v 5 0 

where Oi and 02 are constants that determine the mesh 
distribution. This stretching transforms the infinite physical 
domain into a computational domain bounded by I < 1 and 
li?l < 1. The mesh distribution is concentrated on the airfoil. 
In these coordinates, Eq. (8) becomes 

(27) 

where 


solution is advanced in time from its initial steady state to 
subsequent time levels with the following two-step procedure. 

New values of 0, denoted by 0 ^ , are calculated along 
7] = const lines using 

+A,d,iu- 

This is coupled with the computation of new values of 0 ^ 
behind the shock obtained by using Eq. (26). With the shock 
located at such that <Cs<^s + /> we can express the values 
of 0 ahead of and behind the shock in a Taylor series, finally 
arriving at the result 

" =-C(.,)A?.A?+ HJ" (28) 

where 

C{ri)^[iy^I)/4K]a]U- ^ I <t>l Ulv)} 

and 0" is evaluated, following Eq. (26), at r? = 0. One-half the 
change in 0 across the shock is accounted for in this step, 
effectively using the trapezoidal rule in the time integration, 
Eq. (26); hence C is half the value implied by Eq. (26). 

With the values of 0 determined, the new values of 0 at 
the subsequent time level, 0”^ ^ , are calculated using 

+ lr/l)(^r'-\t;') 1=0 

in conjunction with the completion of the time integration, 
Eq. (26): 

[[0r"^ = ~C(7?)Ar0r'+ [10] ^ (29) 

Again, 0^"^^ is evaluated at ry = 0.J 
The full procedure is, effectively, 

^ / MV' - Vi ) Mr] 4 A. \m.y)){l-\VHVk 

+ \y)\)irv' 

with Eq. (26) implemented in the form of Eqs. (28) and (29). 
The procedure outlined here effectively corrects the 0 values 
for shock motions as the solution progresses. The shock 
motion is easily determined simultaneously by using Eq. (26) 
and the expression for dx/dr to find 


-2KMia, _ a] ^ 

a, (7- It;!)' ‘ It;!)' ^ 


02 

y-i?i 


and 

1^1)0^^ 

is known in discrete form from the steady numerical solution. 
This function is discontinuous at ^ for 0< It; I <r?*. First- 
order backward lime and spatial differences are used for the 
first term. Centered or first-order backward differences are 
used for the second term if /is less than or greater than zero, 
respectively; /(f,r;) is known in advance, with the derivative 
0“ automatically evaluated correctly. Centered differences are 
used for the third term and denoted by . 

The solution is computed using an alternating-direction 
implicit procedure first applied to transonic flow problems by 
Ballhaus and Steger’'' and by Beam and Warming,’^ and 
subsequently refined further by Ballhaus and Goorjian. ’’ The 


x"-^'(o,/) = - I0(x;,a/)r^v Ii0,(x:.o)] (30) 

The computations then provide results for 0, like those 
sketched in Fig, 1. This figure depicts the steady-state result 
and the unsteady changes, as well as the shock positions at 
two different lime levels where the shock is behind the steady- 
state position. When the shocks have been inserted in their ^ 
known positions, we see that we need to continue data 
analytically ahead of and behind the shock in order to 
complete the solution. For shock excursions that are o( 1), we 
simply can extrapolate the steady-state data, both ahead of 
and behind the shock, to determine the pressure distribution 
on the body correctly to lowest order. Larger shock motions 
are, of course, not admissable in this theory. 


tThe results given by the authors in Ref, 1 8 were in error because 0^ 
was allowed to vary with 1 ;; this is not consistent with the normal 
shock approximation that gives Eq. (24). 
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Fig. 1 Sketch of steady state effect of perturbation 5^^, and 
resulting shock excursion. 





Fig. 2 Nonlinear (***) and time-linearized ( ) circulation and 

shock position for the pitching motion of an NACA 64A006 airfoil. 
Results shown are for the fifth cycle. The nonlinear results are for 
6 = 0.1 deg and are not yet periodic = 0.880, K = 0.48). 


Results and Discussion 

Time-linearized results have been computed for an NACA 
64A006 airfoil experiencing harmonic pitching and flap 
motions. As noted earlier, in the low-frequency ap- 
^ proximation made here, pitching and plunging motions lead 
to the same result except that the time-linearized per- 
turbations are proportional to the maximum pitch angle for 
the former, and K times the maximum amplitude for the 
latter. Harmonic motions initiated from a steady state become 
< nearly periodic in three to ten cycles, with the changes induced 
by flap oscillations becoming periodic more rapidly than 
those resulting from pitching oscillations. More cycles were 
required for larger frequencies and, to a lesser degree, higher 
Mach numbers. 

In order to confirm the validity of the time-linearized 
calculations, both the time-linearized and nonlinear 
algorithms were used to compute the response to a step change 
in angle of attack and the harmonic response to pitching 
motions. Figure 2 compares the nonlinear and time-linearized 
results for the normalized circulation and shock position for 
harmonic pitching motions at A/* =0.88 and K = 0.48. For 
these conditions, very small unsteady changes lead to very 


b) 



Fig. 3 Normalized nonlinear (***) and time-linearized ( ) 

pressure perturbations on the upper surface of an NACA 64A006 at 
three times. Pitching motion with Mpo =0.880, A = 0.48, For the 
nonlinear calculations, 6 = 0. 1 deg. 

small shock motions, and in both calculations the shock wave 
remains between grid points. Because of the extrapolation 
procedure used in the nonlinear shock-fitting, the finite mesh 
size used can introduce errors, albeit small ones, in the 
shock’s position when a grid line is crossed. We wished to 
eliminate these errors in order to use the nonlinear 
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0.4 I 










Fig. 4 Timc-Hnearized pressure coefficients on the upper ( + ) and lower C) surfaces on an NACA 64A006 airfoil with oscillating quarter-chord 
flap (Af^ = 0.875, K = 0.06, b = 0.25 deg). 


calculations to judge the accuracy of time-linearized 
calculations. These results indicate that for pitching about 
midchord, nonlinear, amplitude-dependent behavior occurs 
for 6 /t> 0.1 for A" = 0.48. Because the amplitude of the shock 
motion increases with decreasing A, nonlinear effects occur at 
smaller values of 6/rat lower reduced frequencies. Results are 
given for the fifth cycle; note that the nonlinear results are not 


yet periodic. Figure 3 compares the nonlinear and time- 
linearized pressure deviation from steady state at three 
angular times for the same conditions. Good agreement 
between the results is obtained for 6/t less than 0. 1 . 

Time-linearized pressure distributions at six angular 
positions for an oscillating quarter-chord flap with A = 0.06 
and A/oo= 0.875 are shown in Fig. 4. The Hap deflection is 
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tegraiing the moment of pressure perturbations with the 
shock wave in its steady-state position and then correcting 
these results for the moment due to the shock wave motion, 
assuming that the shock’s strength is defined by the steady- 
state pressure field. This makes an error in the shock strength 
of 0(6), but the effect on the moment is 0{b^ /K); because 
we have neglected other higher-order terms, it is consistent to 
neglect this change in the strength of the shock wave. 

For the time-linearized results to be valid, we must really 
require b/rK<\. Our numerical results indicate that, for 
b/rK < 0.2, the unsteady perturbations are essentially linear. 

The time-linearized algorithm used here is a derivative of 
that used for the nonlinear calculations. Consequently, 
computational times are not greatly reduced from those 
required for the nonlinear calculations. The linearity of these 
computations may make it possible to greatly reduce the 
computational effort required. Numerical experience has 
shown some difficulties for A/ (deg)/A^>50. This is in 
agreement with the consistency requirement for thg ADI 
algorithm used here. Both the domain-of-dependence con- 
dition and a local linearized stability analysis show the 
procedure to be unconditionally stable. Each time step 
requires about 2 s of CPU time on a CDC 6400, or about 0.1 s 
on a CDC 7600. The number of time steps required for a given 
computation is somewhat less than that required for the 
nonlinear computations at small values of K, and comparable 
at larger values of K. 


Fi)>. 5 Normalized maximum shock excursion and circulations as a 
function of inverse reduced frequency for an NACA 64A0O6 airfoil 
with oscillating quarter-chord flap =0,875). 


downward during the first half of the cycle. The results for the 
second half of the period, for the symmetrical problem shown 
here, are just the results shown with the lower and upper 
surface pressures interchanged. Thus the results for 0 deg are 
not given, as they are just those for 180 deg with the lower and 
upper surface pressures reversed. Because the flap hinge 
occurs very close to the steady-state shock location, the 
pressure singularity due to the change in flow direction at the 
hinge is missed. The circulation and shock excursion obey the 
follow'ing relations: 


Conclusion 

An accurate and efficient procedure for computing time- 
linearized, small-perturbation, low-frequency transonic 
flows, including shock wave motions, has been developed. 
Shock motions must be included, as their amplitude is 
proportional to that of the motion divided by the reduced 
frequency. Both indicial and harmonic responses for various 
modes of motion may be computed in seconds on a CDC 
7600. 
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T(/)/6 = P.26 sin(/-59deg) 

X(0 = /-? sin(r-5/deg) 

Note the substantial phase lag in the circulation and the 
shock’s position. 

Time-linearized pressure distributions for an oscillating 
airfoil with AT = 0. 1 2 and = 0.875 also were computed. The 
results, if multiplied by AT, represent the pressure per- 
turbations for a plunging airfoil. As in the previous case of an 
^ oscillating flap, changes in forces and moments of 0(6/A“) 
occur due to shock wave motion. In this case, 

T{t) /b=5.48 sin(/ - 70 deg) 

^ X ( 0 = -5. 62 sin(/ ~ ^7 deg) 

Analogous computations have been carried out for 
/i=0,06, 0.12, 0.24, and 0.48. Figure 5 depicts the shock 
wave’s excursion and maximum circulation as a function of 
The nearly linear variation of the shock excursion 
substantiates an observation made in a one-dimensional 
model where the shock wave excursion is directly propor- 
tional to 1/A'. 

In these calculations the circulation gives an immediate 
evaluation of the lift coefficient as a function of time; the 
moment coefficient must be evaluated by integrating the 
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The focusing of very weak and slightly concave symmetrical shock waves is examined. 
The equation that describes this focusing is derived and the resulting similitude 
discussed. The initial conditions come from a formal matching of this nonlinear 
description with the linear solution. The maximum value of the pressure coefficient is 
shown to be proportional to the two-thirds power of both the initial strength of the 
wave front and a parameter characterizing its rate of convergence. 


1. Introduction 

There are many sources of weak shock waves; they arise naturally and through the 
activities of man. Examples include the commonly experienced phenomena of thunder 
and the sonic bang generated by supersonic aircraft. In this paper we use the terms 
shock wave and wave front interchangeably to refer to a surface of discontinuity in the 
pressure and ^elocit}^ fields in the fluid. It frequently happens that such wave fronts 
become curved. This curvature may be the result of inhomogeneities in the medium, 
reflexion from curved surfaces or unsteady boundary conditions. Wave fronts which 
are concave in the direction of propagation exhibit different kinds of behaviour 
depending upon the strength of the wave front and the rate of focusing. When the 
focusing is weak relative to the magnitude of the pressure rise across the wave front, 
the wave front will straighten and no focusing will occur. When the strength of the 
wave front is sufficiently small, the wave front v/ill focus along a caustic surface and at 
a cusp in this surface, called an arete, if it occurs. A perfect focus occurs when a finite 
portion of the wave front converges to a single point. 

The focusing process is characterized by large pressure amplification and a nonlinear 
interaction between the shock and the flow behind it. Despite considerable analytical, 
numerical and experimental w^ork, many important questions remain unanswered. 
Analytical studies are hampered by the fact that available theories, such as the shock 
dynamic theory of Whitham (1957) and the theory of geometrical acoustics, are 
inapplicable at a focus. The first fails because it does not account for the interaction 
between the shock and the flow behind it; the second fails because it is a linear theory 
and predicts infinite pressures at focal points. Important theoretical studies of the 

t Present address; Department of Aerospace and Mechanical Engineering, University of 
Arizona, Tucson, Arizona 85721. 
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behaviour of weak shock waves at a caustic include those of Guiraud (1965) and Hayes 
(1968). For the case of a smooth caustic they gave the similitude that relates the 
amplification of the wave front to its initial strength and geometry. An important 
contribution to our understanding of the behaviour of focusing wave fronts comes 
from the experimental investigations of Sturtevant & Kulkarny (1974, 1976). Using 
shadowgraph techniques and pressure measurements they studied the focusing of 
curved shocks for a wide range of geometries and strengths and delineated the compli- 
cated wave patterns and pressure histories which occur. 

Because the cau.stics associated with smooth wave fronts are generally cusped, the 
arete is one of the more frequently observed foci. In this paper the focusing of very 
weak shocks at an arete is examined. We consider nearly straight symmetrica] wave 
fronts and use the method of matched asymptotic expansions to determine the initial- 
value problem and related similitude that govern the flow in the vicinity of the arete. 
The dependence of the maximum pressure coefiicient on the initial strength and shape 
of the wave front is discussed; the main result is that the pressure levels at the ar6te 
are proportional to the uvo-thirds power of both the initial strength cf the wave front 
and a parameter characterizing the rate at which the wave-front converges. 

2. Physical problem 

In this section we give a qualitative account of the physical effects that govern the 
propagation of curved wave fronts. One effect is that a wave front always propagates 
normal to itself and therefore has a tendency to converge. Another is that the speed of 
propagation of the wave front increases monotonically with its strength. The latter 
effect will tend to straighten converging shocks. The behaviour that results depends 
on which effect dominates. 

The behaviour of shock weaves which are relatively strong was discussed by Whitham 
(1957, 1959, 1974) using his theory of shock dynamics. To understand the behaviour 
of such shock waves, consider the propagation of a concave symmetrical shock into a 
homogeneous medium as sketched in figure 1 (a). The shock’s strength is taken to be 
a maximum in the plane of symmetry and, because the amplification is greatest in this 
plane, the maximum strength will remain there. However, the shock speed w ill also 
have its maximum in the plane of symmetry and the resultant variation in propagation 
speed will straighten the shock. This behaviour is expected even for shocks wdth 
pressure coefficients much less than one, provided that the focusing is sufficiently slow. 

When the strength of the shock is sufficiently small its speed of propagation is 
approximately the sound speed of the undisturbed medium. In many respects the 
flow will resemble that predicted b}' geometrical acoustics, and we first discuss the 
behaviour of such weak shocks from this viewpoint. In this approximation the propa- 
gation speed is taken to be the sound speed of the undisturbed medium and, if we take 
this to be homogeneous, the trajectories of points on the shock, called rays, will be 
straight. Adjacent rays originating on concave portions of the wave front will intersect, 
and the locus of these intersections will form a surface in space, called a caustic. When 
the wave front has a minimum radius of curvature the caustic will be cusped and the 
wave front will emerge from the cusp in a crossed configuration, as sketched 
in figure 1(h). Experimental evidence of weak shocks which focus and cross is found in 
the sonic-bang measurements made by Wanner et al. (1972) and in the laboratory 



Focusing of weak shock wtives at an artie 


211 




Figure 1. Focusing of (a) a moderate strength shock and (6) an acoustic 
discontinuity ; /''(I/) = 0, = l//'(0). 


investigations by Beasley, Brooks & Barger (1969), Cornet (1972) and Sturtevant & 
Kulkarny (1974, 1976). 

Geometrical acoustics predicts that when the wave front reaches the caustic surface 
its pressure jump becomes infinite. At the cusp in the caustic this singularity is even 
stronger because portions from either side of the plane of symmetry focus there 
simultaneously. Of course, these singularities are never observed, and they merely 
indicate a local failure of the geometrical-acoustics approximation. Sturtevant & 
Kulkarny have discussed the nonlinear effects which limit the shock strength to finite 
values in the focal region. They showed that as the shock approaches a cusp in the 
caustic it is immediately followed by a sharp expansion. This is due to the amplification 
of the shock relative to the rest of the flow. When the pressure gradient behind the 
shock becomes sufficiently great the weakening effect of the expansion as it overtakes 
the shock becomes noticeable, even if the shock is still weak. Because of the shock’s 
interaction with the expansion wave, the strength of the shock is limited to finite values. 
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3. Mathematical formulation 

We consider the wave front shown in figure 1 (b) and take the co-ordinate system to 
have its origin at the point of minimum radius of curvature of the initial wave front. 
The -h X axis is in the direction of propagation and the y axis is tangential to the initial 
wave front at j/ = 0. The equation of the initial wave front is taken to be = / (yi)> 
where and are the co-ordinates of the initial shock and f is symmetrical about 
t/ = 0. We are considering the propagation of very weak shocks in an inviscid perfect 
gas with no heat conduction. In the case considered here the shock strength is always 
small. The results of Hayes (1957) may be used to argue that for the spatial and 
temporal gradients expected here the flow may be assumed irrotational. If we assume 
that a velocity potential <p exists, the inviscid equations of motion reduce to 

<Ptt + ^x4>xt + ^v<l>yt + Hx<i>v<>xy = 

where a is the local speed of sound, which for a perfect gas it is given by the isentropic 
Bernoulli integral for unsteady flow: 

where is the constant speed of sound in the undisturbed medium and y is the ratio of 

specific heats. The velocity potential must satisfy the initial conditions 

4>{x, y, 0) = y), 4>t{x, y, 0) = y), (3) 

where the functions zero ahead of the wave front, i.e. for 

X >f(y)\ immediately following the shock, their values must be consistent with the 
appropriate shock jump relations. 

As mentioned in previous sections, we consider the shocks to be not only initially 
weak but also nearly straight. We take the maximum strength of the wave front to be 
at y = 0 and the pressure coefficient, C^{x, y,t) — — 2(j>^fa\ to lowest order, to be small 
for all X and y at < = 0. We define 

e = Cp(0- 0,0)<^1 

as the small parameter associated with the shock strength. For the shock to be 
practically straight we require that/be such that the maximum slope/' is small. If we 
define L to be the point of maximum slope, i.e. f(L) = 0, then the requirement 
8 = L /i?o ^ 1 > where is the minimum radius of curvature of the shock, ensures that 
the slope is small everywhere. Another restriction we shall need to place on the shape 
of the wave front concerns the rate of change of the radius of curvature of the wave 
front at f = 0. Denoting the radius of curvature by Rij/i), we have 

In §4 we shall need to require that = (3 be of order one in the 

limit of vanishing 8. Here Rq denotes the second derivative of R{yi) 3 >t = 0 and 

/*''(0) is the fourth derivative of /at y^ = 0. Examples of possible wave-front shapes are 

/i(y; A,l) = A[1 -exp(-yV^*)]. A(y; ~ 

Both shapes are smooth and possess inflexion points. The parameter 8 is found to be 
2iAjl in the first case and c\cl * in the second, and it is clear that the limit 8^0 may 
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always be taken. The above formulae maybe used to calculate In the first case 

this equals 3(1 exactly and the requirement that R^RqS^ = 0(1) as d' 0 is 
satisfied; thus the results derived in this paper may be applied to the first example. 
The second case is given because it is a wave-front shape which does not satisfy this 
condition; essentially, this is because /|^(0) = 0 and, consequently, 0 as 

5 0. In the following sections we shall always assume 

AC = ^PH0)RIS^^ R;RoS^ = 0(1). 

Our main objective is the determination of solutions to (1) and (3) which are valid 
for small e and S and, for consistency, whose pressure and velocity perturbations are 
always small. In particular we wish to study the case where wave-front crossing occurs. 
In this paper we give approximations to (1 ) in two distinct regions. The first is just the 
linear wave equation and is valid for times of order L/a^. The solution, subject to the 
initial conditions (3), is easily found; this is the outer solution. An approximation to (1 ) 
which is valid as the wave front approaches the arete, i.e. the cusp in the caustic, is 
derived in § 5. The initial condition for this equation is obtained by the method of 
matched asymptotic expansions, thus establishing the initial -value problem governing 
the flow in the vicinity of the arete. 

In the next section the outer solution and the expression for the caustic shape near 
the cusp are derived. In § 5 the inner region in which the nonlinear effects predominate 
is discussed and the inner equation deduced. In § 6 the appropriate initial condition for 
this equation is obtained through the method of matched asymptotic ex])ansions. 
These results provide a similitude which shows that the solution to the inner problem 
involves only a single parameter. 

4. Outer region 

To determine the outer equation it is convenient to work in a co-ordinate system 
that moves with the wave front. Accordingly, we write the full potential equation (1) 
in terms of the co-ordinates X — and <: 

^te - 2ao ^xt + ^4>x <!>xt + iy ~ ^)Mxx~iy 

where (2) has been used and the terms omitted are cubic in (j>. 

In the outer region it is natural to take 

aot = 0{L), y^0(L\ X = 0(A*), (j>^0(a^k*l 

where the length scales A* and ifc* are yet to be determined. According to the theory of 
geometrical acoustics the square of the pressure coefficient immediately following the 
shock varies inversely with the ray-tube area. For our problem all the rays are straight 
lines and, consequently, the pressure coefficient behind the shock obeys (see, for 
example, Friedlander 1958, pp. 51-56) 

Vi) = Cp,(0; Vi) • 

Here R(yi) is the radius of curvature of the initial wave front at the point y — y^\ 
y^ effectively labels the ray of interest. Thus, for times of order L/a^, we see that the 
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time rate of change of the shock’s strength is of order a^/R(y^). This suggests that the 
appropriate outer scaling for the derivative (d/dl)x is o©/-®o- Accordingly, we adopt the 
following outer scaling for the derivatives in (5): 

i._lA JL = _LA 

RodV dy~Ldf dX A* dX 


and <f> = a^k*(}>. For t = 0{L/ag), there is no amplification to lowest order in 5; we 
therefore assume that k*/A* and k*/L are small. When the above expressions are 
substituted in ( 5 ) we find that it may be written in the following form; 


+ (r - 1 ) Mxx] - (r + 1 ) ^ ^ ^x^xx 

+ [^Mxi + (7 - 1 ) ^A- - X* ^ ^ + (7 - 1 Mpi] + ■ • • • 


We now assume that k*/A* and k*/L are small ; it may be shown that this implies that 
the omitted cubic terms are negligible compared with the largest of the first- and 
second-order terms. Furthermore, when k*/A* is small, the third term on the left- 
hand side and the second term on the right-hand side are seen to be negligible com- 
pared with the term and the ^55 term, respectively. When these terms are dropped, 

the terms remaining are 


^-^^^xt-iy+^)'j^J*i^x^xx - [2^5^5t + (7 


This expression is reduced further by assuming that 8 is small. An immediate conse- 
quence of this assumption is that the term is negligible compared with the term. 

Inspection of the remaining terms shows that the only choice of A* which yields a 
non-trivial balance of terms, i.e. one which contains derivatives with respect to X, y 
and I, is A*/i?o = 8^, or A* = LS. Here, for convenience, we have dropped the order 
symbols. The resulting balance of terms may be written as 


2^3ft + (7 + 1) + ~ 


The coefficient of the nonlinear term is obtained by noting that A* = 8L implies that 
(d/dt)j^ « -ao{d/dX)t in the outer region and therefore that 

or simply k* = A*e. Thus, provided that e/8^ = o(l), nonlinear effects are negligible. 
We now assume that this is the case, so that the outer equation becomes 

~ 

Transforming back to the physical variables and back to the.x,y,t co-ordinates, we 
see that our outer equation is just the wave equation 

where we have used the fact that (8/dt)^ x —aQ(d/dX)f in the outer region. 


(6) 
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The explicit form of the outer solution is obtained by solving the linear wave 
equation (6) with the initial conditions (3). The solution to (6) which satisfies (3) is 
given by the well-known Poisson integral formula 


.a 1 T ^ r 

alt dt alt ® * 


The quantities /q and /j are the integrals of and over a sphere of radius a^t centred 
at the point (x, y, 0). This sphere has the equation 

(x,-xY^{y^--yY^zl = alt^, (7) 

where the subscript s refers to points on the sphere of integration. 

We now consider the distance s measured along a ray from the initial wave front to 
any point (a:,y, 0); then 

« = [1 +f'(yin[^-f(yi)] = 

Here we have defined s to be positive ahead of the initial wave front and negative 
behind it. In the following sections it will be useful to have the functions and in 
terms of s instead of x and y. Using the fact that f/L and/' are small, we may replace 

ys = yi + o(s,), s, = a-^-/(y*) + oK). (9) 

Using (9) to replace in the integrands of Iq and /j, we may write these integrals to 
lowest order as ^ ^ 

^ = J J 2/«) A = J J ; 

the area element dA of the sphere (7) may be written as 

dA 

Using (7) and (9), we now write Sg explicitly in terms of and z^: 

5, = X + ao<±[o*<2-(y,-2/)2-2|]i-/(y,)+o(s,), 

where the ± sign refers to points on the sphere of integration with Xg ^ x, respectively. 

The above results have been derived in terms of the physical variables X,y,t, etc. 
We formally define the outer variables 


1=:^ = t Z = — t=— - — 

L’ ^ ~ L’ Sir A*~SL’ 

The outer solution may now be written as 




= -t- - ^ 


k*atx 




(10) 


where 
in which 


4 = JJ y^) dA, A = jj ^i(l„ y,) dA, 

^o(A. Vs) = ?^o(«8. 2/*)/eOo y*) = y*)/«oe 

XyJ) s A = X+jh\[l^-(ys-y)^-Sn]i-Ay,), 
dA = dA/Sr. 


and 


(11) 
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In determining the scaling for s,, we have used the fact that the functions and are 

identically zero for Sg > 0 ; therefore it is necessary to consider only non-positive values 
of «gin the above integrations. As a result of this, s, is of order SL in the outer region and, 
although and y are each of order one in the outer region, their difference y^-y will 
always be of order S^L there. Because Zg is also found to be of order 8iL, the last two 
terms under the square root are of the same order. In the outer region I can vanish; 
(11) is therefore the lowest-order expression for Sg which is uniformly valid in the outer 
region. 

Strictly speaking, the outer solution is valid only for times of order L/a^. The result 
(10), of course, predicts infinite pressures when the wave front reaches the caustic 
surface. This surface is defined by the intersection of adjacent rays, i.e. of adjacent 
normals to the initial wave front. These considerations imply that the distance, 
measured along a ray, from a point on the initial wave front to the caustic is just R{y^, 
the local radius of curvature of the wave front. In terms of the Cartesian co-ordinates x 
and y the equation of the caustic surfaces is found by substituting s = R(yi) in (8). 
Doing so and expanding for small 8, w^e find that the caustic is cusped and that near 
this cusp it has the shape 

= \RIR,8^ (g)', I = - (1)' 

to lowest order. Or, if we eliminate 



where the subscript c refers to the caustic. As discussed in § 3, we require that 
K of order one. Initial shock shapes which have k = o(l), such as the 

second example discussed in § 3, require the inclusion of higher-order terms in the 
above expansions. This will change the relative sizes of the x and y in the inner scaling, 
thereby increasing the strength of the singularity at the focal point. For wave fronts 
with X = o(l ) but such that a 8 may be found and made small, the procedure of this 
paper may be used to obtain analogous results. 

The singular behaviour of the solution at the caustic suggests that nonlinear effects 
are important there. In the next section we assume that the initial strength of the 
wave front is so small that these nonlinear effects are important only in the vicinity of 
the caustic. We then find the appropriate nonlinear equation governing the flow near 
the cusp in the caustic. 


5. Inner region 

We now seek an inner expansion valid in the vicinity of the arete. We introduce the 
inner variables J, t, p, x corresponding inner scales A, A, A and k, viz. 


_ X — f a^t Ro 

= Ai?o ’ 



( 12 ) 


We assume that the nonlinear effects are important in only a small neighbourhood of 
the cusp, and we shall therefore take A = o(l) and X/L = o(l). The amplification is 
greatest in the region immediately following the shock and we expect nonlinear effects 
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to be most important there; consequently, we use the same scaling for x and 1. Further- 
more, we assume that, although the strength of the shock is considerably amplified in 
the focal region, it remains small. Thus we shall take = 0{kjK) = o(l) and 

= 0(klX) = o(l). When the scaling (12) is substituted into (5) the full potential 
equation may be written as 

- (y - 1 ) 

As in our analysis of the outer region, the assumptions that k/X and k/\ are o(l ) imply 
that we may drop not only the cubic terms, but also the third term on the left-hand 
side and the second term on the right-hand side. The resulting equation reads 




Ai?o^ 


k^ml A 
A* A A* 


^x^xx 

[2^^i>r+ (r - 1 ) 


On physical grounds it is clear that we must require that the inner equation contains 
X, P and t derivatives and at least one nonlinear term; the only choice of A which 
results in such an equation satisfies A/AR^ = o(l). For small A/ARq, the nonlinear 
term on the right-hand side and the ^term may be dropped. In order to balance the 
remaining terms we need 

Ai?o A*/?| kAmi^ 


Thus, to lowest order, the inner equation is 

We remark here that (14) also describes low frequency, unsteady, transonic flows, as 
one might have anticipated. 

We now assume that in the inner region the relative size of the x and y length 
scales is given by the caustic surface calculated in §4. This requires that we take 
A® == 0(X^/L^). Dropping the order symbol and simply substituting = A^L^ in (13), 
we may express A, A and k in terms of A and 

A/L = A!, A/L = A% k/A = AS^. (15) 

Thus A, A and k are known in terms of the physical parameters e and S once A has been 
determined. 

The flow in the focal region is found by solving the inner equation (14) subject to an 
appropriate initial condition. In the next section we determine this initial condition 
through matching with the outer solution. 
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6. The matching and the similitude 

In this section the initial data for the inner problem are obtained through the 
method of matched asymptotic expansions. It is further shown that, apart from a 
simple scaling of the independent and dependent variables, the solution to the resultant 
initial- value problem depends on only a single combination of the ph 3 ’^sical parameters: 
the similarity parameter. 

We first consider the outer expansion, which we shall write in the inner variables 
(12) and then expand for small A and 8 with the inner variables fixed. We begin by 
expressing (1 1) in terms of the inner variables (12) and expanding for small A and S, 
As a result of this expansion we find that the inner scaling for the integration variables 

y, and in given by j), = a-lfc . A-li-y.. 

% = 

and that, to lowest order, the inner expansion of Sg is 

+A?)/5) = (16) 

where y?(Pg) is defined by 

In the derivation of (16) we have chosen the lower sign in (11). Any other choice 
corresponds to portions of the integration sphere with x^> f (y^) and contributes 
nothing to the integrals 7 q and 

The integrals and are to be evaluated over the surface of a sphere. However, 
when the inner expansion of the outer area element dA is taken, we see that it may be 
replaced by iiA8~^d\d^^. Thus, in the inner expansions of we may transfer the 

integration from the sphere to the plane. 

We need the expansion of ^ near the cusp only for times less than ^ 

The area of integration will therefore be bounded by the single closed curve = 0, or 
% = ± [2y?(P^)]i, as sketched in figure 2. The = 0 intercepts and are just the two 
real roots of yS = 0. 

When the inner expansions of the integrals Tq and are taken it will be useful to have 
the Taylor series expansions of and for small and y^: 

k = R[1 +0(5„y|)], +0(6\,^f)]. 


These are, of course, consistent with the weak -shock jump conditions. 

The above results may now be used to show that the inner expansions of and 

7o = iAi5-H [n-mmd^sd^s 

Jvi JQ 


and 




dL 


to lowest order. When the integration is performed and the result substituted in ( 1 0) , 
we find , 


^ ^A*y, Atp, 1 


1 


5 I 7T X 2i 


Ai 


Jm 






JL 
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Figure 2. Area of integration for and 


Thus, when written in inner variables, the inner expansion of the outer solution is 
given by ^ 




^ / TT X 2i 


J VI 


(17) 


This result is essentially the expansion of the linear solution (10) as the wave front 
approaches the cusp in the caustic. As mentioned in previous sections, the pressure 
distribution associated with this pressure field can be singular. The pressure coefficient 
based on (17) is 




n X 


2i^i 


CVu 

L 

J V\ 


At / = i?o/®o terms of the inner variables, ? = 0, the pressure coefficient is 

proportional to (jRQ-a:)“i along the x axis and to |y|“J along the y axis. This is more 
singular than the analogous result for a smooth caustic, where the pressure behaves as 
the — ^ power of the distance along the caustic and the — J power of the distance 
normal to it (see, for example, Friedlander 1958, pp. 67-70; or Hayes 1968). 

Another interesting feature of (17), which turns out to be essential for the matching, 
is that it is self^similar in time, i.e. it may be written as 


To show this, we define similarity variables a and F by 

(Ts-II/t*, r = 24i?/(-6T)i, 

where ^ s r\ = ^//c and t = ijK. Using these definitions and replacing the integra- 
tion variable in (1 7) by ( — 6r)i g, we find that (17) may be rewritten as 


where G is defined by 0{<r, F) s - f ^^(q)dq, 

in which ^ s —q* — 2q^ + Fg + tr and and g, are the two real roots of = 0. 


( 18 ) 
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We now consider the inner solution. Although, in general, solutions of the form (18) 
do not satisfy (14), the inner solution must have such a form as ? — oo. Thus it is 

most convenient to do the matching in the co-ordinates a, F and t. Accordingly, we 
write the solution f ) to (14) in terms of a, F and r and then rewrite ^ in outer 


variables: 


^ = ^(<r, F,r) = ^(a, F, (SI~1)/Ak), 


where 1)^ and F = 4y/6^(l -i?)t. The usual matcWng principle 

states that, in the limit e->0, A-^0, 5^0 with y and i fixed, ^{& , F, (5? — 1 )/ A/c) 
must approach (18) asymptotically. Thus the function ^(<7, F,t) must satisfy 


as T “00 for all values of a and F. In order that the initial condition be non-zero and 

Aise/52 = o(l). 


finite, we must take 


This last result determines the scaling (15) completely in terms of the physical para- 
meters € and S, viz. . a 4 ; 

At _ ^ ^ * 

1 “ “ 


^ L SV A ^ 


When written in terms of the variables 7} and r the initial-value problem for the 
innerregionis 2^,. + (y + + = 0, 

where as r — oo ^(^, t) ^ — J( J/c-)i ( — r)t (?(g, rj, r) 


for all values of ^ and y. Here G(^, rj, r) is just the integral G{<r, F) rewritten in terms of 
the variables and r. 

We have now established the initial-value problem governing the flow in the focal 
region. The solution to this problem is seen to possess a similitude, i.e. it depends on 
only a single combination of the remaining physical parameters y and k. This is readily 
seen when the above initial -value problem is recast in terms of the scaled velocity 
potential ^ ^ 

The problem then becomes 

+ = 0, 

where as r — oo C) '^ — ( — t)^ (3(^, ?/, r). 


The similarity parameter Q is defined by 

Q = \{y+\)/{2K)k. 

Except for a scaling of the dependent and independent variables, any two flows with 
the same value of Q will be identical. The flow quantity of especial interest here is the 
pressure coefficient, which is given by 

' (2S)i H 
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From this we see that the pressure levels at an arete are of order and the amplifica- 
tion is of order The result that the pressure is proportional to the two-thirds 

power of the initial strength of the shock was also deduced by Pierce (1971). 

We conclude this section with some remarks regarding the requirement that 
€ = o(#2). An important result, but one which is outside the scope of the present theory, 
is the prediction of the transition shock strength ; that is, for a given initial shock shape, 
the prediction of the initial shock strength above which the straightening of the shock 
associated with shock d3mamic theory occurs. In § 4 we have seen that when 

e = 0(^2) = 0(1) 

nonlinear effects are important even for times of ordt L/a^. Because the distance to 
the caustic is large compared with L, w'^e expect that x shock straightens without 
focusing. On the basis of this, we conjecture that the "der of magnitude of the 
transition shock strength is given by e = 0(^2), Of course, a i re precise estimate must 
be given either by laboratory or numerical experiments or b^ a more comprehensive 
analysis. 


7, Conclusion 

The focusing of a very weak and almost straight shock at an arete has been examined. 
The method of matched asymptotic expansions has been used to establish the initial- 
value problem and similitude governing the flow in the focal region. The fundamental 
parameters in this problem are seen to be e, a measure of the initial strength of the 
shock, and 5, which measures the rate at which the wave front converges. The maxi- 
mum pressures at the arete have been shown to be proportional to (e5)^. The results of 
this paper are valid for wave fronts with e = o{8^) and ^ = o(l ). 

This research was supported by the office of Naval Research through contract 
N0014-76-C-0182 and the Air Force Office of Scientific Research through grant 
76-2954B. 
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Implicit Shock-Fitting Scheme for Unsteady 
Transonic Flow Computations 

N. J. Yu,* A. R. Seebass.t and W. F. Ballhaus^ 

University of Arizona, Tucson, Ariz. 

The alternating-direction implicit scheme developed by NASA Ames for unsteady transonic flows has been 
modified to include a shock-fitting algorithm, as well as an analytically stretched coordinate system. The shock- 
fitting procedure treats shock waves as discontinuities normal to the freestream. Improvements in shock position 
and the unsteady pressure distributions are obtained by this modification. The various types of shock motion 
observed experimentally by Tijdeman are well simulated in calculations using the modified computational 
scheme. The method for detecting shock-wave formation and the procedure for fitting a moving shock wave are 
illustrated. Results for an N ACA 64A006 airfoil with oscillating quarter-chord flap are presented and discussed. 


Introduction 

T here is a need for the numerical simulation of unsteady 
transonic flows about airfoils in order to predict unsteady, 
aerodynamic loads and to provide an understanding of the 
behavior of unsteady transonic flowfields. A number of 
methods have been proposed for computing such flows, 
and there is continuing improvement in the results obtained. 
This paper describes a shock-fitting procedure,*^ coupled 
with an implicit finite-difference algorithm, which can 
accurately and efficiently simulate most unsteady transonic 
flows about thin airfoils. 

A major consideration in constructing an algorithm for 
unsteady transonic flows is the treatment of moving shock 
waves. Experimental observations of Tijdeman indicate 
that even for simple airfoil motions shock-wave motions can 
be complicated, and they can affect aerodynamic force and 
moment variations strongly. Time-linearized methods, 
i.e., methods that assume that the unsteady perturbation is 
small compared to the basic steady disturbance, presently do 
not consider shock motions although they can be modified to 
do so for small shock excursions. Time-integration 
methods'"® treat shock waves by “capturing’* them, a 
procedure that can present a number of problems that will be 
discussed subsequently. 

Tijdeman’s experiments also indicate that shock motion 
amplitudes increase with decreasing frequency. This is 
supported by a simplified analysis of the time-linearized 
equations. Thus, some of the most interesting transonic 
flowfields result from low-frequency motion. Explicit finite- 
difference schemes are not efficient when applied to low- 
frequency cases because the stability restriction on the time 
step is substantially more severe than that required for ac- 
^ curacy. As a result, efficient semi-implicit methods^ and even 
more efficient fully implicit methods'-'^® have been 
developed. Caradonna and Isom’ use an iterative implicit 
procedure; i.e., the nonlinear implicit finite-difference 
^ equations must be solved at a given time iteratively. In an 
earlier unpublished study we also used such a procedure. 
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Ballhaus and Steger' and Beam and Warming® constructed 
more efficient algorithms that solve the nonlinear equations 
directly by the solution of simple matrix equations generated 
by an alternating-direction implicit (ADI) procedure. This 
method has proven to be so efficient, especially for the 
calculations with nonuniform mesh distributions, that we now 
often use it as an alternative to successive line overrelaxation 
(SLOR) for steady flow calculations. 

All of these implicit schemes “capture” shock waves; i.e., 
shock waves evolve automatically as part of the numerical 
solution. This procedure has several deficiencies associated 
with it. They can be eliminated, at the expense of coding 
complexity, by “fitting” shock waves as discontinuities in the 
flow. Shock capturing produces shock profiles that are 
distorted in a manner that depends on the truncation errors in 
the finite-difference scheme. The use of mixed-difference 
schemes'® can improve the situation for cases in which the 
flow changes from supersonic to subsonic across the shock. 
However, when this condition is not satisfied, as in the later 
stages of pulsating motion of a parabolic-arc airfoil, the 
differencing cannot be switched across the shock and shock 
resolution is poor. In any case, shock capturing requires 
spatial grid spacings, in regions where shock waves are an- 
ticipated, which are sufficiently small to resolve the shock 
waves in a reasonable distance. The grid spacing required to 
do this is frequently much smaller than that required to 
resolve flow variable gradients in most of the rest of the 
flowfield. This also results in an unnecessarily severe time- 
step restriction because time steps for implicit schemes are 
chosen such that shocks move less than one spatial grid point 
per time step. ' ® This is necessary to preserve both accuracy 
and stability. Shock fitting removes the large gradients from 
the finite-difference solution and generally permits equivalent 
flowfield resolution with fewer grid points, both in space and 
time. Finally, if shock waves are not treated as discontinuities 
but are to be captured correctly, the difference equations must 
be solved in conservation form. This imposes an additional 
constraint on the construction of finite-difference schemes 
which can be difficult to satisfy. For example, no fully 
conservative difference scheme for the full potential equations 
have been developed yet that can match the convergence 
reliability and computational efficiency of Jameson’s non- 
conservative “rotated” difference procedure. 

In principle, the shock-fitting ])rocedure discussed in this 
paper could be applied to the full potential equation. For 
steady flows it may substantially reduce the lime required to 
obtain a converged solution. Here, as a first step, it is applied 
to a simpler formulation that contains the essential nonlinear 
unsteady behavior associated with low-frequency transonic 
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the shocks as discontinuities normal to the freestream. The 
procedures could be generalized to a curved shock with ad- 
ditional programming complexity. Methods of detecting 
shock formation and of judging the existence of a shock wave 
in the unsteady flowfield are described. 

A production code, LTRAN2, has been developed for the 
efficient solution of low-frequency transonic flows about 
airfoils in motion.^ LTRAN2 is based on the ADI method of 
Ballhaus and Steger, “ and is being released on request to 
industry and government agencies. The modification of the 
ADI procedure to include shock fitting, which is the main 
subject of this paper, will improve LTRAN2 significantly. 
Substantially fewer grid points will be required to achieve 
equivalent flowfield resolution, and the time-step restriction 
due to shock motion can be relaxed considerably. 

Numerical simulations of various types of shock motions 
for an NACA 64A006 airfoil with oscillating quarter-chord 
flap are described. Significant improvements in shock 
resolution and, consequently, in unsteady pressure 
distributions are obtained using the shock-fitting procedure. 
The results show the marked effect of shock-wave motion. 

Formulation of Governing Equations 


Here 0^ refers to the mean value of evaluated on each 
side of the discontinuity, [[ 0^]] indicates the jump in 
across the discontinuity, and the subscript 5 denotes the 
quantity evaluated at the shock surface. 

In two-dimensional small-perturbation transonic flows, the 
shock waves that usually occur are nearly normal to the flow 
direction. We assume here that if the basic steady flow has a 
shock wave then this shock may be approximated by a shock 
wave normal to the freestream flow. Furthermore, we assume 
that the motion of any shock wave that arises from unsteady 
changes in the flow, as well as the motion of existing shock 
waves, also may be calculated by this normal shock ap- 
proximation. For this simplified model, Eqs. (3) and (4) 
reduce to the single equation 



f 

2K C(7 + /)Mi 



(5) 


which gives the speed of the normal shock in the flowfield. 
For steady flows, is a function of x alone; this, of course, 
still permits [[ <l>xj to vary with y. For unsteady flows, 
although is a function of / alone, the strength of the shock 
will still vary withj'. 


Low-Frequency Approximation 

The unsteady, small-disturbance, transonic equation for 
low frequency commonly is written as 

+ + = O (1) 

which may be derived^® from a systematic expansion of the 
velocity potential with respect to the thickness ratio t and the 
reduced frequency K, where K = t»)C/U, i.e., the angular 
frequency multiplied by the time that it takes the flow to 
traverse the airfoil chord. The spatial coordinates, the time, 
and the velocity potential in Eq. (1) have been non- 
dimensionalized by the chord c, the inverse of the angular 
frequency w ~ \ and f/c, respectively. 

The tangency condition and the unsteady pressure coef- 
ficient that are consistent with the low-frequency ap- 
proximation are 


Coordinate Stretching 

To minimize the far-field boundary effects on the 
numerical results, a relatively large computational region is 
usually required. For the cases studied in this paper, the shock 
excursion may be large and the unsteady disturbances carried 
several chord lengths away from the airfoil; thus, the use of a 
relatively large computational domain seems inevitable. A 
simple and straightforward way of computing the solution in 
a large computational domain is to use nonuniform mesh 
distributions, with most of the mesh points concentrated in 
the region of interest.^ An alternative is to introduce 
analytical coordinate stretchings. In the present study, we use 
the following coordinate stretchings: 

^ = =b I / -exp( =Fa/jc) ) for (6a) 

7f= ±\ I -exp{Ta 2 y) ] for y^O (6b) 


and 


TdY{xj) r d 1 


( 2 ) 


,= - 2 [ 




where Oj and are constants that control the mesh 
distributions. t Equations (6) transform the infinite physical 
domain to the finite computational domain bounded by 
1^1 <1 and The transformation provides a con- 

centrated mesh distribution near the airfoil which is suitable 
for the present study. The governing Eq. (1), written in the 
stretched coordinate system, is 


where Y{xj), the instantaneous body shape, has been 
decomposed into a steady part Y^ and an unsteady part Yy.§ 
Here 6 is the amplitude of the unsteady oscillation. Note that 
Cfj is defined such that, at sonic conditions, = 0. 

Any shock wave that exists in the flowfield must satisfy the 
jump relation derived from the conservative form of the 
governing equation (1), viz.. 


-2KMj -j ( (y + l)Mj r Mj-I 
a^U- l2o5(/ - 12,1) L (y+l)Mi 


([ ^ 1 / -A/i - (Y+ I 

+ l<t>yj^=0 ( 3 ) 

together with the condition derived from the assumption of 
irrotationality, 


Vdjr/, H,.] 


( 4 ) 


Because Eq. (7) is in divergence-free form, a conservative 
difference approximation to Eq. (7) can be constructed if the 
shock wave is to be ‘‘captured” rather than ‘‘fitted.” 

The normal shock jump relation follows directly from Eq. 
(7); this relation and the boundary condition on the airfoil 
surface are now 



ai(J- l^l)(7+/) 
2K 


Mj-I 





( 8 ) 


§In the cases studied numerically, -0{Y ); consequently, the 
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and 

<»,= — (/- at r, = 0 (9) 

Scaling of the Perturbation Equation 

In his study of steady, small-disturbance transonic flow, 
Krupp"‘ introduced a scaling of the governing equation and 
the body shape to provide better agreement between the 
results of the perturbation calculations and those from the 
Euler equations. The reasoning that leads to various scalings 
is discussed in the review by Ballhaus.^^ One also may use 
such a scaling in the low-frequency approximation by 
rewriting the governing equation and the boundary condition 
as 

- 2KM % « „ + 1 / - Mi - ( 7 + / ) A/2 0, 1 4>,, + 4>,y = 0 (10) 
and 

( 11 ) 

where p, m, and n are scaling constants to be chosen to 
enhance agreement with more sophisticated calculations. If 
one introduces the nondimensional quantities 

02a) 

(12b) 

/'={ + 1 (12c) 


leaves the airfoil (type C). The thickness distribution for an 
NACA 64A006 airfoil may be obtained from Ref. 23 and the 
desired airfoil slope at the grid locations approximated by 
fitting a polynomial to the data. 

The far-field boundary condition for the nonlifting case is 
simply = 0 on 1^1=1 and It; I = 1 . For the lifting case, <i> 
depends on the instantaneous circulation F. This dependence 
can be derived theoretically by assuming that in the far field 
all of the perturbations are small compared to the basic steady 
state."'* An advantage of our stretched coordinate system is 
that the last grid lines are at infinity. Numerical studies 
conducted by Magnus^ show that erroneous boundary data 
on a finite domain can lead to significant errors. The low- 
frequency approximation implies that any changes in the 
circulation are communicated instantly downstream to in- 
finity (f = 1). Consequently, the simplest boundary conditions 
are = 0 on the downstream boundary and 0 = 0 on the other 
boundaries. Ballhaus and Goorjian^ used similar boundary 
conditions in their study and obtained satisfactory results. 
The validity of such far-field boundary conditions can be 
justified only by numerical experiments; i.e., near the 
boundary the disturbance quantities ^nd </>,. must be much 
smaller than the values at the airfoil surfaces. In all of the 
results reported here, this requirement is met. As a numerical 
test of this procedure, we have computed the steady-state 
circulation about an NACA 64A006 airfoil for various flap 
deflection angles, using the ADI method with appropriate far- 
field values of <t> corrected for the usual steady-state cir- 
culation contribution. These results have been compared with 
the results obtained by the ADI calculations with the boun- 
dary conditions employed here for an unsteady flap deflection 
to the correct angle. These results agree to one part in 10 
verifying that the far-field conditions used here are more than 
satisfactory. 


1-Mi 


(12d) 


0 — dfMiT 


(12e) 


then Eqs. (10) and (11) reduce to the canonical form 


-0^7+ (a-0.v)<^rjr + <^3)y=^ (*3) 

and 

0y= (14) 

Because there is a one-to-one correspondence between Eqs. (1) 
and (2) and Eqs. (13) and (14), results obtained without 
scaling are equivalent to scaled calculations for a slightly 
different flow. Thus, although we restrict our calculations to 
the unsealed equation, the Mach number and the body shape 
can be modified to obtain results equivalent to those for the 
scaled equation by noting the equivalencies [Eqs. (12)J. 


Finite-Difference Approximations 

In a preliminary study of the unsteady transonic flows, we 
implemented a normal shock-fitting procedure in the implicit- 
iterative scheme of Caradonna and Isom,^ Satisfactory 
results were obtained, except that the procedure was time- 
consuming because of the iterative process required at each 
time step. The recent studies of Ballhaus and Steger* and 
Ballhaus and Goorjian^ show that an ADI scheme is more 
efficient than the implicit-iterative scheme in treating the low- 
frequency transonic flow equation. The shock-fitting 
algorithm was modified and implemented with an ADI 
scheme. In this section, the ADI procedure is reviewed briefly 
and the method for unsteady shock fitting detailed. 

Alternating-Direction implicit (ADI) Method 

The low-frequency equation in the stretched coordinate 
system, i.e., Eq. (7), is solved by the alternating-direction 
implicit scheme developed by Ballhaus and Steger. ‘ To 
simplify this discussion, Eq. (7) is rewritten in the form 


Boundary Conditions 

The boundary condition on the airfoil is the usual tangency 
condition evaluated at >^ = 0. For an NACA 64A006 airfoil 
with an oscillating quarter-chord flap, the boundary con- 
ditions are 


= 0 (15) 

where the functions \p, F, and G may be determined by 
comparing Eqs. (7) and (15). The solution is advanced from 
time level n to level /? + 1 by the following two-step procedure: 


for 0<x<0. 75 

+ ^sin/^ for 0.75 <x<l 

With the proper combinations of the reduced frequency A^, the 
free Mach number and the oscillating amplitude 6, we 
can simulate the three types of shock motions observed ex- 
perimentally by Tijdeman’^’*'*: the shock oscillates on the 
airfoil (type A); the shock disappears during part of the 

RV anH chr»rlr nrorvaaat#»« nncfr/»?»m anH 


{ Sweep 

(l/At){^^^-r^)+D^F^ (16a) 

rj Sweep 

{1/At) =0 (16b) 

Here a plus sign refers to an intermediate value of is the 
type-dependent difference operator for J derivatives, and 6, is 

fh#» rpntrJ»l-Hiffpr#»nrp annmvimaHno for ♦» Hprivafivp Th#» 
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backward difference approximation for can be either the 
first-order difference approximation 

= (17) 

or the second-order difference approximation 

For simplicity the first-order scheme, Eq. (17), has been used 
for all of the results reported here. The nonlinear term F is 
evaluated, using a two-time-level averaging procedure 
analogous to that of Ballhaus and Steger * but modified by the 
coordinate stretching used here. The difference ap- 
proximations described previously provide first-order ac- 
curacy for second-order accuracy for and 6/, in 
subsonic regions, and first-order accuracy for F^ in super- 
sonic regions. 

On the i sweep, Eq. (16a), a quadradiagonal system is 
generated and can be solved easily by direct elimination. For 
lifting calculations, two grid lines are used to represent the 
lower and upper surfaces of the airfoil. The circulation F is 
calculated by F = 0}V£“0^rf through each sweep. Here ITE 
denotes the upper and lower values at the first grid point 
behind the trailing edge. This circulation is incorporated into 
the construction of the tj derivatives behind the airfoil for 
t; = 0. 

On the r] sweep, Eq. (16b), a iridiagonal system is generated 
on the body. Ahead of the leading edge and behind the trailing 
edge, the double grid notation for t; = 0 destroys the 
tridiagonal system. However, ahead of the leading edge, 
, and behind the trailing edge, <t>^' =(t>‘~ thus the 
difference equations can be reordered to give a iridiagonal 
system. On the airfoil surface the matrix equations above and 
below the airfoil are decoupled; they can be solved either 
separately or simultaneously by packing the matrix equations 
together. 


supersonic-supersonic and supersonic-subsonic transition and 
also in a purely subsonic flowfield, sometimes referred to as a 
“subsonic-subsonic” shock. In any case, the flow ahead of 
the shock relative to a coordinate system fixed on the shock 
must be always supersonic. Consequently, the correct 
judgment for the existence of a shock wave in the unsteady 
field is to evaluate the local flow velocity ahead of a 
prospective shock with respect to the coordinate system fixed 
on it, i.e., we evaluate where 
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If >0, the local flow is supersonic and a shock may exist; if 
0 ^ , the local flow becomes sonic and the shock strength 
diminishes. For F^ <0, a shock cannot exist. 

We start the unsteady flow calculations by using an ADI 
scheme. When the local flow becomes sonic and compressive, 
we introduce the shock-fitting algorithm. Sonic, compressive 
points are treated as shock points where cross differentiations 
in ( and ^ derivatives are avoided. Initially, the shock has zero 
strength and is stationary. The flow properties ahead of and 
behind the shock can be extrapolated easily from neighboring 
points. The shock wave can either increase or decrease in 
strength during the unsteady process. This results in three 
possibilities for shock motion that have to be considered 
separately in the fitting procedure: the shock moves upstream 
and crosses grid points; the shock remains stationary or 
moves within a grid spacing; and the shock moves down- 
stream and crosses grid points. At each new lime level the 
shock position is determined by applying Eq. (8). The for- 
mulations of the difference approximations for each case are 
quite similar; the specific formulas used may be found in Ref. 
27. 


Shock-Fitting Procedure 

The basic algorithm for shock fitting was developed in a 
previous study of steady transonic flows. A different ap- 
proach to shock fitting also has been developed by Hafez and 
Cheng^^ in their study of steady transonic flow problems. 
Their procedure essentially replaces the shock-point operator 
by an analogous difference statement derived from the shock 
jump conditions. Subsequently, the velocity potential on each 
side of the shock wave is extrapolated to locate the shock 
wave. 

To understand the shock-fitting procedure for unsteady 
transonic flow calculations it is necessary to recall how shock 
waves form in an unsteady field. Shock waves are generated 
when the local flow becomes supersonic and compressive. 
Although the initial shock formation may not be predicted 
accurately by the numerical solution when shock fitting is 
used in the early stages of shock-wave formation, it eliminates 
spurious oscillations in the numerical solution and does 
provide the correct development of the shock wave in later 
stages of the calculations.^^ The criterion that we set for the 
initial shock formation is that the local flow become sonic 
(relative to the airfoil) and compressive. In the body-fixed 
coordinate system, a shock wave can exist both in the usual 
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Fig. 1 Maximum thickness \s Jime lor pulsating parabolic arc in 


Results and Discussion 

To illustrate the advantages of shock fitting over shock 
capturing, we compare the flow past a pulsating parabolic arc 
whose time history is shown in Fig. 1 , as computed by the two 
methods. Major differences occur when the shock wave 
propagates ahead of the airfoil as its thickness returns to zero. 
Figure 2 compares the pressure coefficient for these later 
stages when i>25 (chord/ 1/) in units of At = 2 computed by 
the ADI method, with and without shock fitting. The full time 
history of this motion, as computed by the two methods, is 
compared in Ref. 27. Later studies have shown, as suggested 
by a reviewer, that the compression preceding the fitted shock 
wave is a result of the first-order approximation made here. In 
subsequent calculations with a second-order procedure, which 
is possible with shock fitting, this behavior does not occur. 

Results were computed for an NACA 64A006 airloil with 
quarter-chord oscillating flap for various values of the 
reduced frequency K, the freestream Mach number and 
the oscillation amplitude 5, in order to simulate the shock 
motions observed by Tijdeman. The steady-state 
solutions at the mean nap deOection angle for each are I 
computed first, using the ADI method of shock fitting. We 
have found that the ADI scheme is more efficient than suc- 
cessive over-relaxation in computing steady flows. The results 
of the ADI calculations are identical with those obtained by 
line relaxation and converge more rapidly when performed 
with the stretched coordinates. For the problems studied here, 
i.e., the NACA 64A006 airfoil, the freestream Mach number 
was varied between 0.8 and 0.9. The mesh system had 101 by 
82 grid points in the ,v and r directions, respectively. About 
250'to 450 time steps were required for the solution to con- 
\crue. lAol.,.,^ < I0’‘, Th'-e slc.l'.l^-^laIe solutions are used as 
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Fig. 2 Pressure coefficient in the later stages of the motion of Fig. 1 
computed with ( ) and without (— ) shock-fitting. 








Fig. 3 Cp on an NACA 64A006 airfoil at =0.854, A = 0.358, 
with 6= 1-deg sinf. 


studied it took three to six cycles for the flowfield to become 
periodic. Stability seems to require that the time step Ar be 
small enough that Ar (deg)/AT<lO. Figure 3 illustrates the 
pressure coefficients on the airfoil surface for =0.854, 
^ A’ = 0.358, and 6F„^= 1-deg sin/. For these conditions, 
Ballhaus and Goorjian^ were able to simulate type B motion 
where the shock disappears during some part of the cycle. 
Here the shock does not disappear during the cycle; instead, it 
becomes quite weak during a small portion of the cycle. This 
difference is due to the assumption of a normal shock, which 
results in a stronger shock than would normally occur, and to 
the use of shock fitting. Magnus and Yoshihara’s explicit 
results for the full Euler equations are compared with these 
results for two time levels in Fig. 4. The discrepancy betw'een 
the two results is due mainly to the small-disturbance ap- 
proximation and the lack of resolution at the leading edge of 

r^,-aror,t crii/'U? Pimira S cVinu/c thp timp hi«;fnrv l]>e 



Fig. 4 Comparisons of the results for Cp on an NACA 64A006 
airfoil at =0.854, A = 0.358, with 6=l-deg sin/, with those of 
Magnus and Yoshihara. 




Fig. 5 History of the circulation and shock position for the first 
three cycles for the flow conditions of Fig. 3. 


first three cycles, of the circulation and the shock position. 
After three cycles of oscillation, the pressure field is essen- 
tially periodic; the circulation requires four cycles to become 
periodic. The circulation reaches its maximum value, and the 
shock wave its most downstream location, 57 and 83 deg after 
full flap deflection. Results for type C motion are given in 
Ref. 27 and hence not repeated here. 

The results for = 0.822, K - 0.496, and h = 2 deg sin/ 
simulate type C shock motion. Because we have used less 
spatial resolution and the unsealed equation, a deflection 
angle slightly larger than that of Ref. 2 is needed in order to 
generate the type C shock motion; that is, we need a 2-deg 
deflection angle rather than the \ .> deg used in Ref. 2 to get 
analogous behavior. The results are given in Ref. 27. In this 
case, the flowfield is subcritical during most of the cycle, and 
the shock wave is barely ‘‘captured” in the non-shock-fitting 
procedure. During the unsteady process, the shock wave 
moves toward the leading edge. The strong singular behavior 
in pressure at the leading edge prevents the shock from 
propagating off the airfoil. The perturbation velocity 
becomes large and is negative; thus, the flow used to calculate 
the relative velocity ahead of the shock can no longer support 
a shock wave. Normal shock-fitting calculations determine 
the shock speed from the pressure jump across the shock at 
the airfoil surface. This eliminates the possibility that a 
portion of the shock may propagate off the leading edge in the 
computations. But this does not imply that it cannot occur; 
instead this limitation is a consequence of the normal shock 
fitting. 

The addition of the shock-fitting algorithm to the basic 
ADI scheme increased the computational time, for fixed grid 
spacing, by less than 7®7o for all cases studied here. It is dif- 
ficult to compare the time required by the two schemes to 
achieve the same accuracy. Without shock fitting, w'hen the 
shock is not of the supersonic-subsonic type, a very fine grid is 
required for a reasonable resolution at the shock. The need 
for such a grid is obviated by shock fitting, and improved 
accuracy in the shock region can be obtained simultaneously 
with reduced computational time. Because it is difficult to 
determine when the two procedures give comparable ac- 
curacy, a definitive evaluation of the computing time saved by 
shock fitting has not been attempted. 

Typical computation times for the NACA 64A006 airfoil 
calculations reported here are about 5 to 10 min/cycle on a 
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CDC 6400 computer. A mesh of 101 by 82 grid lines in x and y 
directions, respectively, was used in these calculations, and 
the number of time steps per cycle ranged from 90 to 180. No 
effort was made to optimize the program. The additional 
central memory required for the shock-fitting algorithm is 
about 10 to 20^0 of that for the basic ADI scheme. 

Conclusion 

The unsteady behavior of a large number of inviscid low- 
frequency transonic flows can be studied accurately and 
efficiently using the present shock-fitting procedure coupled 
with the alternating-direction implicit method. The ADI 
method relaxes the stability restriction on the time step, 
greatly improving the computational efficiency; the shock- 
fitting procedure treats shock waves as discontinuities, which 
resolves the computational difficulties that can arise in the 
usual shock “capturing” procedure. Computed results using 
the present procedure compare favorably with the explicit 
time integrations carried out by Magnus and Yoshihara. They 
should be sufficiently accurate for engineering studies of 
airfoil motions for which the normal shock approximation 
made here is a reasonable one. They also reproduce well the 
types of shock motions observed experimentally by 
Tijdeman, as well as the propagation of the shock wave 
ahead of the pulsating parabolic arc. 
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